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L 1. The zealous approach

Multiplication of formal power series

Input : J=fot At faoa2 !
g:go+ +gn_1 Z’I’L—l

Output : h=hg+ -+ h, 12" 1= fg+0(z").

Classical multiplication algorithms
e Naive multiplication: O(n?).
e Divide & conquer: O(n'°823).

e F.F.T. multiplication: O(nlognloglogn).



< 2. The lazy approach ¢

Principle

Consider the power series as flows of coefficients. The coefficients are computed one by
one and at each step we only perform the strictly necessary operations.

Implementation

A foral power series f is an algorithm which takes nothing input and outputs its first coef-
ficient fo and the “remainder” (f — fo)/ 2.

Important consequence

We compute (fg), as soon as fo, ..., fn and go, ..., g, are known. In particular, f,11 and
gn+1 may depend on (fg)o, ., (fG)n.



& The lazy approach Il

Application

Computing the exponential g =e/ of a series f by
g= / f'g.

Impossible to use F.F.T. or divide & conquer multiplication.

Disadvantage



L 3. The relaxed approach

Idea : anticipation — acceleration

Naive algorithm Relaxed algorithm

g2 g2

g1 g1

go| 0 go| O

X | fol f1] [z X | fol f1l[f2

0 ho= fo go.

0 ho= fogo. 1 hi=(fo+ f1) (go+ g1)
1 hi= fog1+ fi190. —Jog0— J1 01

2 ho= fog2+ f191+ f2go. 2 ha= fogo+ f191+ f2 go.
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< Divide & conquer algorithm &

The divide & conquer algorithm is “essentially relaxed”: the formula for i only depends on
fo, ceny fk; and go, ---5 gk-

Example : multiplication at order 4

e ho=fogo;
o hi=(fo+ f1)(90+91)— fogo— f191;
o ho=(fo+ f2)(go+g92) — fogo— f292;

o hy=(fo+ fi+ fo+ f3) (go+ g1+ g2+ g3) — (fo+ f1) (go + 91) — (f2 + f3) (92 + g3) + fo go+
figr1+ fag2+ f3g3;

o hy=(fi+ f3)(g1+93)— fig1— f3g3;
o hs=(fa+ f3)(92+93) — f293— f293;

o he= f393.

Algorithm in time K (n) and space O(nlogn).



L Fast relaxed multiplication

— Relaxed algorithm in time O(M (n)logn) and space O(n).




Truncated multiplication
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Ly 4. The middle product (HQZ) @

Given f = fo+ ...+ fn_1 2" tand g=go + - + gan_o 2°" 2 compute h = [ x g =
ho+ -+ hn,_1 2"~ 1 with

n—1
hzzz fjgn—l—i—z—j
j=0
3 Case n=2
1 a = fi(go+g1)
B = (fi—fo)n
v = fo(g1+92)
h() = Oé—ﬁ
hiy = v+0
f




L 5. Relaxed multiplication with fixed series o

For fixed g=qgo+ -+ gn_12" "' and relaxed f=fo+ -+ fn_12" !, compute the relaxed
product h= fg=ho+ -+ hy,_12" " "




& Complexity results @

Theorem 1. There exists a (truncated) relaxed multiplication algorithm with one fixed
argument, with the same time and space complexity as divide & conquer multiplication.

Theorem 2. There exists a (truncated) relaxed multiplication algorithm with one fixed

argument, which is twice as efficient as the standard fast relaxed multiplication algorithm
from an asymptotic point of view.



< 6. Applications <®

Linear differential equations

Consider
er(r)_|_...+LOf:07

with Lo, ..., L, € C|[z]], L, o= 1, and given fo, ..., fr—1. Then the unique solution can be
computed using the formula

f:L;lf?i?f/ (Ly fO) 4+ Lo f)

in time ~(r+1) K(n).

General implicit linear equations
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