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Relaxed multiplication

A an effective (not necessarily commutative) ring of coefficients

Polynomial multiplication

Given f = f0+ ···+ fn−1 z
n−1 and g= g0+ ···+ gn−1 z

n−1 in A[z], compute f g

MA(n)=O(n log n log log n) [Schönhage-Strassen 1971, Cantor-Kaltofen 1991]

MA(n)=O(n log n 8log
∗n) if charA> 0 [Harvey-vdH-Lecerf 2014 NEW]

“Zealous” (off-line) power series multiplication

Given power series f , g ∈A[[z]] up to order O(zn), compute f g up to order O(zn)

Can clearly be done as well in time MA(n)

“Relaxed” (on-line) power series multiplication

Add constraint that (f g)i should be printed as soon as f0, ..., fi, g0, ..., gi are known

Question: what is the complexity RA(n) of relaxed multiplication?
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Example and naive “lazy” algorithm

Exponentation

g = exp f =
∫

f ′ g

gn =
1

n

∑

i=0

n−1

(n+1− i) fn−i gi

Example f = z+ z2+ z3+ ···

g0 = 1
↑
g5

g4

g3

g2

g1

g0

f0
′ f1

′ f2
′ f3

′ f4
′ f5

′ →
1 2 3 4 5 6
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RA(n) = O(2MA(n/2)+ 4MA(n/4)+ 8MA(n/8)+ ···)
= O(MA(n) log n).

[Fischer-Stockmeyer 1974, vdH 1997]



Relaxed  Semi-relaxed products

Zealous
Semi-relaxed
Relaxed



Even faster semi-relaxed multiplication [vdH 2003/2007]

Assume A contains a primitive 2p-th root of unity for 2p> 2n

 M(n)=MA(n)=O(n log n)

n= bm, “block size” b, FFT-ed blocks in A
2b

SR n×n product = m SR b× b products + one SR m× (m− 1) product over A2b



Complexity analysis

S(bm) = m S(b)+ 2 bS(m)+O(bm log b)

Simple analysis: b=m= n
√

S(n) = 3 n
√

S( n
√

)+O(n log n)

S(n)=nT (log n)

T (k) = 3T (k/2)+O(k)

Same recurrence as for Karatsuba’s algorithm

T (k) = O(klog2 3)

R(n) = O(n (log n)log2 3)



Complexity analysis

S(bm) = m S(b)+ 2 bS(m)+O(bm log b)

Optimal analysis [building on suggestion by referee]

m = exp

(

log n

e 2log 2
√

log logn
√

)

b =
n

m

Setting S(n)=n log nT (log n), one finds

R(n) = R∗(n) := O
(

n log n e 2log 2
√

log logn
√

log log n
√ )



Generalizing to more general A

Case of “large” A

Either

{

charA=0 and A torsion-free as Z-module and A admits division by integers
charA> 0 and A contains a geometric sequence of size >n

Evaluation on 2p-th roots of unity  Evaluation/interpolation on geometric sequence

Using [Bostan-Schost 2005], this can be done in time O(MA(b)) for block size b

S(bm) = m S(b)+ 2 b S(m)+O(mM(b))

R(n) = R∗∗(n) := O
(

R∗(n)
M(n)

n logn

)

Case when A has small prime characteristic p

Rather compute over B=A[x]/(P ) with Fpk=Fp[x]/(P ) and even k≈ log n/ log p

Encode k/2 coefficients in A by one coefficient in B

SA(n) 6
2n

k
SA

(

k

2

)

+ SB

(

2n

k

)

O(MA(k)).

R(n) = R∗∗∗(n) := O
(

R∗∗(n)
M(logn)

logn

)



Generalizing to more general A

Case when A has small prime characteristic s= p
r

With Fpk=Fp[x]/(P ) as above, monic P̃ ∈ (Z/sZ)[x] with deg P̃ = k and π(P̃ )=P

(Z/sZ)[z]/(P̃ ) −֒→ A[z]/(P̃ )

←
−

π ←
−

π

Fp[z]/(P ) −֒→ (A/pA)[z]/(P ),

Case when A has mixed characteristic p1

r1
··· pl

rl

Use Chinese remaindering, as in [Cantor-Kaltofen 1991]

Summarizing

R(n) = O(R∗(n) log log n) (characterstic 0)

R(n) = O(R∗(n) log log n 64log
∗n) (otherwise)



A p-adic analogue

Relaxed p-adic multiplication [Fischer-Stockmeyer 1974, Berthomieu-vdH-Lecerf 2011]

I(n)=O(n logn 8log
∗n): cost of n-bit integer multiplication [Harvey-vdH-Lecerf 2014 NEW]

Relaxed power series multiplication with bounded integer coefficients

Zk= {i∈Z: |i|< 2k−1}
RZ(n, k): cost of relaxed multiplication of f , g ∈Zk at order O(zn)

RZ(n, k) = O(RZ/πrZ(n) I(log2 (π
r))) (πr>n 22k)

= O(R∗∗(n) I(k+ log n))

Relaxed p-adic multiplication

Multiplying f , g ∈Zp at order O(zn)  Multiplying f , g ∈Zpb at order O
(

zn/b
)

, b=
logn

log p

Sp(n) 6
n

b
Sp(b)+Spb

( n

b

)

+O(n log p)

Spb

( n

b

)

= O
(

RZ

( n

b
, log2(p

b)
))

Rp(n) = O((R∗∗(n) log p) ℓ log ℓ)

ℓ = log(log n+ log p)
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