LOGARITHMIC HYPERSERIES

LOU VAN DEN DRIES, JORIS VAN DER HOEVEN, AND ELLIOT KAPLAN

ABSTRACT. We define the field L of logarithmic hyperseries, construct on L
natural operations of differentiation, integration, and composition, establish
the basic properties of these operations, and characterize these operations
uniquely by such properties.

1. INTRODUCTION

The field of transseries T was introduced independently by Dahn and Géring [8]
in model theory and by Ecalle [9] in his proof of the Dulac conjecture. Roughly
speaking, transseries are constructed from the real numbers and a variable z > R
using the field operations, exponentiation, and taking logarithms and infinite sums.
Here is an example of a transseries:
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The sign of a transseries is defined to be the sign of its leading coefficient: sign7 > 0
in our example; T is real closed for the corresponding ordering. See [2, Appendix A]
for a detailed construction. The field T can also be equipped with natural ‘calculus’
operations: differentiation, integration, composition, and functional inversion. The
theory of T as a valued differential field was determined in [2]. In particular, it was
shown there that this theory is model complete. Remarkably, T also satisfies the
intermediate value property for differential polynomials: this was first proven in [12]
for the ordered differential subfield of T consisting of the grid-based transseries, and
extends to T itself by model completeness.

Transseries describe ‘regular’ orders of growth of real functions. Despite its
remarkable closure properties, however, T cannot account for all regular orders
of growth. For instance, Kneser [13] constructs a real analytic function e, that
satisfies the functional equation e, (x + 1) = expe, () and that grows regularly—
its germ at 4oo lies in a Hardy field—but faster than any iterated exponential. Its
functional inverse is infinitely large, but grows slower than any iterated logarithm.

Accordingly, we wish to enlarge the field T of transseries to a field H of hyperseries
with transfinite iterates e, and ¢, of e* and log x for all ordinals «, and with natural
operations of exponentiation, differentiation, integration, and composition. These
operations should extend the corresponding operations on T. In this paper we
achieve this for the purely logarithmic part L of the intended H by direct recursive
constructions, and with exponentiation replaced by taking logarithms. We also
indicate how the natural embedding of T}, into the field No of surreal numbers
extends naturally to an embedding of IL into No. As indicated in [4], this is part of a
plan to eventually construct a canonical exponential field isomorphism H = No via
which No can be equipped with the ‘correct’ derivation and composition. Realizing
1
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this plan would vindicate the idea that H covers all regular orders of growth at
infinity, as No does in a different way.

A first step in the above direction is due to Schmeling [14] and his thesis advisor
van der Hoeven. They constructed a field of hyperseries that contains e, and £, for
a < w¥, but they did not construct a derivation or composition on it. The purely
logarithmic part of it will be recovered here as the subfield L.« of our L.

On a related topic, van der Hoeven’s thesis [10] (with more details in [14]) shows
how to extend the derivation and composition on T to larger fields of transseries
that contain elements such as evZtviegz+Vioglogat--  The recent paper [6] by
Berarducci and Mantova shows how such generalized transseries naturally act on
positive infinitely large surreal numbers so as to be compatible with composition
and with the derivation on No constructed in [5]. While this line of work has some
connection to the present paper, it goes into another direction.

In the rest of this introduction we give canonical and precise descriptions of L
with its ‘calculus’ operations and state its main properties. To prove existence and
uniqueness of the operations having these properties is not easy, and makes up the
bulk of this paper. First we define L as an increasing union of Hahn fields over R.
Throughout we let o, 3,y range over ordinals, an ordinal is identified with the set of
smaller ordinals, and a+ 8 denotes the ordinal sum, to be thought of as a followed
by 8. Moreover, m,n, sometimes subscripted, range over N = {0,1,2,...} = w.
By convention, a differential field has characteristic 0; given its derivation 0 and an
element y in the field we also denote 9(y) by %/, and 3/ /y by y.

The monomial group £. We fix once and for all symbols ¢, one for each «,
with £, # {3 whenever o # . The intended meaning of ¢, is as the ath iterated
logarithm of x := £y in L, and accordingly we refer to these ¢, as hyperlogarithms.
(The totality of hyperlogarithms is too large to be a set; it is a proper class. We
shall freely use classes rather than sets when necessary: our set theory here is
von Neumann-Godel-Bernays set theory with Global Choice (NBG), a conservative
extension of ZFC in which all proper classes are in bijective correspondence with
the class of all ordinals. Those who find these matters unpalatable may read ordinal
as meaning countable ordinal. Everything goes through with that restriction.)

An exponent sequence is a family (rg) of real numbers rg, with 8 ranging over
all ordinals, such that for some o we have rg = 0 for all 8 > a. To each exponent
sequence r = (rg) we associate the formal monomial

o= ]y
B

a logarithmic hypermonomial. We make the class of logarithmic hypermonomials
into an abelian (multiplicatively written) group £ with the obvious group operation:
for exponent sequences r = (rg) and s = (sg) with corresponding logarithmic
hypermonomials £” := [z €5 and £* := []g£;" we set r+s:= (rg + sg) and

o=t = [T
B

The identity of £ is 1 := ¢° with 0 denoting the exponent sequence (rg) with
rg = 0 for all 3. We make £ into a totally ordered abelian group by ¢" < £ iff
r is lexicographically less than s, that is, » # s and rg < sg for the least 8 with
rg # sg. We identify £, with ¢" where ro, =1 and rg = 0 for all 8 # a; so £, > 1.
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In this introduction we let m, n range over logarithmic hypermonomials. We make
R act on £: for m = Hﬁégﬁ and ¢ € R we set

t o trg
m' o= ] €2
B

Thus we have the subgroup m® := {m?: ¢ € R} of £. For m = ¢" we define
o(m) = {8 rs 0},
a set of ordinals (not just a class); we think of it as the support of m. The set
Lo = {m: o(m) Ca}
underlies an ordered subgroup of £. Note that

Lo = {1}, Lo = 8B . Loppr = LR

n

T

Given reals r(8) for < o we let [] seal ﬁ(ﬁ ) denote the logarithmic hypermonomial
0" where rg = r(f) for 8 < a and rg =0 for 5 > a.

The Hahn fields L.,. The monomial group £, yields the ordered Hahn field
Lco = R[[€<a]]

consisting of the well-based series over R with monomials in £.,. In particular,
Loo =R and Loy = R[[{§]]. For 8 < a, we have £.5 C £, as ordered groups,
and so L.g C L, as ordered and valued fields. We also set

L<a = Learts L¢a == Leag1 = R[[Qéa”

Now L := |J,L<q is an ordered and valued field extension of each L,. It does
not have an underlying set, but it has an underlying proper class. We shall use the
notations and conventions introduced in [2, Section 3.1 and Appendix A] to discuss
these Hahn fields and their union L. (Section 2 below includes a summary of that
material.) Thus for f € L* we have its dominant monomial ?(f) € £ C L, with
f=c(f)(1 +¢) for unique ¢ € R* and ¢ < 1 (and 2(0) := 0 € L by convention),
and R is viewed as an ordered subfield of I and £ as an ordered subgroup of L.~.

The logarithmic field L. We define the logarithm logm of m = ¢" by
logm := Zr/gfgﬂ el.
B

Thus logl, = foi1, logmn = logm + logn, and logm! = tlogm for real t. For
f €L” we have f = cd(f)(1 +¢) with ¢c € R” and € < 1, and we set

= (1)
1 = logd 1 e
o8 f = logal) +loge+ 3 (S0 —e

where log ¢ is the usual real logarithm of ¢. The map f + logf : L” — L is a
strictly increasing morphism of the multiplicative ordered group L~ into the ordered
additive group of L. Note that if « is an infinite limit ordinal, then logL.Z, C L.



4 VAN DEN DRIES, VAN DER HOEVEN, AND KAPLAN

The derivation on L. The intended derivation is ‘derivative with respect to z’
where x := {y. This derivation should respect logarithms and commute with infinite
sums. To respect logarithms will be interpreted to mean that the derivative of
bo 18 50 Egl. (Recall in this connection that the usual derivative of the n-
times iterated real logarithm function log,, is [[,, <n(1ogm)_1.) These requirements
determine the derivation uniquely:

Proposition 1.1. There is a unique R-linear derivation d on L such that:

(i) 9o =Tl 5" for all o;
(ii) for every set I and summable family (f;)icr in L the family (3f;) is sum-

mable as well and 9, fi =, dfi.

The summability of a family (f;) in L indexed by a set I as in (ii) means: for some
a all f; are in Lo, = R[[€<4]] and ), fi exists in this Hahn field. For o = 0,
condition (i) says oz = 1. It is easy to see that the derivation of Proposition 1.1
must also respect logarithms in the sense that dlog f = af/f for all f € L~>. We
establish Proposition 1.1 in Section 3, where we show in addition that the derivation
0 of that proposition has the following properties:

Theorem 1.2. {f €eL: of =0} =R, (IL,9) is an H-field, and JL = L.

Here (IL,9) denotes the ordered field L equipped with the derivation 9. Recall from
[2, Chapter 10] that an H-field is an ordered differential field K such that for the
constant field C' of K and all f € K we have: if f > C, then f/ > 0, and, with O
the convex hull of C'in K, if f € O, then f = ¢+ ¢ for some ¢ € C and € € K with
le] < C>. Such an H-field K is viewed as a valued field with valuation ring O.

In the rest of this introduction L is equipped with the above derivation 9. We also
set f':=af, f) = 9"f for f € L and introduce the distinguished integration
operator f+— [ f:L — L that assigns to f € L the unique g € L with ¢’ = f and
1 ¢ supp g; so the constant term of [ f is 0. For example, £, = fH5<a 651.

Composition. A good composition should reflect the composition of functions.
To construct the ‘correct’ composition on I and show it has the desired properties
takes considerable effort. Let us define a composition on IL to be an operation

(f,9) > fog : LxL™® > L
that has the following properties:
(CL1) for any g € L” the map f + fog: L — L is an R-algebra endomorphism;
(CL2) fox=fforall feLandzog=g forall g€ L>F;
(CL3) log(fog) = (log f)og forall fcL> and g € L>%;
(CL4) for any summable family (f;) in L and g € ]L>R the family (f; o g) is
summable and (>, fi)og=>_, fiog;
(CL5) for all f € L and g,h € L”% we have (fog)oh = fo(goh).
Note that (CL1) alone (and the fact that L is real closed) gives that for fixed

g € L>® the map f +— fog:L — L is an embedding of ordered fields sending L>®
into itself. Thus (CL3) and (CL5) make sense, assuming (CL1).

Thinking of ¢, as the ath iterated logarithm of log x suggests ¢, o {g = {g4q, but
in view of 1 + w = w this would give £, o ¢; = ¢, as a special case. Since (CL2)
gives £, o £y = £, this would be unreasonable, and in fact the composition we
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shall construct satisfies ¢, o 1 = ¢, — 1 instead. Our main result is the following
characterization of this composition:

Theorem 1.3. There is a unique composition o on I such that for all f,g,h € L
with g >R and g = h the sum Y, %h" exists and

x©  f(n)

folg+h) = E ! 'O I pn (Taylor expansion),

n!
n=0

and such that for all B,~y:
o lyolys = Lysy, ify <wPTl;
o €w5+1 ngﬂ = gwﬁJrl - ].,
e the constant term of £,v o lys is 0 if v > B is a limit ordinal.

We construct this composition in Sections 5 and 6, and use Sections 7 and 8 to prove
the more subtle results about it: (CL5) (that is, associativity) and Taylor expansion.
In obtaining associativity we also establish the Chain Rule (Proposition 7.8):

(fog) = (f'og)-¢ forall fcLandgeL”¥,

All this concerns only the existence part of Theorem 1.3. The at most one part is
taken care of in the final Section 9. In the remainder of this introduction we let o
denote the composition on L defined by Theorem 1.3.

The g € L>® form a monoid under composition with z as identity, and the
invertible elements of this monoid are the g with mino(9(g)) = 0: Proposition 8.5.

To construct our composition we work inside Hahn fields L., where a@ = w?
and A is an infinite limit ordinal, and in fact, for such a we have fog € L., for
fr9 € Lo, with g > R; so the least « in this setting is w®.

Finally, we indicate in Section 9 the natural ordered and valued field embedding of
L into No that is the identity on R, sends x := ¢; to w, and respects logarithms and
infinite sums: Proposition 9.5. This is also a differential field embedding where No
is equipped with the derivation dgy constructed by Berarducci and Mantova [5].

2. PRELIMINARIES

We summarize here some conventions, notations, and results concerning monomial
groups and Hahn fields and refer to [11] and [2, Section 3.1 and Appendix A] for
proofs omitted here. We also consider some notions that are particularly useful
in the present paper and a planned sequel: multipliability, the support of linear
operators on Hahn fields, Taylor deformations, and monomial groups with real
powers. In addition we include some miscellaneous facts needed later.

Monomial sets. A monomial set is a totally ordered set; we think of its elements
as monomials. Let 91 be a monomial set and let m,n range over elements of 9.
Then m < n indicates that m is less than n in the ordering of 9%, and we use the
notations m < n, m > n, m = n likewise; for example, m<xn<m<norm=n. A
set & C Mt is said to be well-based if it is well-ordered in the reverse ordering, that
is, there is no infinite strictly increasing sequence mg < m; < mg < --- in &.

Let k be a field. Then Kk[[97]] consists of the formal series f = > fam with
coefficients fy, € k whose support

supp f :={m: fu # 0}



6 VAN DEN DRIES, VAN DER HOEVEN, AND KAPLAN

is well-based. We construe k[[]] as a vector space over k as suggested by the
series notation and identify 9t with a subset of k[[D0]] via m +— 1m.

Let (f;)icr be a family in k[[9]]. We say that (f;) is summable if |J, supp f;
is well-based and for each m € 90 there are only finitely many ¢ € I such that
m € supp f;; in that case we define its sum ), f; to be the series f € k[[IN]]
such that fn = ), fim for each m € 9. (This agrees with the usual notation
for elements of k[[9N]]: for a series f = > fmm € K[[9N]] as above the family
(fimm) is indeed summable with sum f; conversely, every summable family (fnm)
with coefficients fn € k yields a series f = > fam € E[[9]].) Instead of “(f;)
is summable” we also say that ), f; exists. Sometimes the following equivalence
is useful: (f;) is not summable if and only if there is a sequence (i,) of distinct
indices and an increasing sequence (m,,) in M with m,, € supp(f;,) for all n.

The dominant monomial 3(f) € M of a nonzero f € k[[M]] is defined by

o(f) := maxsupp f.

We also set 9(0) := 0 € k[[?1]] and extend the ordering of 9 to a total ordering on
the disjoint union 9t U {0} by 0 < m for all m € 9. The binary relations < and =<
on MU {0} are extended to binary relations < and < on k[[9]] as follows:

[ =g o(f) <0(g), [ <g:= o(f) <0(g)-

Let 91 also be a monomial set and ® : k[[9N]] — k[[9]] a map. We call ¢ strongly
additive if it is additive and for every summable family (f;) in k[[9]] the family
(®(f;)) is summable in k[[N]] and (3, f;) = >, ®(f;). If @ is strongly additive
and O : k[[9N]] — k[[N]] is strongly additive, then so is

®+0 : K[ — k[N, f=o(f) +0O(f).

If @ is strongly additive, & is a monomial set, and © : k[[&]] — k[[91]] is strongly
additive, then so is ® 0 © : k[[®]] — Ek[[D]]. We call @ strongly k-linear if it is
k-linear and strongly additive; note that then for any f =3 fum € E[9]] the
sum Y fu®(m) exists in k[[N]] and equals ®(f). Thus a strongly k-linear map
k[[D]] — E[[N]] is determined by its restriction to 9. The following converse is
the “totally ordered” case of [11, Proposition 3.5]:

Lemma 2.1. Let ® : M — k[[N]] be such that for every well-based & C M the
family (®(m))mes is summable. Then ® extends (uniquely) to a strongly k-linear
map k[[M]] — K[[N]].

The next result on inverting strongly linear maps is almost the “totally ordered”
case of [1, Corollary 1.4], which in turn follows from [11, Theorems 6.1, 6.3].

Lemma 2.2. Let @ : k[[]] — k[[9N]] be a strongly k-linear map with ®(m) < m for
allm. Let I be the identity map on k[[9N]]. Then I+ : k[[DN]] — K[[IN]] is bijective
with strongly k-linear inverse (I+®)~! given by (I+®)71(f) = > 07 o (=1)"®"(f),
where the last sum always exists.

Proof. For infinite k this is clear from [1, Corollary 1.4]. For finite k we reduce to
the previous case by extending k to an infinite field K and using Lemma 2.1 to
extend @ to a strongly K-linear map K[[OM]] — K[[9N]]. O

We only include the case of finite k for the sake of completeness, since the results
above only get applied in later sections of this paper for k of characteristic 0.
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Monomial groups and Hahn fields. A monomial group is a monomial set 90
equipped with a (multiplicatively written) group operation 9t x 9t — 9 that makes
M into an ordered commutative group. Let 9T be a monomial group. We indicate
its identity by 1 (or logy if we wish to specify 9). For sets &1, S5 C M we set

616, = {mn: me Gy, 11662},

and recall that if &1, Sy are well-based, then so is G165, and for every g € 6,6,
there are only finitely many pairs (m,n) € &; x G2 with g = mn. For & C 91 we
define & C M by recursion on n by & = {1}, 6" = &"S, and we also set
6> = J,, 6", the submonoid of M generated by &. Recall Neumann’s Lemma:
if & C M= is well-based, then so is &>; if & C M=! and g € &, then there are
only finitely many tuples (n,my,...,m,) withmy,..., m, € S and g=my---m,,.

Let k be a field. Recall from [2, Section 3.1] how k[[9]] is then construed as a
field extension of k with 9t a subgroup of its multiplicative group.

Corollary 2.3. Suppose (g;)icr is a summable family in k[[DN]~! = k[[9N=]].
o0

Then the family (€7 )ic1n>1 is summable, and so is the family (3", | cin€™)icr for

any family (cin)icrn>1 of coefficients in k.

Proof. The first part is an easy consequence of Neumann’s Lemma, and the second
part follows from the first part. O

We shall often use the following result whose proof is routine:

Lemma 2.4. Suppose (f;) and (g;) are summable families in k[[M]]. Then (fig;)
is summable and Zi,j figi =2, fz)(zj g5)-

Thus for f € k[[9]] the map g — fg : k[[IN]] — k[[9N]] is strongly k-linear. Given

also a monomial group 1 we have:

Corollary 2.5. Let ® : k[[M]] — K[[N]] be strongly additive, (f,) a summable
family in K[[M] and € € k[[N]]=!. Then >, ®(fn)e™ exists.

Proof. Use Lemma 2.4 and the summability of (®(f,)) and (e). O

We call k[[?1]] a Hahn field over k; it is a valued field with valuation ring
O = {fek[Mm]: f=1}

and maximal ideal o = {f € k[[9]] : f < 1} of O. For the corresponding valuation
v on k[[M]] and f, g € k[[M]] we have

f=sgeu(f)=v(g), f=<geuf)>u(g).

For f € E[[M]] we have the decomposition f = f. + fi1+f< where fo :=3 | fam
is the purely infinite part of f and f := 3 _; fmm is the infinitesimal part of f.
We also set fx1:= f1 + f<1.

If k is given as an ordered field (for example when k = R), then we equip k[[91]]
with the field ordering such that f > 0 < fo;) > 0 (for f € k[[9M]]7) and refer to
the resulting ordered field extension k[[9]] of k as an ordered Hahn field.
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Substitution in ordinary power series. Let k be a field and 9t a monomial
group. Let t = (t1,...,t,) be a tuple of distinct variables and let

F = F@) =Y et €k[t] = k[[t1,... tn]
be a formal power series over k, the sum ranging over all v = (14, ...,v,) € N? and
¢y, €k, t" :=ty*---t¥». For any tuple ¢ = (¢1,...,&,) of elements of o = k[[9]]~*

the family (c,e”) is summable, where ¢ := &' - - - e¥/» (Neumann’s Lemma). Put

F(e) = Y ¢’ €0 = K[~ = K[[m]).

Fixing € and varying F' we obtain a k-algebra morphism
F— F(e) : K[[t]] — K[[P])].

In the rest of this subsection we assume that k characteristic 0 and identify Q with
a subfield of k in the usual way. Then we have the formal power series

oo

exp(t) = Y t'/ile Q]  log(l+1) = Y (~1)"'¢/j € Q[lt]]
=0

j=1
in a single variable ¢. In Q[[¢1,t2]] C kl[[t1,t2]] we have the identities
exp(t; +t2) = exp(ti)exp(ta), log(l+t1+ta+ti1ta) = log(l+1t1)+log(l+t2).

Also log (exp(t)) =t and exp (log(1 +t)) = 1+ ¢ in Q[[t]] C k[[t]]. Substituting
elements of k[[90]]! in these identities yields that

h — exp(h) = ihi/ﬂ L RS = 1+ R[],

is an isomorphism of the additive subgroup k[[99]]=! of k[[9]] onto the multiplica-
tive subgroup 1+ k[[9N]]=! of k[[9N]]*, with inverse

1+e = log(l+e) = i(—l)j’laj/j C 1+ R[] — k()]
j=1

Corollary 2.6. Let (g;)ic; be a family in k[[DN]]=1. Then
(ei) is summable <> (log(1+¢;)) is summable.

Proof. The direction = is a special case of Corollary 2.3. For <, apply that
corollary to the case ¢;, := 1/n! using —1 4 exp(log(1 + ¢;)) = ¢;. O

Multipliability. Let k be a field of characteristic 0 and 9t a monomial group.
Let (g;)ies be a family of elements in k[[90]]=1. We declare E to range over the
finite subsets of I and would like to define [],(1 4 ;) as the sum over all £ of
the products [[,.p €i. This would require the family (HzeE €;)E to be summable,
and thus in particular its subfamily (¢;);e; to be summable. By Corollary 2.6 the
summability of (¢;); is equivalent to that of (log(1+¢;)),. Moreover:

Lemma 2.7. Suppose (g;)ics is summable. Then the family (HzeE gi)r 1s also
summable and exp (Y, log(1+¢;)) = Y g [Liep&i-
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Proof. The summability of ([],cpci)e follows from Neumann’s Lemma: use that
for |E| = n we have supp [[;cpei € (U;crsuppes)”. Next, the desired identity
holds for finite I, and then follows easily for arbitrary I using similar reasoning as
needed for summability of ([,cxei)e- g

Accordingly we say that the family (1 + ¢;) is multipliable if (g;) is summable
(equivalently, (log(1 + 52)) is summable), and in that case we set

H1+51 = ZH€’_1+ZHE’61+k o]~
i E €E E#0i€E

with log [[,(1 +&;) = >, 1log(1 + €;). Instead of calling (1 + ;) multipliable we
also say that [ [,(1 +¢;) exists. The basic facts about these infinite products follow
easily from corresponding facts about infinite sums by taking logarithms.

A useful identity. It is routine to check that for any elements g1, g2,g3,... in
a field K of characteristic 0 we have an identity

o ¢ o Lu(g15 -, 9n)

n,n o n\Yly---yYn) n
log(lJrZEt) —Z ] t

n=1 n=1
in the ring K[[t]] of formal power series over K, where the L, € Q[X1,...,X,] are
polynomials independent of the sequence g1, g2, g3, .... The L,, are the logarithmic

polynomials from [7, p. 140], but we don’t need further details given there about
them. In the later subsection on Taylor deformations we shall use the following:

Lemma 2.8. Let K be a differential field, y € K*, andn > 1. Then

(yT)(nfl) = L, (y/”y(n)>
Y Y

Proof. If these identities hold for some y that is differentially transcendental (over
Q), then they hold for all y as in the lemma. Take a real analytic function f : I — R
on a nonempty open interval I C R such that f is differentially transcendental and
everywhere positive. (Thus f lies in the differential fraction field of the differential
domain of real analytic functions on I.) For a € I the Taylor series of f at a is the
formal series Y, 4 (™ (a)t" € R[[t]]. Likewise, the Taylor series of log f at a is

Z (log )™ (a)t" = log f(a Z (D (@)

Now f = f(a) (1+ff(fa(a o log f = log f(a) +log (1+ff(a())),the Taylor series
of 1= fa(a) at a is Zn 13 ff(a() ) n , so the Taylor series of log f at a also equals

(oo}

L0 f(a)
log f(a = s .

AP HOR
This yields (fT)("=Y(a) = Ln(ff((;)),..., f;L()a(a)) for all a € I, that is, (fH)(»=1 =
Ln(fT/, cey %), which gives the desired result. O

This lemma can also be proved more formally by expressing the L,, in terms of the
Bell polynomials as in [7, p.140], but the details would take up considerable space.
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The support of a linear operator. This notion will play a role similar to that
of the norm of a linear operator on a Banach space. Let k be a field, 911 a monomial
group, & a subset of MM, and let a map S : & — k[[M]] be given. Then we define
the (operator) support of S, denoted by supp S, to be the smallest set & C 9 such
that supp S(g) C &g for all g € &. The proof of the next lemma is routine.

Lemma 2.9. Suppose supp S is well-based. Then S extends uniquely to a strongly
k-linear operator k[[®]] — Kk[[9N]]. Denoting this extension also by S, we have

supp S(f) C (supp S)(supp f) for all f € k[[®&]].

For a strongly k-linear map T : k[[®]] — k[[9]] we define suppT as the support
of its restriction to &. If & = 9t and supp S is well-based, then we have for each
n the strongly k-linear operator S™ : k[[9]] — Kk[[9N]] with supp S™ C (supp S)".
Simple applications of Neumann’s Lemma give:

Lemma 2.10. Suppose & = M and supp S is well-based. Let h € k[[9N]] be such
that (supp S)(supp h) < 1, and let (sy,) be any sequence ink. Then ) " s, S™(m)h™
exists for allm, and the map P : MM — k[[9MN]] given by P(m) := > 5, 5" (m)h"
has well-based support supp P C ((supp S)(supp h))oo.

Lemma 2.11. If T : k[[®]] — k[9M]] is k-linear, & C M is well-based, and
suppT(f) C & -supp f for all f € K[[B]], then T is strongly k-linear.

Thus with the hypothesis and notation of Lemma 2.10 the sum >~ s,5™(f)h"
exists for all f € k[[9]] and the map T' : Ek[[9N]] — k[[91]] given by

T(f) == ) saS"(f)h"
n=0

is the unique strongly k-linear operator k[[90]] — k[[90t]] that extends P. Moreover,
suppT'(f) € ((supp S)(supp h))Oo -supp f for f € k[[9M]]. In the next lemma, an
easy variant of Lemma 2.2, we let I be the identity map on k[[90]].

Lemma 2.12. Suppose D : k[[DN]] — Kk[[M]] is strongly k-linear and supp D is
well-based and supp D < 1. Then I+ D : k[[9N]] — k[[9N]] is bijective with strongly
k-linear inverse (I+D)~! = I+ E, where E : k[[DR]] — k[[9N]] is strongly k-linear,
supp B C Jp—,(supp D)" < 1, and E(f) = 32,7, (=1)"D"(f) for f € k[[2]].

Taylor Deformations. Let k be a field of characteristic 0 and 9t a subgroup of
the monomial group 91, so k[[M]] is a subfield of k[[91]]. Let there be given a k-linear
derivation 9 on k[[9]] with well-based support suppd < 1 and a strongly k-linear
field embedding ® : k[[9]] — E[[N]]. Let ¢ € k[[N]]*!. Then for f € k[[M]] the
sum y . a%f exists in k[[9]] by the remark following Lemma 2.11, hence

e n 2

> we" = O(f)+®(f)e + @52 + -

n=0

exists in k[[]] by Corollary 2.5. This yields a k-linear (Taylor) map

Tk ke, 70 = Y PO
n=0 .

For € = 0 we have T' = ®; in general we view T as a deformation of ®.

Lemma 2.13. T : k[[M]] — k[[N]] is a strongly k-linear field embedding.
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Proof. Tt is routine to check that T'(1) = 1 and T'(fg) = T(f)T'(g) for f, g € k[[9M]].
Let the family (f;) in k[[i)ﬁﬂ be summable. Then so is the family (9" f;); . as is

easily verified. Hence ), 2O exists. To derive that >, T(fi) exists and equals
T3>, fi), use Lemma 2. 4 and regroup terms. O

To show that suitable logarithm maps on k[[91]] that commute with ® also commute
with its deformation T" we assume for the next lemma that k is an ordered field (so
k[[9n]] and k[[9]] are ordered Hahn fields over k), and that ® is an embedding of
ordered and valued fields. In addition we assume that k[[91]] is equipped with a map

log : K[[9]> — K[[9] such that log(1 + h) = Y00, EL"pn gor b e k[[0]]<!
log(fg) = log(f) +log(g) for f, g € k[[M]]”, and log k[[M]|> C k[[M]].

Lemma 2.14. Suppose f € R[[N]]>, (log f)' = fT, and log ®(f) = ®(log f). Then
log T'(f) = T(log f).

Proof. From T(f) = ®(f) - <1+Zn 1 n. ( I

) E”) we obtain

Fm n)
o))

Using log ®(f) = ®(log f) and f(™ < f for all n, this yields

o) = otoe) + 3 A (3(2) e (50))

logT(f) = log®(f) + log <1+Zilfb(
n=1

n=1
> 1 f! )
= d(logf)+ Y — (Ln ( em.
n=1 ’I’L' f f
Lemma 2.8 gives Ly, (le, ceey f;?)) (log )™ for n > 1, so

© (os(1)) . _

logT(f) = ®(log f) +Z T(log f). O

Suppose next that o comes with a strongly k-linear extension to a derivation on
k[[D1], also denoted by 9, and that the embedding ® obeys a ‘chain rule’ in the
sense that we are given an element ¢ € k[[9]] such that d®(f) = ®(af) - ¢ for all
f € E[[?M1]]. Then a routine computation yields also a chain rule for T

Lemma 2.15. o(Tf) = T(of) (¢ + oe) for all f € k[[PN]].

Monomial groups with real powers. Let the monomial group 91 have real
powers, that is, it is equipped with an operation (s,m) — m® : R x 9t — 9 such
that for all s, € R and all m,n we have

m!' = m, wm = m'm’, (M%) = w*, (mn)* = mn® (som’=1).

Then we extend this operation to a power operation
(s, f) = f* + RxR[M]]” — R[[M]]~
as follows: first, if f =14 & with € < 1, then we set

o0

1% = exp(slogf) = Z(Z)s" € 1+ R[M]~,

n=0
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and for f =cd(f)(1+¢) (ceR>, e < 1), we set
fro=co(f) (1+e)° € R~

where ¢® has the usual value in R>. It is easy to verify that then for all s, € R
and f, g € R[[9N]]” we have

=1 = = () = (Fe) =g
In the introduction we introduced the £, as monomial groups with real powers,

and also defined a logarithm map on IL”. Note that the definitions given there lead
to log ft =tlog f for f € L> and t € R.

A useful well-ordering. Let NY be lexicographically ordered and consider the set
D of all sequences (dg, d,ds,...) € NN such that dg > dy > dy > - and d,, =0
for all sufficiently large n.

Lemma 2.16. D is a well-ordered subset of NV.

Proof. Consider the map that assigns to any sequence (do,dy,ds,...) € D the
ordinal w? 4 wh + ... + w¥n if m is such that d,, # 0 and d,, = 0 for all n > m,
and assigns to the sequence (0,0,0,...) the ordinal 0. Observe that this map is
injective and order preserving. ([
Next, let Do, be the larger set of all sequences (dg,dy,ds, ...) € NY such that

do =2 dy 2 doy 2 -+
Corollary 2.17. Do, is a well-ordered subset of NN,

Proof. Any strictly decreasing infinite sequence in D,, would be a sequence in
Dy, :={(dp,d1,da,...) € Doo : dy < m} for some m, so it is enough to show that
D, is well-ordered. Now D,, is the disjoint union of its subsets D, ;, i =0,...,m,
where D,, ; consists of the (dg,dy,...) € Dy, with d,, = i for all sufficiently large n,
and it follows easily from Lemma 2.16 that each of the sets D, ; is well-ordered. U

Some more notation. For ordinals a < v we let £, ,) be the convex subgroup
of £, whose elements are the hypermonomials || é;ﬂ . This gives the Hahn
subfield Ly, ) := R[[£[4,,)]] of L<,. Note that

Loy = Llay)  L<a with Llaqy) NEL<a = {1}.
As in [2, p. 713] this yields an identification of ordered fields
IL4<'y = ]L[oe,'y)[[£<aﬂ’

that we shall use for certain a < ~.

agpB<y

3. DIFFERENTIATING AND INTEGRATING IN L

In the Introduction we defined the Hahn fields L., = R[[£<4]] over R and their
union L. Using the preliminary section it is easy to verify the results stated in
the Introduction up to (but not including) the subsection on the derivation of L.
Towards Proposition 1.1 we shall construct for every « a strongly R-linear derivation
dq on L.,; the derivation 9 on IL will be the common extension of these d,. The
main work in this section is then to show that JL = L.
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The derivation. We set
TG etw, o= T]6" = th € <a

B<a BLa

Note that ¢/, < 1 and £}, < 27! < 1, and that for a > 3 we have
ly, <l in £.o, <€) in £,

Next, we extend the above to any logarithmic hypermonomial m = /" by
= ZT@»ET, m = mm! = ngmﬂﬁ.
B B

Thus if m € £, then mf, m’ € L_,. As in the Introduction we let m,n range over
£=U, L<a-
Lemma 3.1. The following hold for all m,n:

(i) (mn)t =mt +nf, and (m*)" = tm' fort € R;

(ii) (mn)’ = m'n 4+ mn’;

(iii) m#1 = m’ stéO

(iv) m<1, n#1 = m <nf;
(V)y m<n#l = m' <n;
(vi) me £, = suppm’ C {ET B < atm.

Proof. This is mostly routine, and we only prove here (iv) and (v). So assume
m=<1andn#1. For 8= mino(m) we have m = KTB H6<p<a 0, 15 <0, 0

o(m') = (IT&h - I o

p<pB B<p<a

Also, for v = mino(n) we have d(nf) = [I,<, ¢;'. By distinguishing the cases
v < B and v > 3 and recalling that 75 < 0 we get d(m’) < d(n'), so m’ < nf.
As to (v), assume m < n # 1. Then m = no with v < 1, so m’ = n’(v + v’ /nT).

It remains to note that v’ < nf by (iv). O

Item (vi) and Lemma 2.9 yield a unique strongly R-linear derivation 9, on L,
such that d,(m) = m’ for all m € £.,,. Note that (vi) and that lemma also gives

suppda(f) C {¢}: B<a}-suppf for f€Lca

and that {62 : B < a}is a well-based subset of £, with largest element Eg =gz L

In particular, suppd, = {E B<al= , SO supp 9, is well-based.

It is clear that for o > B the derlvatlon d. extends dg. Thus we have a common
extension of the d,, to a derivation d on L. This is the derivation of Proposition 1.1,
which is thereby established. We set f’ := of and f) := 9"f for f € L and
gt :=¢'/g for g € L¥; this creates no notational conflict, since for f =m or g = m
this agrees with the previously defined m’ and mf. It is also easy to check that
ml = (logm)’ and (1 + )" = [log(1 + ¢)]’ for e € L=!, from which it follows that

= (log |g|)’ for g € L7 and (f*)T = tfT for f € L>.

Below we consider L., as a differential field with derivation 9., and also as an
ordered and valued field. For the rest of this section we assume familiarity with the
basic facts on H-fields and their asymptotic couples from [2].

Lemma 3.2. L., is an H-field with constant field R.
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Proof. Note that if m = 1, then m’ > 0. Let f € L.

Suppose f > 0 and f > 1. Then d(f) > 1, so o(f)’ > 0. Also d(f)" > m’ for all
m € supp(f) \ {9(f)} by Lemma 3.1(v), and thus f’ > 0.

Next, assume f ¢ R; we claim that f’ # 0. By subtracting a real number from
f we arrange 1 ¢ supp(f). Then the same item (v) yields f’ # 0. O

We make the additive group I' of exponent sequences into an ordered abelian group
by r < s :& €7 < £°. We define the valuation v : L* — I by v(f) = —rifo(f) = ¢7;
thus v(f) > v(g) & f < g for all f,g € L. We have

I'cq == v(LZ,) = {rel: rg=0forall §>a}.

Note that if 8 < «, then L.g is an H-subfield of L.,. Next we consider the
asymptotic couple (I'cy,¥<q) of L.,. We have an order-preserving bijection
B8 v(ﬂg) Da— U,

from « onto the W-set W, of L.,. In particular, if o # 0, then ¥_, has least
element v({, 1), and this element is positive and is the unique fixed point of .

Lemma 3.3. Ifa=0+1, thenv(l)) = U(E;) =maxV., >0. Ifa##0 is alimit
ordinal, then v(€)) > 0 is a gap in L<y.

Proof. The first claim follows from the above order-preserving bijection o — ¥ ,.
Suppose « # 0 is a limit. Then in ',

Vea < v(ly) < (T2,
so v(¢,) > 0 is indeed a gap in L.,. O

Integration. In this subsection m and n range over £.,. We use the modified
derivation & := ei/aa on L., which is strongly R-linear. It follows from Lemma 3.3

that for the W-set W5 of the asymptotic couple of the H-field (L.,,8) we have
max Vs = 0 if « is a successor ordinal, and sup U5 = 0 ¢ ¥, otherwise. Thus § is
small, but 8(m) = m for m # 1. Moreover:

Lemma 3.4. If m > 1, then suppd(m) > 1. If m < 1, then suppd(m) < 1.
Proof. Let m = ¢". Then

§(m) = (H@B)( Z romtl) = Z ry (m H lg)-

B<a yEo(m) yEo(m) y<B<a

It remains to note that for v € o(m) and n := m [[ /3 we have mino(n) =
y<pB<a
min o(m) and Tmin o (n) = Tmin o(m)- O

Thus & maps R[[Sﬁé]] into itself. For £ # 0 in the asymptotic couple of (L.,,3d)
we set T := 15(€) < 0 and & = £ + &7, s0 &7 = 0(¢) by [2, Lemma 9.2.10(iv)],
hence (¢ — €M) = ¢, and thus (€ — ¢7) = £. Tt follows that for any m # 1 there is
a unique n # 1 with §(n) < m, namely n = D(ﬁ), and the map that assigns to
any m # 1 the unique n # 1 with §(n) =< m is an automorphism of the ordered set
7L, We define T : £Z) — R* - (£Z)) by

T(m) := cn, withceR* andne Eﬁi such that cd(n) ~ m.
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Using Lemma 2.1 we note that T extends uniquely to a strongly R-linear bijection
R[[£ZL]] — R[[€ZL]], also denoted by T, with a strongly R-linear inverse 7!, By
virtue of the definition of 7' we have for nonzero g € R[[£7,]]:

3(Tg) = g+ E(g) with E(g) < g.

This determines the strongly R-linear selfmap E := 80T —1I on R[[Eﬁ}l]], where [ is
the identity on R[[£7,]]. Since E(g) < g for all nonzero g € R[[£ZL]], it follows from
Lemma 2.2 that the strongly R-linear selfmap I + E on R[[Sﬁ}l]] is bijective with
strongly R-linear inverse (I + E)~!. From 80T = I+ E we get oTo(I+E)™! =1,
that is, 81 := T o (I + E)~! is a strongly R-linear right inverse to 8 on R[[£Z1]].
In terms of the original derivation 9, this yields a distinguished strongly R-linear
bijective integration operator

[+ Rlecaried) > RUSZDL [ 1= 570/,
We call it an integration operator because o( [ f) = f for f € R[[€<a \ {€,}]].

Integration, continued. The domain of the above integration operator depends
on «, but it assigns to each f in its domain the unique g € L with ¢’ = f and
1 ¢ suppg. It follows that these operators for the various « have a common
extension to an operator [ : L — L that assigns to each f € L the unique g € L
with ¢’ = f and 1 ¢ suppg. Thus we have now fully established Theorem 1.2 and
the rest of the subsection “The derivation on LL” in the Introduction. Note also
that | maps L., into L., + R¢,, more precisely, bijectively onto R[[ﬂﬁ}l]] + RY,.

The remainder of this section will not be used, but relates the above to material
in [2]. We assume now that « is an infinite limit ordinal, and set

L2, = [JLes.

B<a

We saw that L., is not closed under f , but we now observe that its H-subfield LY,
is closed under [ and is the union of its chain of spherically complete H-subfields
L.g with 8 < «, and if such 3 is a successor ordinal, then L.z is grounded. Thus
by [2, Corollary 11.7.15, Theorem 15.0.1]:

Corollary 3.5. The H-field L2, is ®-free and newtonian.

Of course the H-field L is likewise ®-free and newtonian. As to the case a = w, we
recall from [2, Appendix A] that T has distinguished elements ¢,,. We have a unique
field embedding LY , — T that is the identity on R, sends ¢/, € L2 to ¢, € T for
all n and all » € R, and respects infinite sums. This embedding also respects the
natural logarithm maps on the multiplicative groups of positive elements of L2,
and T, and the natural derivations on these fields. The image of this embedding is
the H-subfield Tog of T; we identify L2 with T, via this embedding.

4. PRELIMINARIES ON COMPOSITION

In this section 91 is a monomial group with real powers. We fix R[[N]] as an ambient
Hahn field equipped with its natural ordering and valuation. Let 90 be a power
closed monomial subgroup of 91 with a distinguished element = € 91!, Then we
have the (ordered valued) Hahn subfield K := R[[90]] of R[[91]]. We let h range
over the elements of R[[D]]>E.
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Composition on Hahn Fields. A K-composition with h is a map
f=foh : K—=TR[MN]

such that the following conditions are satisfied:

(1) loh=1and zoh = h;
(2) for all mp,my € 9)?, (m1m2) oh = (m1 o h) . (mg o h),
(3) for all f € K, (moh)mesupp(s) is summable and 3 fm(moh) = foh.

Lemma 4.1. Any K-composition with h is an ordered field embedding K — R[[N]]
and is strongly R-linear.

Proof. Let a K-composition with h be given. Since K and R[[9]] are real closed
fields, the map f — foh: K — R[[N]] will be an ordered field embedding if it is a
ring morphism. Let f,g € K. Then

(f+g)oh = (Z(fm+gm)m> oh = Z(fm+gm)(moh)

m m

= Y (fulmoh) + gu(mon) = 3 fulmoh) + 3 gu(moh)

= (foh)+(goh).

Similarly, using Lemma 2.4,

(fg)oh = Z ( Z fm1gm2> moh = Z ( Z fany (M1 0 h)gm, (M2 Oh))
m mpmo=—m m mpmo=—m
= (Z fwi(my 0 h)) (ng(mz ° h)) = (foh)(goh).
Strong linearity follows from Lemma 2.1 and clause (3) above. O

Here are some consequences of Lemma 4.1 for a K-composition f — f o h with h:
moh >0 form € M, so (mo h)! is defined for all real ¢, and for f, f1, fo € K,

>R & foh>R, h=<fa e fich<X faoh.
Thus for f < 1in K we have foh < 1 in R[[9]], and
exp(f)oh=exp(foh),  (log(l+f))oh=log((1+f)oh).

Lemma 4.2. Let a K-composition with h be given such that m* o h = (mo h)* for
allme M andt € R. Then floh = (foh) forall f € K~ andt € R.

Proof. Let f € K~. Then f = cm(1 +¢) wherec € R, me M and e € K<L, so

(em(142) oh = ct(m'oh) ((Z (;fL)gn) oh>

ftoh

n

= ct(mOh)tZQtl) (eoh)" = (foh) (t € R). O

n

A K-composition is a map o : K x R[[D]”® — R[[9]] such that for all h the map
fr foh: K — R[] is a K-composition with h.
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Lemma 4.3. Let o be a K-composition, and let g € K%, h € R[[N]]>® be such
thatmog € K and (mog)oh =mo (goh) for allm € M. Then fog € K and
(fog)oh=fo(goh) foral f € K.

Proof. Let f € K. It is clear that then fog=)"_ fm(mog) € K, and

(fog)oh = memog Joh = memo (goh) = fo(goh). O

We now consider the case M = N, and define a composition on K for K = R[[N]]
to be a map o : K x K”® — K such that:

(1) o is a K-composition;

(2) mtog=(mog) forallmeMN, t R, and g € K>F;

(3) (mog)oh=mo(goh) forall g,h € K>E.
Thus given a composition o on K it follows from Lemmas 4.2 and 4.3 that clauses
(2) and (3) hold in a more general form: ftog = (fog)! forall f € K>, t € R,
and g € K>® and (fog)oh= fo(goh) forall fc K and g,h € K>F,

Taylor Expansion. Let there be given a K-composition f — foh: K — R[[M]]
with A and an R-linear derivation d on K with well-based support suppo < 1 and
or = 1, and an element ¢ € R[[M]]¥!. Then we set g := h + ¢ and ‘deform’ the
above K-composition with h to a K-composition f +— fog: K — R[[9]] with g as
follows: with ® the above K-composition with h we apply the subsection on Taylor
deformations in Section 2 to obtain a strongly R-linear operator

= 9"(f)oh
o + K — R[], f— Z%E"
We think of o, as composition with g on the right, which explains the notation. In

this subsection we set f o g :=o4(f) for f € K. Note that log=1and zog=g.
Then by Lemma 2.13:

Lemma 4.4. The map f+— fog: K — R[[N]] is a K-composition with g.

Assume in addition that 9 extends to a strongly k-linear derivation on k[[9],
denoted also by d. Then by Lemma 2.15 the ‘chain rule’ is inherited:

Lemma 4.5. Ifd(foh) = ((9f)oh)-oh for all f € k[[I]], thend(fog) = ((9f)og)-dg
for all f € K[[90])].

Revisiting multipliability. Let (f;);c; be a family in L, where I is a set. We
call (f;) multipliable if the family (log(f;)) is summable. Note that if f; = 14¢;, with
all g; € R[[£.4]]7! for a fixed «, then this agrees with (1 + ¢;) being multipliable
as defined in Section 2. In general we have « such that f; = c;m;(1 +¢;), ¢; € R™,
m; € L4, i € R[[€24]]7! for all i. Then (f;) is multipliable if and only if (1 + ¢;)
is multipliable, ¢; = 1 for all but finitely many i, and, with m; = [[5_,, é;ﬁi, there
are for every 8 < « only finitely many ¢ with rg; # 0.

If (f;) is multipliable, then so is ( ;) for any family (7;) of real numbers. Suppose
the family (f;) in L2, is multipliable. Then

(4.1) D log(fi) = Y splps+cte

B<a
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where the sg and c are real numbers and € € LZL. Thus we may define

S coo 1 n
[I5 = (114 enzzjoﬁ? €Lz,

el B<a

Then log [[, fi = >_,log fi, so (I]; )t = Do fg and [[, ff = (I], fo)f for t e R. If
also the family (g;) in L2, is multipliable, then (f;g;) is multipliable, and

Hfi'Hgi = Hfigi-

Any family (g;);j=1,..., in L~ is multipliable with I1;95 = 91+ gn- Also, for any

T3

family (r3)g<q of real numbers the family (Z;ﬁ)5<a is multipliable, and [[,_,, ¢4
is the logarithmic hypermonomial that we expressed this way earlier. Retracing the
definitions gives:

Lemma 4.6. Suppose the family (f;) in L2, is multipliable. Then the family
(0(f:)) is multipliable as well and d(]]; f;) = 1, 0(f)-

We define the function log,, : L>® — L>® by recursion on n:

logo(g) = g, log,11(g) := log(log,(9)).
Thus log,, maps LZE into itself if o is an infinite limit ordinal. For g € L>® and
A :=mino(dg) we have d(logg) = ¢r+1, and an easy induction on n gives
log,(9)~ = lxyn forn =2 log,,(9)x = lrin forn > 3.
Here is a useful lemma regarding the functions log,,:
Lemma 4.7. Let g € L>%. Then the family (log,,(g))n is multipliable.

Proof. By the above remarks, we have for n > 2 that log,,(9) = ¢x1n + £, where
A=)y and €, < 1. Thus, for (log,(g)) to be multipliable, it suffices that (e,)n>2
is summable. For n > 2, we have

En
10gn+1(9) = 10g(£>x+n+€n) = log <€>\+n(1+£)\+ )>

[e%s} 1 i—1 . [
= E/\+n+1+z( z) ( > ; SO

i=1 Ovtn

Ek-i-n

Using this equality for €,41, a straightforward induction on n shows that every
m € suppe,, with n > 2 is of the form

—d _dn—
ny-ong 6505607 € (supper)™ - Gy,
where ny, ..., ng, €suppes, di,...,dp_1 ENZL dy >dy >--- >d, 1, and
&= I 65 doeooidin €N dy 2 ds > o 2 dis
2<j<n

The set (suppez)® is well-based by Neumann’s Lemma. The (disjoint) union & :=
Un>2 S, is well-based by Lemma 2.16. Thus the family (¢,,),,>2 is summable. O
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Lemma 4.8. Let o be a composition on . as defined in the Introduction and let
f,gel, f>0,g>R. Then flog=(fog) fort € R. If in addition the family
(fi) in L~ is multipliable, then the family (f; o g) is multipliable, and

([I#eg = TIUio9).

K2

Proof. By (CL1) and (CL3) we have

log(ffog) = (logf')og = (tlogf)og = tlog(fog) = log[(foyg)"],

so ftog=(fog)t The second part follows likewise by taking logarithms. (]

5. COMPOSING WITH HYPERLOGARITHMS

Recall that our goal is to construct a ‘good’ composition operation on L. In this
section we only compose on the right with hyperlogarithms.

We fix an ordinal o = w” where A is an infinite limit ordinal. Then & + 7 < «
for all ordinals &, n < o. We work in the Hahn field L., = R[[£<,]] over R. Let
B < X be given and set p:= w’t! < a, so w? + v < p for v < p.

Composing with 7 s. We shall use the modified derivation & := Zi,aa on L.g,.

Note that i =[1,<,. tp- Hence for m € £, ) we have

supp(dm) C { H 6;1: ,ug'y<a}~m.
HEPLY

Thus the strongly R-linear operator § on L., maps L, o) into itself.

To explain and motivate the role of § in defining fo/,s for f € L[, o) we include
the following remark; it is important for understanding what is going on, but is of
a purely heuristic nature and can be skipped.

Remark. The composition o on IL to be constructed will be such that the map
J = foly: Ly q) — L) is bijective, which gives an inverse map

fe s Lypay = Ljay,  fTrol,=f for feLya.
We also want o to obey the Chain Rule and admit Taylor expansion, and to satisfy
lyol,s =1L, —1. Then for f € Ly, o) we have (fTnof,) = ((fT*) ot,) 0, = f
so (ftu) ot, = f'/€, = 3(f), and thus by induction on n,
(ff) ™ ot, = 8(f)

Using Taylor expansion this leads for such f to

folys = (flroly)olys = fTvo(l,o0lys) = flro(l,—1)

i Tu)(n) o > _1\n
n=0 . n=0

After this remark we now resume the formal exposition. The restriction of 8 to
an operator on L, ) has support contained in the well-based set

G = { H 6;1: u<7<a} < 1

HSPEY
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Thus by Lemma 2.10 and the remark following Lemma 2.11 the sum ZZO:() D" §n f

n!
exists in Ly, ) for all f € Lj, ), and we have a strongly R-linear operator

oo

(_l)n n
(51) S folws : Ligay »Ljay,  folus = ) PLE

n=0

with supp(f o £,s) € &> -supp f for f € L, o). A routine computation gives

(5'2) (fg) olys = (f ogwﬁ) ) (g ogwﬁ) (fag € L[u,a))'

Lemma 5.1. We have f ~ fol,s for nonzero f € Ly, o), and the map f — fol,s
is an automorphism of the field Ly, ).

Proof. Let f range over Ly, ) and set ®(f) = > %S”f. Then the map
@ : Liya) = Liya) is R-linear with well-based support supp @ C UZL 6™ <1, and
thus ®(f) < fif f #0. Now folys = f+®(f),s0 f ~ fol,s for f # 0, and

J = folys Ly a) = L is bijective by Lemma 2.2. (]
Remark. It is natural to denote the operator
foo foler = |3 =8| ()
n=0

on Ly, o) by e~®. More generally, any s € R yields an operator
s8 . G s" n
¢+ Lipa) = Ljway, fr> ) —8"f,
n=0

and e oe!® = (518 for 5 t € R, so we have a group e of such operators.

Next we define for a monomial [, _, 0y € Loy,
(5.3) (H eg~> olys = [, €L<p
Y<p Y<H

Note that m — mo {5 : £, — £, is an embedding of ordered groups, and that
this map is contractive: mo £, = mifme €3}, and mo /s <mif me £2}.

Finally, using L<o = Ly, 0)[[€<,]] and representing f € L., as
f= Z Jimym
melo,
where all fim) € Li, o) and {m € £, : fi, # 0} is well-based, we note that
Z (f[m] Oewﬁ) (moewﬁ)
melo,
exists in the Hahn field Ly, o)[[£<,]] over Ly, o, since all fim) 0 £,s € L, o) and
mo/f,s <nol,s forallm <nin £.,. Thus we may define the operation
(54) frrfolys + Lea > Lea,  folus = Y (fimolus) (molys).
melo,

We do not create here a conflict of notation: if f € L, o) or f € £, then this
agrees with the previously defined f o ¢ s. In particular, £y o {5 = € 5.
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Lemma 5.2. The map f+— folys : Loy — Loy is an Loy-composition with £,s,
where we take x := £y as the distinguished element of 22&

Proof. To see that clause (2) in the definition of “K-composition with A” holds,
let m,n € £.,. Then m = m, my,, 1 =t Ny, Mo, Moy, € £, My, 0y, €
£[u,oz)' Using (53)7 <m<un<ﬂ) o gwﬁ = (m<u © gwﬁ)(n<,u © ewﬁ)a and by (52)7

(Mmzpnzp) o lys = (Mmxy0lys)(nsy 0 lys).
Now using also (5.4), we have
(mn)olys = ((meuney)olys) - (Mzunzy)0lys) = (Mo lys)(nolys).

That clause (3) is satisfied follows easily from the strong linearity of the map in
(5.1) and the existence of the sums in (5.4). O

Corollary 5.3. Let 0 # f € I[_ﬁ1 Then fol,s < L£,™ for alln, or fol,s ~ f.

Proof. With f = Zmesq fmm as above, set 0 := max{m € £., : fu # 0}. Then
either ? < 1 and fol,s < ¢, ™ foralln,ord=1and fol,s ~ f by Lemma5.1. 0
Lemma 5.4. Let v < p. Then Ly o) 0 lys = Liws gy a)-

Proof. For v = i this follows from Lemma 5.1 and w?® 4+ p = p. Let v < p. Then
]L[V’a) = H“[H7a)[[£[V,M)]]' Accordingly, for f € L[u,a) we have f = Zm f[m]m with m
ranging over £, ,y and all fi) € Lj, ). Then

folus = > (fim o luws)(molys).

m

Now L[# @) © L, = ]L[# @) , and £ [v,u) © los = S[wﬁ+y’w6+u) = S[w/mr,,’#) by (5.3). It
remains to note that ]L[wmr,,’a) L, [ €108 +u,m)]]- O

For v = 0 this gives Lo 0 £,s = L5 o)
Lemma 5.5. (fo/l,s) = (f olys)-l s for felca.

Proof. For a monomial m =[] _ ¢, € £, we have by (5.3):

Y<p

!/
(mO éwﬁ)/ = <H fwﬁ_‘_v) = (moéwﬁ) Z 7‘75154_,‘/

Y<p y<p

(m o Kwﬁ) Z Ty
F<p p<w5+y

(mofl,s) Zm

y<p

H Ewﬁ +p

p<wﬁ Py

pr_l (moﬂw;s)er pr_l ol,s

p<wh T<p <Y

H E ZT'Y moéwﬁ)(g Oéwﬁ) = Z;ﬁ (mlogwﬁ)'

p<wh Y<m
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For g € L, we have go f,s = 350 o S22 (57) by (5.1), so

n=0 n!

oty = Ty = 0,3 EV @)
n=0 :

n=0
SR () - 1 () )

(Hf,f) (Hémp) (¢ olws)=| TT 6" | (4 0 twr)

p<p p<p p<wh
= e;[g . (gl ngﬁ).
Finally, for f € L., we have f =)

fmm where all f, € L>, <q, so

meLo,
(folys) = 223 ((fmolus)(molys))
meLey,
= g (fimn 0 Lus) (M0 lys) + (fmn 0 Lys)(molys)
meL.,
= - 2; (fin 0 luws) (o lys) + (fa 0 Lyp)(m' 0 Ly0)
meLey,
= Lys - z}} (fmm) 0 lys) = €5 (f 0lys). O
me ‘<,L

Note that by (5.3) we have £, 0,5 = {5~ for v < . The next lemma gives more
information about £, o £,s for v > p.

Lemma 5.6. We have £, 04,6 = £, —1. If p <~ < a, then

byolys = Ly — ey, with0<sv~\<€;1<€;1<1.

Proof. Let p < v < a. Then £, € £}, ) and 8/, = ]_[ng<7 Ep_l, so 8/, = 1 and
WIWES 5;1 < 1ify > p. The derivation 8 on L, ) has support < Z;l, s0 8", < (;2
if n > 2 and v > p. Therefore £, 04,5 = £, — 3L, + %6267 — --- is as described in

the lemma. O

Composing with arbitrary hyperlogarithms. In this subsection we assume
that v < . We have

(5.5) v o= WP WP PR (k € N)

where A > 81 > P2 > ... > [Bi; this is essentially the Cantor normal form of =,
but we allow the exponents to be repeated and require all coefficients to be 1. For
f €L, we set

(56) fog"/ = ((”'((fogwﬁk)ogwﬂk—l)o"')ongZ)oewﬁl-

For v =0 (so k = 0), this means f o {y := f, by convention. Several of the results
below are proved by induction on the length k of the representation in (5.5), using
also £, 0 ls = Lys,, for v < wPT! which holds by definition according to (5.3).
For example, recalling that z := ¢y, such an induction easily gives x 0 £, = £,. As
a consequence of Lemma 5.2 we obtain in this way:

Corollary 5.7. The map f+ fol,:Lcq = Lcq is an Lcy-composition with £.
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We use Lemma 5.5 likewise to obtain:
Corollary 5.8. (fol,) = (f' oly) -t forfecL,.
Corollary 5.9. Suppose v # 0 and v < w1, Then
byoly = lyty, (foly)oly = fol,y, for felc,.
For later use we also record the following variants:

Lemma 5.10. Let v # 0 and v < wP+L. Then for m =[]
mol, = Hp<u E;‘;p € Ly, y+v), and so the map

"p
p<v bp” € Lo we have

memoly, o Loy = Ly yq0)

is an isomorphism of ordered groups. In particular, we have an isomorphism
me—moly 1 Loy — Ly ytw)

of ordered groups.

Lemma 5.11. Let v # 0, v <w’ ™. Then Ly, 0y 0 €y = Liytp,a)-

Proof. By induction on k > 1. The case k = 1 is Lemma 5.4. The inductive step
from k — 1 to k uses that for k > 1 we have wPr + v < WPr—111, O

The proof of associativity in Section 7 will depend on the next two lemmas. In the
first one we assume 8 < A and set p := w?t1L,

Lemma 5.12. Letn > 1. Then £, o £, takes the following values:
Lpnyny fory <p, Ly—mn fory=p, L£y—c withO <5<€;1 for vy > pu.

Proof. For n = 1 this is Lemma 5.6. Assuming inductively that the lemma holds
for a certain n we use

e’y o gwﬁ(nJrl) = (é’y © gwﬁn) o gwﬁ

and Corollary 5.3 to show it holds for n 4 1 instead of n. [

Let g € L%, Set A, := mino(dg) (an ordinal) and call it the logarithmicity of g.
Thus A, = v for any ordinal v. Consider the Cantor normal form of A4:

Ay = WP+ WP (KEN, B> > By, na,. .., ny € N2D).
For any ordinal v we set
g = ny if v =whT A = 0 if v {1 WP
Lemma 5.13. Let v < a. Then l,0ly =Ly, — A,y —€ with 0 < e < 1.
Proof. This is clear for v = 0. Assume v > 0 has Cantor normal form
v o= Wl + -4 WPy, (B> > B, kyny,...,ng = 1).
We first show by induction on k:

(1) if v = WP then lyoly =4, —n1 —ewith0<e=<1;
(2) if v > whtt then £, 00, =4, — ¢ with 0 < e < 1.
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The previous lemma gives this for £k = 1. Assume it holds for a certain « as above.
Then with B; > Br4+1 and ngy1 > 1 the definitions easily yield

{,0/l

FHwPkHin .y T (g’/ ° €w5k+1nk+1) ° g’Y‘

Let v > w1 *!. Then él’ogwﬁkﬂnkﬂ = {,—e with 0 < £ < 1 by the previous lemma.
If v = WPt we get £, oé,y+w;sk+1nk+l =, —¢e)oly=40,—ny—e"with0 <e* <1
by (1). If v > w?*! then we get £, o Copofring,, = (¢, —€)oly =1t, — " with
0 < &* < 1by (2). This concludes the proof of (1) and (2) and shows that the
lemma holds for v > w1 t1,

Now assume that v < w1 We first consider the subcase that v = w?+!
where 1 < @ < k. Then v = 71 + 7 with 1, = wPing + -+ + whi-1p;_; and
Yo = whin; + -+ + wlkny, hence £, o £, = (¢, 0£,,) o l,,. By (1) above with 75 in
the role of v we have £, 0 ¢,, ={, —n; —e with 0 <e <1, so

lyoly = (b, —n;—¢e)oly, = l,0l, —n; —e", 0<e* <1,
and ¢, ol = {4, by Corollary 5.9. Now y2 +v =v, so vy +v = 71 + v, and
thus £, 0l =4y —ny — ¥ =01, — /\gw;y — &%, so the lemma holds in this case.
Next assume we are in the subcase w?i-111 >y > WFitl where 1 < i < k. With
v = 71 + 72 as before we argue as in the previous subcase, using (2) with 2 in

the role of v, and obtain that the lemma holds in this case as well. The remaining
subcase v < w1 is taken care of by Corollary 5.9. O

6. COMPOSITION WITH ARBITRARY ELEMENTS

As in the previous section, o = w*, where \ is an infinite limit ordinal. We now fix
g€ IL?E. We shall define mo g form € £, and fog for f € L, o) and then use
this to define the map f— fog: L.y — Log.

Note that for m = [[, £i» € £, we have log, (g9)™ € L, for all n and that the
family (log,(g)™) is multipliable by Lemma 4.7. Therefore we may define

(6.1) mog = [Jlog.(9)™ € L<a
n

Thus log=1and ¢, o g =log,(g). Also for min € £, t € R,
(mn)og = (mog)(nog), m'og = (mog)".

Lemma 6.1. There exists a well-based set & = S(g) C L« such that for all
m=1][, 0" € £, we have

supp(mog) C o(g)™ [ [[ 4740 | - S
n>1

Proof. Set G := (Un>1(supp logn(g))“) . By Lemma 4.7, {J,,~; (supp log,,(g))~*
is well-based, and so is & by Neumann’s Lemma. By (4.1), we have

o0
Z rnlog,1(9) = Z splpgt1+c+e
n=0 B<a
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where the sg and c are reals and € < 1, so suppe C [, (supp log,,(g))~!. Now
= 1
mog = o(mog)-er Y Lem

|
m:
m=0

and so supp(mo g) Cd(mo g) - &. It remains to note that by Lemma 4.6,

d(mog) = 2(g)™ H4§Z+n . O

n>1

Let f € Liy,q); we shall define f o g by introducing f15 € L, ), to be thought
of as f o (expoexpoexp), and then setting f o g := 13 ologs(g), exploiting that
logs(9)s is a hyperlogarithm. Lemma 5.1 for 5 =0 gives fol; ~ fif f #0, so

fols = ((folr)olr)oly = f+ R(f),

where R(f) < f for f # 0 and R(0) = 0. The map f — fo/{; is a strongly R-linear
field automorphism of Ly, o) by Lemma 5.1, and so is f + f o /{3, and the latter
has inverse f — f13:=3"> (=1)"R"(f) by Lemma 2.2. Thus

(6.2) fl3oly = (fols)l® = f.

Now logz(g) = £x,+3 + ¢ where € < E;glﬁ < 1. By Corollary 5.7 we have the
L<q-composition ¢ — ¢poly 13 Ley = Loy with £y 3. Then Lemma 4.4 yields
a deformation of it to an L«,-composition Ty : L.o — L<o with logs(g) by

ee] d)(n)oe/\g+3 "
- ¢ .

(6.3) Te(9) = 2 -
Thus T;(¢y) = logs(g), and Lemma 4.5 gives for ¢ € L,
(6.4) Ty(¢) = Tg(¢/) logs(g)’.

Composing T, with f ~ fT3 yields the strongly R-linear embedding

00 (fTS)(n) Of}\g+3 "
—_— ¢

(6.5) f = fog = Z py

n=0

: L[w,a) — L<a

of ordered and valued fields. Towards extending this to L., let f € L.,. Using
Leo = Liw,a)[[£<u]] we have f = Zme£<w Jimym where all fin) € Ly, o) and the set
{m e Lot fim) # 0} is well-based. To justify defining

fog = > (fmog)(mog)

meLlo,

we need the following:
Proposition 6.2. The sum Zme£<w (f[m} o g) (mog) exists.

Towards establishing this proposition we define “S-summability” and prove some
lemmas about it. Let 8 < a. Then for h € L., we have h = 5 hpnn with all
hin) € Lig,a), and well-based suppg(h) := {n € £.5: hyy # 0}.

Let (h;)icr be a family of elements in L.,. We say that (h;) is S-summable
if ;e suppg(hi) is well-based and {i € I : n € suppg(h;)} is finite for every
n € £.g. If (h;) is a f-summable, then ), h; exists as an element of the Hahn
field Lg,q)[[£<p]] over Lig o), and therefore also as an element of the Hahn field L,

nelog
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over R with the same value under the usual identification of Lig o) [[£<s]] with L.
If (h;) is summable, then | J;; suppg(h;) is well-based, but (h;) is not necessarily (-
summable. If (h;) is S-summable, then (¢;h;) is also S-summable for any family (¢;)
from L[B,a)- For m € £, we have m = m_gm>g with m.g € £.3, my3 € E[ﬂ@),
and then suppg(m) = {m_s}. Here is a consequence of Lemma 6.1:

Corollary 6.3. Suppose the family (m;);er in L<,, is summable. Then the family
(m; 0 g) is (A\g + w)-summable.

Proof. Set 8 := Ay +w. Lemma 6.1 gives a well-based set & C £, such that for
every monomial m = [[, ;» € £, we have

supp(mog) € ()" | [[ 43y | - 6.
n=1

Set G5 := {ncp: ne€ S} This set is still well-based and we have for m € £,

suppg(mog) C o™ | [[6yn | - ©<s 8 = 0(g)<p.
n>1

Now g =], Ef{;_m with reals s, and sp > 0, so we have an embedding
d: £, — )3[)\975), m= Hﬁ:{’ — g"’ H f;’;+n,
n n>1

of ordered groups. Suppose towards a contradiction that (m;og) is not S-summable.
Then we have a sequence (i,,) of distinct indices and an increasing sequence (n,,) in
L<p withn,, € suppg (m;, og) for all n. By passing to a subsequence we arrange that
(m;,) is strictly decreasing. Now n,, = ®(m;,)v,, with v,, € &3, and ® is order-
preserving, so (v,,) is strictly increasing, contradicting that G is well-based. O

Lemma 6.4. Let 0 <y <« and f € L.,. Then
supp, 1, (f o ly) = {moly: mesupp,(f)}.

Proof. We have f =3 () fimym where all fin) € Ly, o). Then

mesupp,,

foly = Y (fmoty)(mot,).

mesupp,, (f)

It remains to note that by Lemmas 5.11 and 5.10 we have fim) o £, € L4414 o) and
mol, € £, for all m € supp,, (f).

Next a result about the map Ty introduced in (6.3). It involves the set

D = {Hﬁm‘im: do,dl,dg,"'eN, d0>d1>d2>} g 'S<w'

Note that ® is well-based by Corollary 2.17.
Lemma 6.5. Let ¢ € L, o) and set §:= A\g +w. Then

suppg Ty(¢) C (Dol 43) - (suppge)™,
and the right hand side is a well-based subset of £ independent of ¢.
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Proof. The operator support of the derivation 9, on L., and supp,(¢) C {1} give

supp,, (™) C {Hgmdm  doydy,da, - €N, n=do =2 dy 2 do > }
Thus by Lemmas 5.10 and 6.4, and A\j +3 +w = Ay +w = 3,

Usuppﬁ (¢(n) 06A9+3) C Doly,43 C Lep.

Now D o ly,+3 is well-based by Lemma 5.10, and ¢ < é;g1+2 gives suppge < 1. U

Proof of Proposition 6.2. We shall prove the stronger result that the family
((f[m] o g)(m © g))m€suppw(f)

is B-summable for § := A, + w. Suppose towards a contradiction that (m;);<. is
a sequence of distinct elements of supp,,(f) and (n;);<, is an increasing sequence
in £ such that n; € suppg ((fims) © 9)(m; 0 g)) for all i. We have n; = p;q; where
pi € suppg(fim,] © g) and q; € suppg(m; o g). By Corollary 6.3, the family (m; o g)
is f-summable and so (g;) has a strictly decreasing subsequence. Thus (p;) has a
strictly increasing subsequence. This contradicts the fact that Lemma 6.5 gives a

well-based set &, C £ such that suppz ¢pog C G, for all ¢ € L, o). O
We can now define
(6.6) feg = Y (fmeg)(meog).

meLo,

This agrees for f = m € £., and f € L, o) with f o g as defined in (6.1) and
(6.5). It also agrees for g = ¢ (v < «) with f o ¢, as defined at the end of the
previous section, but this requires an argument: For such g we have Ay = v and
logz(g9) = £y43, € = 0, and so for f € Ly, o) and with f o g as defined by (6.5),

fog = fTsOE'erB = (fTsOZS)Og’y = fog'y

where the second equality uses Lemma 5.9. For f =m =[] (i~ € £.,,, we have
fog = [[logu(e)™ =[], = mog,

where for the last equality we use the first part of Lemma 5.10. For arbitrary
f € L., we have f = ZmeSuppw(f) Jimym with all fin) € L, o), and then

fog = (fmog)mog) = > (fimoly)(moly) = fol,

m m

where the last equality uses Corollary 5.7 and f o £, is defined as in (5.6).
Lemma 6.6. The map f+— fog:Lcy — Ly is an L.o-composition with g.

Proof. Let myn € £.,; to get (mn)og = (mog)-(nog), we use the decomposition
m=mc,ms, where m, € £, and m3,, € £, o), and likewise for n. The desired
equality then follows from the relevant definitions and properties we already stated.

To verify that clause (3) in the definition of “K-composition with h” is satisfied,
with 91 = N = £, and g in the role of h, let f € L., and let P be the set of pairs
(m,n) with m € £.,, n € £, 4), and mn € supp(f). Then f = Z(m,n)ep Sfanmn,
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with all fus € R; our job is to show that then ((mn)o g) (m.m)c p 15 summable and
2 (mm)eP fmn((mn) 0 g) = f o g. Note that

supp,, [ = {m€ £, : (m,n) € P for some n € £, )}
For m € supp,, f we set P(m) := {n € £, ): (m,n) € P} and

f[m] = Z Junnt € L[u,a)'

neP(m)

Then f = ZmESuppw s fimm, so fog= Zmesuppw #(fim © g)(m o g); we shall need
this equality at the end of the proof and first address the summability issue.

Suppose towards a contradiction that ((mn) o g) (mn)eP is not summable. Then
we have a sequence (m;, n;);<., of distinct elements in P and an increasing sequence
(g;) in £, with g; € supp ((m,nl) o g) for all i. Now m; € supp,, f for all i; by
passing to a subsequence we arrange that either (m;) is constant, or (m;) is strictly
decreasing, and so we now consider these two cases.

Case 1: (m;) is constant, say m; = m for all 4. Then n; € P(m) for all 4, and
f[m]og = Z fmn(nog)a (mog)(f[m]og) = Z fmn((mn)og)7
neP(m) neP(m)

using the first part of the proof. In particular, the sum ZnEP(m) Sfan((mn) o g)
exists, contradicting that (g;) is increasing. So we must be in the next case:

Case 2: (m;) is strictly decreasing. Now

gi € supp ((myn;) 0 g) C supp ((m; 0 g)(n; 0 g)),
80 g; = Piq; with p; € supp(m;og) and q; € supp(n;0g). Set 8 := Ag+w. Since (m;)
is strictly decreasing, we can arrange by passing to a subsequence that ((p;)<g) is
strictly decreasing, in view of Lemma 6.1 and the proof of Corollary 6.3. Since (g;)
is increasing, ((q;)<p) must be strictly increasing, contradicting Lemma 6.5. We

have now shown that ((mn) o g) (mn)eP is summable. Its sum is f o g:

Z fmn((mn)og) = Z ( Z fmn(mn)og)

(m,n)epP mesupp,, f neP(m)

S (Y funnog)mog))

mesupp,, f neP(m)

Z ( Z fmn(nog))-mog

mesupp, f neP(m)

= Y (fmog(mog) = fog. 0

mesupp,, f

Extending to L. For f,g € L with g > R there are of course many « for which
f,9 € Lg, and for each of those we have a value f og € L.,; it is easy to check
that this value f o g is independent of . Thus we have constructed a map

(f,g)— fog:LxL>® 5 L.

In the next section we show that this map is a composition on I as defined in the
introduction. Given f,g € L. with ¢ > R we let from now on f o g denote
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the value of the above map at (f, g). We continue nevertheless our work in the
setting of a Hahn field L., = R[[£<,]] with « as before.

7. PROPERTIES OF COMPOSITION

As before, & = w*, where A is an infinite limit ordinal. Our job is to show that
the map (f,g) = fog: Ly x LZ® — L., defined in the previous section is
a composition on L., in the sense of Section 4. We first prove the chain rule,
and then use this to derive associativity. But our proof of the chain rule requires
a special case of associativity, namely log(f o g) = (log f) o g for f € L2, and
g € LZE. This is our starting point:

Compatibility of taking logarithms and composition. The first lemma treats
the case that g in f o g is a hyperlogarithm.

Lemma 7.1. Let f € L2, and v < a. Then log(f o {,) = (log f) o £,.

Proof. Suppose v = w?, and set p := w’t!. By Lemma 5.5,

’ ol "o/ '
(log(fot,)) = (J}ozi) B J;foe:"% = ((log f) o £y)t;, = ((logf) o),

So it remains to show that log(f o¢,) and (log f) o £, have the same constant term.
We have f = cm(1 + ¢), where ¢ € R, m = [ . and € < 1. Then

p<a£
log f = loge+ Z rplpt1 +log(l+¢)
p<c

As log(1 + ¢) is infinitesimal and ¢,41 o £, has constant term 0 by Corollary 5.6
and its proof, the constant term of (log f) o £, is log c. Note that mo £, has leading
coefficient 1: if m € £, then this follows from (5.3); if m € Ly, o), then it follows
from m o £, ~ m, which holds by Lemma 5.1. Since

oty = emoty)(1+ (£0ty))

and eol, < 1, the leading coefficient of f ol is ¢, so the constant term of log(foZ,)
is log ¢ as well. The general case now follows by induction on & in (5.6). O

We now turn our attention to Ly, ,) and the map f — f13. Note that if f € ]L[i )’
then also log f € L, o). Thus the statement of the following lemma makes sense:

Lemma 7.2. Let f € ]L[iz,a Then log(f12) = (log f)T.

)
Proof. Using Lemma 7.1 we have

log(f1) o s = log(f™ ots) = logf = (log )™ ol
and so log(f12) = (log f)'2. O

Lemma 7.3. Let f € ]Li} o ond g € L2%. Then log(f o g) = (log f) o g.

Proof. Let T, be the Taylor deformation in (6.3), so f o g = T,(f). By Lemma
7.1 we have log(f" o €y, 13) =log(f"*) o £,+3. Then Lemmas 2.14 and 7.2 give

log(fog) = logT,(f1*) = Ty(log(f™)) = Ty((log /)'*) = (log f)eog. O
We can now prove the main result of this subsection:

Proposition 7.4. Let f € L2, and g € LZX. Then log(f og) = (log f) og.
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Proof. We have f = cd(f)(1 + ¢) where c € R> and € < 1. Then

(log f)og = logc+ (logd(f)) o g+ (log(l+¢))og.
The strong linearity of composition with g gives (log(l + 5)) og =log ((1 +¢e)o g).
Thus, it remains to show that (logd(f)) o g = log (2(f) o g). Now d(f) = mn
where m € £, and n € £, ), so logd(f) = logm + logn. By Lemma 7.3,
(logn) o g =log(nog). We have m =[] ¢, so

n-n?

n n

(logm)og = (Zrn&m) og = Y malog, i(g) = log(mog),

where the last equality uses Lemma 4.7. Thus (logd(f))og = log (3(f)og). O

Corollary 7.5. Let f € L2,, g € LZE andt € R. Then (fog)t = ftog.

Proof. Take logarithms and use Proposition 7.4. O

Corollary 7.6. Suppose the family (f;) in L2, is multipliable and g € Lzﬂi. Then
the family (f; o g) is multipliable and (I], fi)og =11, ficg.

Proof. Take logarithms and use Proposition 7.4. (I

The chain rule. Let g € Li%. Recall that T} is a strongly R-linear endomorphism
of the ordered field L.,. We show that T}, coincides with ¢ — (¢ o £3) o g:

Lemma 7.7. For all ¢ € L, we have Ty(¢) = (¢ ol3)o0g.

Proof. The map ¢ — (pol3)og : Lo, — L., is also a strongly R-linear
endomorphism of the ordered field L.,; it agrees with Ty on Ly, 4), since for
¢ € Liy,a) we have ¢pol3 € Ly, ) and ¢ = (¢ o ¢3)™. By the strong linearity
of both maps it is enough to prove the lemma for ¢ € £, and for such ¢ we
have ¢ = mn with m € £, and n € £, ). Thus it is enough to show that
Ty(m) = (mod3) og for m € £.,,. Taking logarithms this reduces to showing for
such m that log Ty(m) = log ((m o f3) o g); by Lemma 2.14 and Proposition 7.4,
this is equivalent to Ty(logm) = (log(m o ¢3)) o g, and thus by Proposition 7.4 to
T,(logm) = ((logm) o £3) o g. Since for m € £, we have logm = Y r,,ly, 41 this
reduces further to showing that T (¢,) = (¢, 0¥f3) o g for all n. This holds for n =0
by earlier remarks, and for arbitrary n it follows by induction on n, using again at
each step Lemma 2.14 and Proposition 7.4. O

Proposition 7.8. Let f € Lo,. Then (fog) = (f og)d'.

Proof. Note that for f # 0 we have: (fog)' = (f'og)g < (fog)t = (ffog)d.
An easy induction gives log, (9)" = (£}, 0 g)g’. Thus for m =[] " € £,

(mog)f = (J[log,(9)™)" = Y rulog,(9)' = 3 ruthog)g’
= (D ralthog)d = (O ratl)og)g = (mfog)d,

so (mog) = (m'og)g'. Let f €Ly q). Then fog=Ty(fT), so by (6.4),
(7.1) (fog) = (Ty(f™)) = T,((f™)) -logs(9) = T,((f™*)) (ts09)-g"
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We have f' = (f1s0l3)" = ((f13)"0l3)¢s by (6.2) and Corollary 5.8, so (f13)" ol =
(f'/¢%). Applying Lemma 7.7 to ¢ := (f2)’, this gives

(7.2) Ty((F1)) = (f'/ts)og = (f'og)/(tzog).
Combining (7.1) and (7.2) gives (fog) = (f' og)g’. Finally, for arbitrary f € L.,

we have f =3 o fimm where all fin € Liy ). Then
(fog) = ((fimog)(mog))
= > ((fm29)(mog)+ (fim o g)(mog))

9> ((fag 0 9)(m0 g) + (fim 0 9) (' 0 9))
= > ((fmm) 0g) =g (f o g). O

Associativity. Towards proving associativity we use the next lemma to get a
handle on the infinite part and constant term of f o g for various f,g. Throughout
this subsection we fir g, h € LZE.

Lemma 7.9. Assume w <y < a. Then lyog—{,0ly <1.

Proof. For n > 1 we have (13 o f3 = £, < {43 = £y, o {3, hence (13 < £, and thus
(1) < £, < 1. Thus by (6.5),

© (gTs)(n) olx,+3

lyog— (ZIYS o€>\9+3) = Z T

n=1

" (log3(g)fﬂ>\g+3)n < 1.

Now £, 13 = logz(£y,), so by (6.5) with £, in the role of g and ¢ = 0,
lyoly, = O30ly 13 0
Combining Lemmas 5.13 and 7.9 gives:
Corollary 7.10. Assume w < v < «. Then
lyog = K,\gﬁw—/\gw—i—s, e=<1.
Lemma 7.11. We have A\(gop) = An + Ay (ordinal sum).
Proof. Recall that d(log f) = 5,41 for f € L7, so it suffices to show:
log(goh) =< £y, 1x,+1-
By Proposition 7.4, we have
log(goh) = (logg)oh = {x,410h.

We end by noting that £ 41 0h < £y, 4,+1; this is a consequence of the remarks
after Lemma 4.6 if A, is finite, and follows by Corollary 7.10 if Ay > w. ]

To use this lemma we recall that for ordinals x4 and v with Cantor normal forms
po=wmy 4 Ptmg, v = Wiy, (kL2 1),
the Cantor normal form of v + pu is as follows:

o if v; < By, then v+ pu = p;
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o if 1 < j <! and~y; = pi, then
vbp o= Wiy 4wV (ng 4+ my) + wPme oo+ wPing;
o if 1 <j<land~y; > B, v < pBiforall j/ with j < j' <, then
vhp o= Wiyt wVing +wPimg 44 0P
Here pu,v > 1. Below we also need the trivial case where y =0 or v = 0.
Lemma 7.12. Let v > w. Then
Agoyry = Agiy T Anidg -
Proof. We express Ay and A in Cantor normal form (allowing & =0 or I = 0):
Ay = WPrmy 4 wPemy, An = whng + -+ wling.

Using Lemma 7.11 and the above remarks about Cantor normal forms, we have

0 if v g {whrtl L WP gt gty
mi 1fk>17 7:(“)51-"_17 and 51¢{’Yl>~--a%}
m; ifk>1, v=uwht 1<i<k

Agomyy = § nj+mu ifk>21, vy=wi 1< <, and v = By
n; ifhk>1, y=wit 1<j<, andy; > B
0 ifk>1, y& {wht Wt} vy =wit 1 <<y < B
n; ifk=0, y=with1<j<I

It remains to calculate the values of Ay, and Ap.x,++:

o If v & {whHl Wl it F Y then )., = 0 and moreover
Ag+7 & {wn T w50 Apa, 44 = 0.

e Ifk>1,y=w’*and B & {71,..., 7}, then Ay, = my and A\, +7 =7,
SO )\h;)\ngA/ =0.

o Ifk>1,v=wlhtl 1 <i<k, then Ay, = my, \g+y ¢ {wn L Wt
SO )\h;)\g+'y =0.

o Ifk>1,vy=w¥T 1< <, andy; = B, then A\yy = my and \y+7 =7,
SO Apag 4y = M-

e Ifk>1,vy=w¥T 1< 4 <, and v; > B, then Ay, =0 and Ay +7 =1,
SO Aoy 4y = My

e Ifk>1, v¢ {whtl . Wt} y=whitl 4 < By, then A\, = 0 and

Ag+ & {wrth w50 Ay, 49 = 0.
o If k=0, y=w¥T 1< < then A\g;y =0, A\y+7 =1, so Ahirg try = 15
Thus A(gon)y = Agiy + Ania,++ In all cases. 0

Lemma 7.13. Let w <y < . Then ((y0(goh)) — (((y0g)oh) <1.
Proof. Corollary 7.10 gives €,¢* < 1 in L, such that
(lyog)oh = (bxg4y = Agiy t€)oh = (lr,470h) = Agy + (0 h)
= (Ouitrg+r = Aixg 4y +€7) = Agiy + (€0 D).
Corollary 7.10 and Lemmas 7.11 and 7.12 give £** < 1 in L, such that
lyo(goh) = bagomty = Agomyy T €7 = Lunirgty = Anidgty = Agy +€77 U

Proposition 7.14. For all f € L., we have fo(goh)= (fog)oh.
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Proof. By strong linearity this reduces to mo(goh) = (mog)oh for m € £.,. Taking
logarithms and using Proposition 7.4 this reduces further to showing ¢, o (go h) =
(¢4 0g)oh for v < a. This goes by induction on 7. The case v = 0 is obvious, and
for the step from 7 to v+ 1 we take logarithms and use Proposition 7.4. Let now
v < « be an infinite limit ordinal. Proposition 7.8 (and an inductive assumption
for the second equality below) give

(tyo(goh) = (€ o(goh)(g o)’ = ((£og)oh))(g oh)H
(((ay © g)g/) ° h)h/ = ((E'y og)o h)h/ = ((e'v og)o h)/

so it remains to check that £, o (goh) and (£, o g) o h have the same constant terms.
This follows from Corollary 7.13. ]

Characterizing composition recursively. The above shows that
(fvg) l—>ng : ]L<a X ]LGé _>L<o¢
is a composition on L., as defined in Section 4. We have also shown that
(frg) = fog : LxL>® 5L

is a composition on L as defined in the Introduction: it satisfies (CL1)—(CL5). This
composition satisfies the following recursion:

Corollary 7.15. Let v > w and g € L>®. Then

tog = [1(600) 87 A

Proof. By Corollary 7.10 the constant term of £, o g equals —A,.,. It remains to
use the Chain Rule, Proposition 7.8. (]

Note that £, og = (H[K,y lgog) ! for g € L>®. In combination with the identities
lni10g =log(¢, og) for such g, this gives us the right to speak of a recursion.

Corollary 7.16. There is a unique composition x on 1L, namely o, that satisfies
the above recursion: {y* g = [ | (6’7 09)g'] = Agiy for all y > w and g € L™E.

Proof. Let % be a composition on L that satisfies the above recursion. By (CL4)
(strong linearity) it suffices that m#g = mog form € £ and g € L>®. By Lemma 4.8
this reduces to £, *x g = £, o g for such g. This is taken care of by the recursion and
transfinite induction. O

8. TAYLOR EXPANSION AND COMPOSITIONAL INVERSION

As before, o = w?*, where X is an infinite limit ordinal. In some proofs below we
use the notation supp S := UfeS supp f for S C L.

Taylor expansion. In this subsection we fix g,h € L., with g > R and h < g¢.
Our goal here is the following Taylor identity:

(M .
Proposition 8.1. If f € L.,, then the sum >~ fT)Igh” exists and

() o
folg+h) = Z%h"
n=0 ’

Note that the assumption on h is weaker than h < 1; this weaker assumption works
here because suppd, < . We need three lemmas:
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Lemma 8.2. If f € L.,, then ) %h" exists. The map T : Lo, — L.,
gwen by T(f) =", f(:;!og h™ is an L., -composition with g + h.

Proof. First note that & := supp ((supp da) © g) is well-based: this is because
SUpp 0y = {6;& : B < a} is well-based, and the map f — fog:Lcy — Loy is
strongly additive. Thus & - supp h is well-based, and we claim that & - supph < 1:
this is because for m € supp(d,) we have m < 27!, somog < 2~tog= g1, so for
n € & we have n < ¢~ %, and thus nh < g~ 'h < 1.

Next, let f € L., and m € supp(f™ o g). Then m € supp(no g) with n €
supp ™, so n =n; ---n,0 with ny,...,n, € supp(ds) and v € supp f, hence

nog = (nyog)---(nyog)-(vog),
which gives m € &" - &, where & := supp ((Supp f)o g). Thus we have shown:

supp ((f(”) o g)h”) - (6 - supp h)n -G;.
Now & is well-based, so by Neumann’s Lemma and what we proved about &-supp h

(n)o . . . .
we may conclude that ) %h" does exist. The map T is clearly R-linear with

T(1)=1and T'(x) = g+h. Let (fi)ics in L, be a summable family. Then J, &,
is well-based and the set {i € I : m € &y, } is finite for every m € £.,. It follows

O . :
that Znifi,gh” exists, and so ), T(f;) exists as well, and both sums equal

n:

T3>, fi)- Thus T is strongly R-linear. A routine computation using Lemma 2.4
also gives T'(f1f2) = T(f1)T(f2) for fi1, fo € Log. O

Lemma 8.3. For f € L2, we have T(f) ~ fog andlogT(f) = T(log f).
Proof. For nonzero f € L., and n > 1 we have
supp(f(™ o g)h" < max&; = maxsupp(f o g)

with notations from the proof of Lemma 8.2, and thus T(f) ~ f og. In view of
Proposition 7.4, the rest now follows as in the proof of Lemma 2.14, with f +— fog
in the role of ® and h instead of e. O

Lemma 8.4. Let v > w and v < o. Then T({) — ({y0(g+ h)) < 1.
Proof. We have A\g1n = Ay, so by Lemma 7.9,
lyog—1Lyoly, <1, lyo(g+h)—Lyoly, <1,

and hence £, 0 g — ¢y 0 (g+h) < 1. Since T(l,) =L, 09+ > 0, %(KE,") o g)h™, it
therefore suffices to show that (ﬁgn) og)h® < 1foralln > 1. Let n> 1 and let &
be as in the proof of Lemma 8.2. That proof for f = E’V gives

supp (£ 0 g)h™) C (& -supph)" ™" - supp ((supp£,) o g) - (supp h).

1

Now supp ¢, = {¢.} < x7!, so (suppl.)og < g~'. In view of h < g, this yields

supp ((supp E;)og) -(supph) < 1. Also &-supp h < 1, and thus (ﬁg") og)h <1. O

Proof of Proposition 8.1. Our job is to show that the above maps f — fo(g+ h)
and T agree. By the strong linearity of these maps this reduces to mo(g+h) = T'(m)
for m € £.,. Taking logarithms and using that these maps commute with taking
logarithms (Lemma 8.3 and Proposition 7.4) this reduces further to ¢, o (g + h) =
T'(¢y) for v < a. We prove this by induction on . The case v = 0 is obvious, and
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for the step from v to 7+ 1 we use again that the two maps commute with taking
logarithms. Let now v < « be an infinite limit ordinal. A routine computation
using Proposition 7.8 gives T'(¢,)" = T'(¢,)(g + h)'. Moreover, by Lemma 8.3,

logT(£)) = T(logl)) = T(=Y Lg11) = =Y T(lgpr),
B<y B<y
and likewise log (¢, 0(g+h)) = — > <y la10(g+n), solog T (L)) = log(t o (g+h))
by the natural inductive assumption, hence T'(¢,) = £, o (g + h), and thus

T(t,) = T(E)g+h) = (Lo(g+n)(g+h) = (Lo(g+h)
by the chain rule. It remains to check that T'(¢y) and ¢, o (g + h) have the same
constant term. This follows from Lemma 8.4. O

This gives the existence part of Theorem 1.3: we just showed that our composition
o admits Taylor expansion as stated in that theorem, and the other three items are
respectively contained in Corollary 5.9, Lemma 5.6, and Lemma 5.13.

Compositional Inversion. For f, g € ]Lz]g we have fog € Liﬂi. Thus L>R is a
monoid with respect to composition and with = as its identity element. Let us say
that g € ]L<a is (compositionally) invertible if fog = x for some f € L_,; note that
such f is unique and satisfies f € L2% and go f = , since (go f)og = go(fog) = g;
we denote this unique f by g'™. Note that if f,g € LZX are invertible, then so are
™ and fog, with (fog)™ = g™ o f"V. Thus the invertible elements of LZ% are
exactly the elements of a group G,, with the group operation given by composition.
Our goal here is to identify G, as a subset of IL?JE. By A, = 0 and Lemma 7.11,

Ay = 0 is necessary for f € L>R to belong to G. It is also sufficient:
Proposition 8.5. For f € LZE we have: f € G, & \f = 0.

We begin by considering the series tangent to the identity. These are the x4+ h with
h € LZZ. Fix such h and note that then

fo(z+h) Z f”)h” (f € Ley)

and that the map f — fo (z + h) : Leq — Leg equals I + D where I is the
identity map on ]L<a and the strongly R-linear map D : L., — L., is given by
D(f) = Yol L fMpn - Now suppd, = {ET B < a} < 271, so suppd, is

well-based. Moreover, supph < x, so D has Well based support

suppD C U (suppdy)”™ - (supp h)" < 1.
n=1
Thus by Lemma 2.12 the map I + D on L., is bijective with inverse I + F where
the strongly R-linear map E : L, — L., is given by E(f) = Y2, (=1)"D"(f)
and has well-based support supp E C [J;2, (supp D)™ < 1

Lemma 8.6. Let h € LZ%. Then the operator f + fo(x+h): Lo, — Lo, maps
x + L2 bijectively onto itself. In particular, x + h is invertible.

Proof. For f =1z + g with g € LZ% we have
folw+h) = (@+g)o(w+h) = a+h+g"
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with g* =go(x +h) <zo(x+h)=2x+h =<z, so the above operator does map
x + L2 injectively into itself. Conversely, with g € L% we use the above inverse
I+Eof I+Dtoget f:=([+E)(x+g) with fo(x+h)=x+g. It remains to
note that f =2 + g+ E(x + g) and supp E(z + g) C (supp E) supp(z + g) < x, so
E(x+g) < . O

Thus if f,g € L>R are tangent to the identity, then so are f o g and g™
1 = {f€LZE: fis tangent to the identity} is a subgroup of G,.
Below we improve this by showing that G, 1 is a normal subgroup of G,.

Lemma 8.7. Let f € G, andr € R”. Thenrf, f© € Gq.

Proof. From fo fi" = 2 we get 7f o f" = rgz. In view of re or~ 'z = , this gives

rfo(f™ or~tz) =z Likewise f" o (f™ oz!/") =z, using 2" o x'/" = x. O

For f,g,h € L we use the notation f = g+ o(h) to mean f — g < h. So far we

defined A\, only for g € L>®. We now extend this to all g € L* in the obvious way:
Ag :=mino(dg) if g #1, Ag = oo if dg =1, with oo > « for all c.

Lemma 8.8. Let m = (1'05* -+~ = [[1 <5, 3 07 € Loy, and let g € LZ,, Ay > 0.
Then mo (zg) = m+ o(m), and thus zmo (:Eg) = zmg + o(zmg).

Proof. We have mo (zg) = H1<ﬁ<a (gﬁ 0 (l‘g))rﬁ, so it suffices to show:
lgo(xg) = Lg+o(lg) for 1 < B <a.

For w < B < « this holds by Corollary 7.10. It holds for 8 = 1 by observing
El o (zg) = log(xg) = £1 +log g and log g < ¢2 < £1. An easy induction then gives
o(zg) =€, +o({,) for all n > 1. O

Corollary 8.9. Let G := {zm(1 +¢): m€ L4, An >0, e € LZL}. Then G},
is a subgroup of G .

Proof. Note that GL, D G,.1. Let f,g € GL, so we have m,n € £, with Ay, Ay > 0
and e1,e9 € LZY, such that

f=aom(l4e), g = zn(l+eq).

Now zmog = amoan(l+ez) = xmn(l+e2)+o(rmn) = zmn+o(xmn) by Lemma 8.8,
so fog=amn+o(zmn) € G. Given f € G}, as before, and taking n := m~!, the
above shows that foan =z +o(x) € Gu1, 50 foxnoh =z where h € G,,1. Thus
f€G,and fivv =znoh =axn+ o(xn) € GL. O

Here is a useful way to summarize the proof of Corollary 8.9: let f,g € L., and
f=azm+o(zm), g =an+ o(zn) with m;n € £.,, An, Ay > 0. Then

fog = xmn+ o(zmn), ™ = z/m+o(xz/m).

Proof of Proposition 8.5. Let f € IL?E. The direction f € Go = Ay = 0 was
already explained. For the converse, assume Ay = 0; our job is to derive f € G,.
By Lemma 8.7 we can arrange that f has leading coefficient 1 with 0f = xm and
m=[l,cs00 05 50 [ =am+o(zm) € G, C Ga. O
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The proof shows that G, = {az®og: a,b € R>, g € GL}. Note in this connection
that Gr, := {az®: a,b € R>} is a subgroup of G,:

az’ o szt = asbaz® (a,b,s,t € R”).

It is easy to see that G, is not a normal subgroup of G,. On the other hand:
Corollary 8.10. G, 1 is a normal subgroup of G.

Proof. Let f € G,,1. By the above description of G it suffices to show that
go fog™ € Gy, for all g = sx! with s,t € R”, and for all g € GL. For s,t € R~
and g = sz' we have g™ = az® with a = s~ %/t and b = 1/t, so with f = = + o(x)
we get fo g™V = g™ + 0(¢g") = axb(1 +¢) with € < 1, and thus
gofog™ = s(az®)!(1+¢)! = 2(1+¢e) = z+o0(x) € Gy .

Next, let ¢ € G, so g = am + o(am) with m € £.,, An > 0. Then gV =
z/m-+o(z/m), 0 £ 0g™ = (& +0(z)) o (x/m+o(x/m)) = &/m +o{z/m), and thus
go fog™ = (zm+ o(zm)) o (z/m + o(z/m)) = x + o(z) € Gy 1. O

9. UNIQUENESS, EMBEDDING L INTO No, AND FINAL REMARKS

We continue to let o denote the composition on I constructed in Sections 5 and 6.
Corollary 7.16 characterizes this composition uniquely, but in the first subsection
below we establish the more elegant characterization given by Theorem 1.3 from the
introduction. Note that in Section 8 (end of first subsection) we already observed
that o witnesses the existence part of Theorem 1.3.

In the second subsection we indicate the natural embedding of I into No, and
in the last subsection we finish with some remarks.

Uniqueness. Let * denote any composition on IL and let f, g, h range over L.
Lemma 9.1. Let f € L., and g >R. Then fxg= fog.
Proof. By induction on n and using (CL2), (CL3) we obtain

lyxg =log,(g) = lpog.
Hence for m =[], £i» € £, we have mx* g =[], log, (9)" = mog by Lemma 4.8.
The rest is an application of (CL4) (strong linearity). O

We say that * obeys the Chain Rule if (f*g) = (f' *g) g for all f, g with g > R.
We say that = admits Taylor expansion if for all f g, h with ¢ > Rand h < g

(n)
the sum ) %h" exists and equals f * (g + h). Note that if * admits Taylor
expansion, then, with ¢ ranging over (sufficiently small) nonzero elements of L,

e—0 £
Lemma 9.2. If x admits Taylor expansion, then it obeys the chain rule.
Proof. Assume x admits Taylor expansion, and let g > R. Then

e—0 £

as is easily verified. The usual argument shows that then * obeys the chain rule:
for all sufficiently small £ # 0 we have g * (x 4+ ) # g and

(frg)slate)=frg _ fxlgx(ete)=fxg grla+e)—g

5 gx(r+e)—g 5
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Now g * (x +¢) = g+ ¢4 with e, — 0 as ¢ — 0; thus letting ¢ go to 0 in the above
displayed equality yields (f xg) = (f'*xg) - ¢’ d
In the rest of this subsection we assume that x admits Taylor expansion and has the
following property: for all 3,7,

o Lyxlys = Loy, if y <wPtl;

[ éwﬁ‘*'l *fwﬁ = Ewﬁ+1 — 1,‘

o U xl,s has constant term O if v > B is a limit ordinal.

We have to derive that then f * g = f o g, where g > R. Here is the main lemma;:
Lemma 9.3. If p > WPt then £, % b6 = {, + ¢, with e, < 1.
Proof. Set p = wPt!. For p = pu+ 1 we have
lyxly,s = log(l, *Lys) = log(l, —1)
= log (L, (1—2,")) = log(€,) +1log(1 — ;")
= {, +¢p, pr€;1<1.

Next, let p > p+1, and assume inductively that for every ordinal v with p < v < p
we have ¢, * s = £, + ¢, with e, < 1, 80 £, * £,s = £,(1 + h,) with h, < ;1.
Take v > 8+ 1 such that w? < p < w?*!. We distinguish three cases; only in the
second case do we use the full inductive assumption.

Case p = w” and 7 is a successor ordinal. Then y=¢+1, £ > f+1 and from
ly=(l,*L,e)+1and £,e xl,s =L, + ¢ with € < 1, we obtain

Cyxl,p = ((ép*fwg)Jrl)*Ewg = (Ep*(éwg *éwg))+1

0 y(n)
((ép*(ewg —|—€))+1 = <ngn>+1

|
— n!
= Aly+e, €,=<1,
since fg,n) <1forn>1.

Case p = w” and 7 is a limit ordinal. By Lemma 9.2 the composition * obeys
the Chain Rule, so by our assumption that the constant term of £, * £, is O:

ép*éw/a = /[(é;)*fwﬁ)f;g]

Now ¢, =], , ¢, " and likewise for £ 5, so

v<p vV
() lys) L5 = ((He;l)*zwﬁ). H 0t
v<p v<wh

= [J ) [ @' «tue)- I 6
v<p n<r<p v<wh

= TG I @t JT &7
v<p n<r<p v<wh

= [Tt TI @' «tus)
v<p nEr<p

= (JI&") (gt wte) - T @61 «tus).

v<p u<v<p
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Now £, by = £, —1gives ;" xL,5 = £, (1—£,1)~". Together with the equality
derived above and the inductive assumption this yields

(6 bos) s = =617 T +h)™ = 0+h)
pn<v<p
with h < €2, Hence £, x £,s = £, + [£,h. Now [0 2 = —( " so [l h =¢,
with e, < ;1 < 1.

Case p > w”. Then p = w” + v where 0 < v < W', s0 L, = L, x Ly, Now
by ¥ lys =Ly + e withe=—1ify=pF+1and e < 1ifv> G+ 1. Thus

0 by
gp*gwﬁ - gl/*(gw’y*éwﬁ) = ZV*(KW"’—"_E) = 278

n=0

= (b, *l)+e, = {,+¢, where ¢, <1. O

n!

Lemma 9.4. fx/{, s = fol,s.

Proof. By the usual reductions it suffices to verify the identity for hyperlogarithms
f =1¢,. For p<wl*t! our assumptions on * take care of this. Let p > w’*! and
assume inductively that ¢, x £, = ¢, o {5 for all v < p. Then by the chain rule,
(lpxl,e) = (l,0l,s). By Lemma 9.3, £, {,s and ¢,0/,,s both have the constant
term 0, so they are equal. (Il

We now finish the proof that fxg = fog for all f, g with g > R. First, for nonzero
v we have v = WP 4+ -+ W with By > B2 > ... > B, k > 1. For k = 1 we
have f x £, = f o{, by the last lemma. For k > 1 we have v = WA 4 v with
v=w+. ...+l <whT! and thus

frly = fx(ly*xlye) = (f*ly)*Llys, = (foly)oly,s, = fol,,

where for the third equality we use an obvious induction assumption on k. We have
now shown that f ¢, = f o/, for all f and .

Next, let f € L, and g > R. In Section 6 we defined ™ € L, and observed
that logs(g9) = ¢, + ¢ with vy = Ay + 3 and € < 1. Then f = fT¥oly = f13 x (5.
Using also ¢35 0 g = logs(g) = {3 * g we obtain

fog = (fPotls)og = fPPo(lzog)
frg = (fPxls)xg = [PPx (L% )
which by Taylor expansion yields fog = f xg.
Finally, for arbitrary f,g with g > R we have f = Zm@:@ Jimym where all fiy
lie in L>,,. In view of Lemma 9.1 this gives

fog = Y (fmogmog) = Y (fim*g)(mxg) = fxg.

meLlo, meLlo,

fTsO(éV +€)7
AR (ly +e),

This concludes the proof of Theorem 1.3. Note that for the above proof of * = o
we only needed the Taylor identity for f * (¢ 4+ h) with ¢ > R and h < 1.
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Embedding L into No. We use here [3] and its notations, viewing No as a
logarithmic-exponential field extension of R in the usual way. In that paper we
defined log, w := w* "~ € No, thinking of it as the “a times iterated function log
evaluated at w” in view of log(log,w) = log,,;w. Berarducci and Mantova [5]
constructed a derivation on No which in [3] and here we denote by dp.

Proposition 9.5. There is a unique ordered field embedding ¢ : . — No such that:
(i) ¢ is the identity on R and 1(£y) = log, w for all a;
(ii) for every summable family (f;)icr in L the family o(f;) is summable in No
and (32 fi) = 22 (fi);
(iii) ¢(log f) = logt(f) for all f € L>.
This embedding also preserves the derivation: (f') = dpm(¢(f)) for all f € L.

Proof. In [3, Section 2] we defined for any summable family (a;) in No the product
[], w® := wX: %, In [3, remarks preceding lemma 3.3] we defined a” := exp(r log a)
for a € No” and r € R, and recorded the fact that (log, w)” = w™ * for r € R.
Thus for any logarithmic hypermonomial [] f<a (;ﬁ of I we have a product

H(logﬂw)rﬁ — Hw’r‘gwfﬁ _ wzﬁ<arﬁw7ﬁ.
f<a B<Lla

It is routine to check that this yields a unique R-linear map ¢ : . — No such that
for every logarithmic hypermonomial J] f<a Egﬁ we have

(JT ) = 1 (oggw)™

B<a B<a

and for every summable family (f;);c; in L the family ¢(f;) is summable in No
and «(3_, fi) = >, u(fi). It is easy to verify that this map ¢ is an ordered field
embedding satisfying (i) and (ii). It also satisfies (iii) in view of [5, Lemma 2.3]. As
to uniqueness, let 7 also be an ordered field embedding satisfying (i), (ii), (iii) with
i instead of +. Then for m = [],_,, €3 we have logm = ", _ 730z 11. Therefore,
using again [5, Lemma 2.3],

logi(m) = i(logm) = Zrﬁlogﬁﬂcu = logH(long)“*,
B<a B<a

so i(m) = [[5_,(loggw)™ = ¢(m). Thus i = ¢. That ¢ is also an embedding of
differential fields with the derivation dgy on No uses the fact that

opm(log,w) = 1/ H logs w,
B<a

for which we refer to [3, two lines before Lemma 2.10]. O

In [3] we also defined a canonical embedding of the differential field T into No, and
we observe here that on Tjog = LZ,, this embedding agrees with the embedding of
Proposition 9.5.

Final Remarks. One issue we didn’t touch is the monotonicity of composition on
the right: for f,g,h € L>® with g < h, do we have fog < foh? We believe this
to be true, and it would reflect how composition behaves for germs of functions in
Hardy fields. But we only have proofs for special cases. It might be better to deal
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with this in the wider setting of the (conjectural) field H of all hyperseries where
every positive infinite element should have a compositional inverse.

It would be interesting to represent right composition with various g € L>® on
certain subfields of L in the form e?’ for suitable ¢ € L, as we did for g = £s in
the remark following the proof of Lemma 5.1.

The identity £, s+1 0,5 = £ s+1 — 1 reflects a choice of integration constant —1. It
is surely the most natural choice, but for any family (cg) of real numbers there is
a composition * on L such that instead for all 3,

Zw[§+1 * Ewﬁ = fwﬁ-u + cg-

Such a composition * is obtained by replacing (5.1) with

(o) c'g

[rlys = stnf (f €Lyua)

n=0
and following otherwise the definitions in Sections 5 and 6. Theorem 1.3 goes
through for = in the role of o, except that the above identity involving the constants
cg replaces “f,5+1 04,6 = {,8+1 —1”7. The proofs for o are easily adapted to *.
Note that any cg > 0 would give a failure of monotonicity of * on the right.

Another topic is the connection to Hardy fields. Kneser [13] yields a real analytic
function fk : R — R with ¢k (logt) = ¢k(t) — 1 for ¢ > 0; its germ at +o0, also
denoted by ¢k below, generates a Hardy field extension of R(z,logz,log,x,...)
such that R < ¢k < log,,(z) for all n, with = here the germ of the identity function
on R. Clearly, ¢k has ¢, as a kind of formal counter part. In the appendix to [14],
Schmeling constructs likewise for all n > 1 a real analytic function with £~ as
a formal counter part. Much remains to be done to strengthen this connection.
There is ongoing work along these lines with partial results announced in [4] .
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