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< Challenges

Asymptotic behaviour for £ — oo
x 1
f=loglog (xe®”® +1)—expexp (log log = + E)

Asymptotic resolution of differential equations
(logz) f2— f'+ f+e *=0

Asymptotic resolution of functional equations

F=L 4 pa?) 4 g
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L Incomplete transbasis theorem

e Field of grid-based transseries

e T=RI[ITI, where transmonomial group T ordered by <.

e Given me ¥, we have either m=logrz or meexp RILTT o
e +r le?+x %+ -+ 2+

Transbasis B for grid-based series

TBO0. B =(by,...,b,) with 1 <b; <--- < b,,.

TB1. b, =log z for some k € 7Z.

TB2. logb; € RMby;...; 0,11 =RI6F--- b2 T fori>1.
Examples

o B=(logz,x,x", ew2/(1_‘”_1))

z2

o B (loglogz,logz,z,e" ¢ ", et’)



U Incomplete transbasis theorem

e Field of grid-based transseries
e T=RI[ITI, where transmonomial group T ordered by <.

e Given me ¥, we have either m=logrz or meexp RILTT o

e +r le?+x %+ -+ 2+

Transbasis B for grid-based series

TBO0. B =(by,...,b,) with 1 <b; <--- < b,,.

TB1. b, =log z for some k € 7Z.

TB2. logb; € RMby;...; 0,11 =RI6F--- b2 T fori>1.

Theorem. Given a transbasis ‘B and f €T, there exists a transbasis 26 = (b, .

extends B and such that f € R[by;...;b,1.




& Exact computations with transseries %ﬁ‘

e Problem with infinite cancellations

11 1 11 1
T T - T — _|___|_ ++62—x+

=l l== et re’
g8 &% g8

e vdH/Richardson/Salvy/Shackell /96

e Setting: £ class of expressions in x, assume zero-test.
e Problem: find an asymptotic expansion of f €€&.
e Algorithm:

o Induction on subformulas g of f

o Progressive computation of transbasis 5 for g

o Ensure that [b)™ - bp*|g€E



Example

f=log(e ™ +x+1)—log(x+1) |

B = {z}
T = @
—r = —=x
e_w — oo
B = {z,e"}
= e—SU

e "+oxrx+1 = e_x+x+1=[$+1]+[e_x]
logle ™" 4+x+1) = log(a:(e_“r—wﬂ))

B = {logx,z,e"}

e *4+x+1

—)

rx+1

—)

f = logx+log(m+ﬂ)—(10g33+10g(x:1))
= +

1 . 1 oy
[x_|_1e ]_[2(56_'_1)26 2]+

= logx + log(
log(z+1) ~» logx +log(




& Local communities

Cartesian representation of f € R[by;...;b,1 (not unique)

~

f — f(mla 7mk:)
f € Rz, ..., z]] 2 - 2
m; € (bf'-by)~

Cartesian algebra: family of subalgebras Ly C R[[z1, ..., 2x]] with
1. z1,..., 21 € Lg.
2. Ly stable under division by z; when defined.

3. L stable under substitution when defined.

Example: smallest Cartesian algebra L which contains e and log(1+ 21).

Local community:
e (Cartesian algebra with implicit function theorem.

e Power series analogue of o-minimal structure.



&

Zero-tests

e A naive algorithm (Shackell /91, Péladan-Germa/vdH /96)

s

Let R,=R[g1, ..., ga] stable under 0.,, ..., 0,, with g1, ..., ga € Ef.

Example: R, =R|z1, 22, €}, log(1 + z2€™), (14 z2€1) 1],
Any f € E°isin R, for suitable subexpressions g1, ..., ga.
Algorithm for testing f = 0:

Let G:={f}

If ©(0)#0 for some € G, then return false

Let G':=RedGB(GUOJ,,GU---U0J,, G)

If G’ =G then return true, else go to step 2

e Zero-tests for constants

Richardson/97. ~~ Schanuel’s conjecture
Become a number theorist?
Become a model theorist?

lgnore the problem?



U Meta-expansion of transseries

e Approximators

f = cwlim f;n
n— o0

fon € R[F]

1
f = eXp -
By = bttt

2 x2 n!xn

=
S
|

=

e Expanders
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fot+ fit fot = fQ)
R[]

fot+ frz+ faZ?2 4
f = exp-
f = exp
f =9

f = gh
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Meta-expansion of transseries

e Comparison

.f;n — f0++.fn
fn — f;n_f;n—l
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Meta-expansion of transseries

Comparison
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Meta-expansion of transseries
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Meta-expansion of transseries

Comparison
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Meta-expansion of transseries

e Comparison
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Meta-expansion of transseries

e Comparison
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Meta-expansion of transseries

e Comparison
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& Basic operations

e Left composition with a power series

g = ¢of peR[[t)], f<1
§(z) = w(zf(2))

e Restriction of support and exponentiation

g = f-
§(z) = f-(2)
ef f— ef>eerf—<

e Logarithm and auto-adaptation

g = logf

o = Gl (ll4-Ey)
¢ log 0, +logc, +1og (1+¢y,)
G = L5



Examples in MATHEMAGIX

Mmx ]
Mmx ]
Mmx ]
Mmx ]
Mmx ]
Mmx ]
Mmx ]

Mmx ]

use "symbolix"; use "multimix";

x == infinity (’x);

1/ (x+ 1)

foo == (1 / (1 - 1/x)) * (1 / (1 - exp (-x)))
foo[5]

1/ (x + log x + log log x)

lengthen (log log (x * exp (x * exp x) + 1) -
exp exp (log log x + (1/x)), 1)



Meta-operations on expanders » ‘

g = 2(f)
g =17
e Shortening and lengthening
fr— zf Shorten
f— v0+%(f—fo) Lengthen
e Dominant bias
e Stabilization
(stab f)., = Z f’m’mm Stabilize
vasuppf;n

f;n+1,m:f;n,m



L Meta-operations on expanders ‘
g = of)
g =171

e Shortening and lengthening

fr— zf Shorten
f— v0+%(f—fo) Lengthen
e Dominant bias
fozo = TO,OZO+TO,1ZO+"'+To,1020
frzt = 7’1,021-|-7'1,121+"'-|-7'1,1121
fo2? = 72,0Z2+7'2,1Z2—|—'“—I—TQ,ZQZz
e Stabilization
(stab f)., = Z fm’mm Stabilize
vasuppf;n

f;n+1,m:f;n,m



Meta-operations on expanders » ‘

Shortening and lengthening

Dominant bias

Stabilization

g = o(f)

g =1
fr— zf Shorten
f— v0+%(f—fo) Lengthen

fozo > 7'07020—|—T07121—|—"'—I—T(),lOZlO
fizt ~ moezt+ma2i 4y, 2]

f222 ~ 7‘2,022—|—7'2,1 S e+ T g, Zlat2

(stab f)., = Z fm’mm Stabilize

mesupp f;,
f;n+1,m:f;n,m



L Meta-operations on expanders ‘
g = of)
g =171

e Shortening and lengthening

fr— zf Shorten

f— v0+%(f—fo) Lengthen
e Dominant bias

Jgoz° = 70,02°

g1z2" = T2t +10,12"

ggzz = 7-2,0/22‘*_7-1,1,22_'_7-0,2,22
e Stabilization

(stab f)., = Z fm’mm Stabilize
vasuppf;n

f;n+1,m:f;n,m



Example of stabilization

f=loglog (ze”®" + 1) —expexp (loglog = + %)

log x

log x +

log x 1

T e’ xe”

log x 1 log? x log x 1

ret | gpet 2x2e27 227 2p2e2%
_logw+logw 1 log? x ~logz 1

2% mEE met  LaFedt  glelr Ogpteru
log3x  log?z = logx 1
3 333 e3:v 5173 eB:v 333 e3sc 3 333 e3:v
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T e’ xe”

log x 1 log? x log x 1
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_logw+logw 1 log? x ~logz 1
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Example of stabilization

f=loglog (ze”®" + 1) —expexp (loglog = + %)

log x 1

T e’ xe”

log x 1 log? x log x 1

ret | gpet 2x2e27 227 2p2e2%
_logw+logw 1 log? x ~logz 1

2% mEE met  LaFedt  glelr Ogpteru
log3x  log?z = logx 1
3 333 e3:v 5173 eB:v 333 e3sc 3 333 e3:v



Example of stabilization

|

f=loglog (ze”®" + 1) —expexp (loglog = + %)

log?x logx logz logwx 1 log?z  logx 1 log3 x
2z 2z 622 ze®  ze® 22228 228 27227 | 333w
log?z  logx 1 log*z  log®z 3log’z logzx 1
r3e3z | p3e3z | 343037 Apledr  gpldedr 9 pledz plodn ez
~log®z  logz  log’z logz  logx +logac+ 1 log’z  logx

2 2 7 g5 612 24z xe® xe® 2x2e2r  g2e2%
1 log3xz  log?z  logx 1 logtx  log®z  3log?z
21202 ' 343037 | p3e37 | 43037 | 343037 fpdedzr  pledr 9 pdedn
log x 1 log®x  log*z 2log3z 2log?x logx 1
rdedr - 4 4 edx 5 o edT o edT o edT + o edT o edT + 5 o edT

_|_



@ Example of stabilization ‘

f=loglog (ze”®" + 1) —expexp (loglog = + %)

2 log?x logx logz logwx 1 log?z  logx 1 log3 x

fiu = = 2¢ 2z 6a2 + x e’ +xe$_2x262$_a:262$_23:262$ 3x3e3$+
log?z  logx 1 log*z  log®z 3log’z logzx 1
r3e3z | p3e3z | 343037 Apledr  gpldedr 9 pledz plodn ez

5 log?x logx log? x log x log x log x 1 log? x

fis = = 2r 2z +O( 0 g5 )_ 6 x> +O(24a:3>+ x ev +xe$_2x2e2x_
log 1 log>x  log?xz  logx 1 logtz  logx

332 6230 9 332 6230 3 333 e3sc 333 6330 333 6330 3 333 6330 4 334 6430 334 6430
3log?z logx 1 log® x
g g +0 g

9 334 e4sc 334 e4ac 4 5134 e4sc 5 5175 6556



&> Strongly linear operations

e Extension by strong linearity

LT — R[]

R[%]]

2: JmLm

me<¥ me<s

(ifdn — 2:: 2:: ﬂxm(EEOQ

p+q=ntu€$mpfp

M &
Z
1]

e Differentiation

xzlogx--log,_1x

(o) = fref
e Composition

(logp,z)og = log,g
(ef)og = el°9
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Integration

Trace of the integration
Tm =

Extend by strong linearity

Integration

Composition

Tfm

m2

e U

m

[T'((zm)oexp)] olog

= 1-0T
= T(A+A+A%*+.)
— ZT(l—A)”z”
(A
= [ F(x)=>_
n=>0 k=0

if logm >z

otherwise



& Demonstration inside MATHEMAGIX ® ‘

Mmx] use "symbolix"; use "multimix";
Mmx] x == infinity (°x);

Mmx] 1 / (1 - 1/x - exp (-x))

1 1 1 1 1 2 1 1 1 1
1+—+—2+—3+O<—4>+—m+ _ 4 23m+o<—>+ + -3 +O< >+ L
x oz x x e xe x4e e

1
o(ze7)

Mmx] lengthen fixed_point_expander (f :-> (exp x) * integrate (exp (-x) * ((log x) * f *
f + exp (-x)), %))

—1  log(x) 1 1 1 1 ( 1 ) _log(z)?  5log(x)

56 12e2¢ 367028 | 1082202¢ 1622302 | 16222027 x5 e2 483 288 xed®

23log(z) 5 log(x) 53 1
3456 x2 €3 1152x2e3$_%()(13e3$ +_13824x3e3$_%C) z4ed

Mmx] fixed_point_expander (f :-> 1/x + derive (f@(x~2), x) + f@exp((log x)~2))

_|_

+

2 i 12 168 ( 1 >+ 1 2 8 log(x) 12 48log(x)
X

e - - " +
xr3 7 1o elog(x)2 e?)log(ar)2 xe4log(m)2 e’?log(ar)2 xel2log(m)2

O( 1 >+51210g(x)2+ 32log(x) 16 +O( log(x) )+ 12

2 2 2 2 2 4 4
elSlog(x) 3 elGlog(m) 23 elGlog(m) 23 el6log(x) T e28log(ar) elog(m) e3log(x)

8 log(x)? +O(;)_ 64log(x)3 +O( log(x)* )+ 1 +O(;)

2 2 Z Z 2 2 g g
e4log(m) +log(x) e7log(m) xelGlog(az) elGlog(az) +3log(x) elog(a:) eSlog(az)

1
T




Mmx] lengthen (product (x, x), 8)

emlog(m)—x——log;w) 4 emlog(m)—x—@ n exlOg(m)_"B_w B 1396x10g(m)—x—$
127 288 2 51840 43
57167108(")—7 =5 g3g79c7lo8(®) —o =5 (elog(e) —x— 18
o)
248832027 | 20001888025 | 6

Mmx ]



