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Part I

Introduction to creative telescoping and D-finite functions
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• ∂x1, . . . , ∂xd: partial derivations ∂xi=∂/∂xi
• Ω=K[∂x1, . . . , ∂xd]: algebra generated by ∂x1, . . . , ∂xd

A function f(x1,...,xd) is D-finite ifΩ/annΩ f is a finite-dimensional vector
space for the ideal

annΩ f = {ω B−−−Ω :ωf=0}.

Definition
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∂xkgr )))))))))))

)))))
) = Mk((((((((((((((((

( g1⋅⋅⋅
gr )))))))))))))

)))
).

Proposition (systems point of view)

A function f is D-finite iff for each k= 1, . . . ,d, there exists a linear differ-
ential operator Lk B−−−K[∂xk] with

Lk f = 0.

Proposition (linear operator point of view)
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Given: a D-finite function f(u,x) and an “admissible” contour 𝒞

Wanted: a D-finite representation for F(u) :=�
𝒞
f(u,x)dx

Challenge: find a relation

(ωr(u)∂ur + ⋅ ⋅ ⋅ +ω0(u)) f == ∂xg

Telescoper Certificate



Part II
Introduction to the reduction-based approach

From now on we will focus on the differential setting
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Note: the operator f→←|→ [f]Hermite is a k-linear projection
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• Take k :=Q(u)alg

• Regard f as a univariate rational function in k(x)

Confining the remainders

• Let Σ := {σ1, . . . ,σs} := Sing(f) B−−−k be the finite set of singularities of f

• LetM :=k�x, 1
x−σ1 , . . . ,

1
x−σs�

• Both [⋅]Hermite and ∂u mapM into itself

• We have

{M}Hermite =
k

x−σ1
+ ⋅ ⋅ ⋅ +

k

x−σs
,

so dimk {M}Hermite=|Σ|<∞; we say that [⋅]Hermite is confined onM
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Finding a linear combination

With r :=dimk {M}Hermite, compute a non trivial relation

c0 {f}Hermite+c1 {∂u f}Hermite+ ⋅ ⋅ ⋅ +cr {∂ur f}Hermite = 0,

where c0,c1, . . . ,cr B−−−k.

Victory!

By k-linearity, we have {ωf}Hermite=0 for
ω = c0+c1∂u+ ⋅ ⋅ ⋅ +cr∂ur ,

whence
ωf = [ωf]Hermite B−−− ∂xM.

More parameters

Same argument with respect to each parameter u1, . . . ,us



Part III
Confined reductions for the general ∂-finite case
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The system of essentially ordinary differential equations

ϕ∂x((((((((((((((((
( y1⋅⋅⋅
yr )))))))))))))

)))
) = A((((((((((((((((

( y1⋅⋅⋅
yr )))))))))))))

)))
), ϕ∂u((((((((((((((((

( y1⋅⋅⋅
yr )))))))))))))

)))
) = B((((((((((((((((

( y1⋅⋅⋅
yr )))))))))))))

)))
), ϕ B−−−k[x], A,B B−−−k[x]r×r

Generalization ofM ?

• Σ := {σ1, . . . ,σs} := {σ B−−−C :ϕ(σ)=0}

• M :=k�x, 1
x−σ1 , . . . ,

1
x−σs

�y1+ ⋅ ⋅ ⋅ +k�x, 1
x−σ1 , . . . ,

1
x−σs

�yr
• M is closed under ∂x and ∂u

Problem

Show that dimM/Im∂x<∞ and construct a confined reduction [⋅] onM
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Idea

• y= ((((((((((((((((
( y1⋅⋅⋅
yr )))))))))))))

)))
)→←→ Ty for a matrix T and work coefficient by coefficient

• T B−−−k(i)r×r[x,x−1]r×r, i: formal integer parameter, C B−−−k(i)1×r

(CxiTy)ʹ = (CxiT)ʹy+CxiTϕ−1y
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• U involves x−1 and parameter i, so U B−−−k(i)r×r[x,x−1]r×r
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Goal: given Λ=Λlxl+ ⋅ ⋅ ⋅ B−−−k[x]1×r, find Cxi B−−−k[x]1×r with

(CxiTy)ʹ = CxiUy = Λy+ ⋅ ⋅ ⋅

Writing U=Udxd+ ⋅ ⋅ ⋅, we get

(CxiTy)ʹ = (CUdxd+i+ ⋅ ⋅ ⋅)y = (Λlxl+ ⋅ ⋅ ⋅)y

Head chopper
T is a head chopper if Ud B−−−k(i)r×r is an invertible matrix
==› for almost all l, we may take

i = l−d, C = Ud−1Λl
and recursively define

[Λy] := [(Λ−CxiU)y]
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(CxiTy)ʹ = CxiUy = Cxi (ϕ−1TA+Tʹ + i x−1T)y

Repeatedly use two transformations

Ud=
(((((((((((((((
(((((((((((((((
(((((((((

(

( * * * *
* *

* * *
* * *

* * * * )))))))))))))))
)))))))))))))))
)))))))))

)

) (T,U)→←→ (J T, JU)
J B−−− GLr(k(i)) Ũd=

(((((((((((((((
(((((((((((((((
(((((((((

(

( * * * *
* * *
* *

)))))))))))))))
)))))))))))))))
)))))))))

)

)

Ud=
(((((((((((((((
(((((((((((((((
(((((((((

(

( * * * *
* * *
* *

)))))))))))))))
)))))))))))))))
)))))))))

)

)
(T,U)→←→ (ΔT, ΔU)

J=
(((((((((((((((
(((((((((((((((
(((((((((

(

( Ξ−1 Ξ−1
Ξ−1

1
1 )))))))))))))))
)))))))))))))))
)))))))))

)

)
Ũd=

(((((((((((((((
(((((((((((((((
(((((((((

(

( * * * *
* * *
* *

* * * *
* * * )))))))))))))))

)))))))))))))))
)))))))))

)

)

(ΞδT)(x, i)=xδT(x, i+δ)
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Head reduction

We have constructed a confined reduction [⋅]∞:xK[x]1×ry→←→ xK[x]1×ry

Tail reduction

For each σi B−−− Σ, D-finiteness preserved under x←→←→←→
1

x−σi

→←→ confined reduction [⋅]σi:
1

x−σi K� 1
x−σi�

1×r→←→ 1
x−σi K� 1

x−σi�
1×r

Gluing
[Λy] = Λcsty+ [Λ(∞)y]∞+ [Λ(σ1)y]σ1+ ⋅ ⋅ ⋅ + [Λ(σs)y]σs

There exists a computable confined reduction [⋅]:M→←→M.
Theorem
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