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< Challenges

Asymptotic behaviour for £ — oo
x 1
f=loglog (xe®”® +1)—expexp (log log = + E)

Asymptotic resolution of differential equations
(logz) f2— f'+ f+e *=0

Asymptotic resolution of functional equations

F=L 4 pa?) 4 g
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Orders at infinity %ﬁ\

e Du Bois-Reymond (1875-1877)

Notations <, <, =, etc.

First appearance of diagonal argument?

e Hardy (1910-1911)

L-functions : formed from R(m)alg, +, —, X, exp and log

The germs of L-functions at +oc form a totally ordered field, which is stable under
differentiation



< Transfinite series

Hahn (1907)

C': field of constants

M: totally ordered group of monomials for <

clm ={ 3

meM

C[[97]]: field of well-based series

Example for 9t = 2% %%

1 1 1 1 1 1 1

x et

Transseries: L-fuction with + ~~ "
e Dahn-Goring (1984-1986): model theory of real exponentiel fields
e Ecalle (1992): Hilbert's 16-th problem & Dulac’s conjecture

supp f well-ordered for <°p}.



Computer algebra (1988-1994)




< Transfinite series

e Higman (1952)

C': field of constants

0. partially ordered monoid of monomials for <

cfom) ={ > e

meMN

supp [ well-quasi-ordered for <°p}.

C'[[901]]: ring of well-based series, 1+ ¢ invertible for suppe < 1
Transseries: L-fuction with + ~~» )"
e Dahn-Goring (1984-1986): model theory of real exponentiel fields

e Ecalle (1992): Hilbert's 16-th problem & Dulac’s conjecture
e Computer algebra (1983-1994)
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& Computing with transseries

Infinite cancellations and zero-testing
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Syntax-oriented total expansions & well-based indexations
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L Higman’s theorem

e Inversion of a series

e Non-commutative operators

f= —+01(f)+D2(f) ==+ f(2?) + f(elE?)
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& Generalization &» ‘

Problem with more general operations

O(f) = Do(f) +P1(f) + o(f) + -
,(f) = Di(f,' 5, f)

(I)i — g (I)i,(ml,...,mi;n) Aml,...,mi;n

mi,...,m;,n
Aml,...,mi;n(fla ey fz) — fl,m1 f’i,min
Fixed point theorem

Any strictly extensive well-based operator ®: C[[91]] — C[[91]] admits a unique fixed
point in C[[901]].
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Approximators

Expanders

f = statlim fm

n— 00
fm € CM
1
f = CXp 2
7 1 1 1
f;n - 1+;+2x2+”'+n!x”
f = gh
f;n — g;nh;n



fot fit fot
Cm]
fot+ frz+ o2+
f = eXpé

f = expZ

J = gh

F= g
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e Comparison

.f;n — f0++.fn
fn — f;n_f;n—l
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Comparison
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Comparison
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e Comparison
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e Comparison
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U Meta-expansion of transseries

e Other operations

g = ¢of peCllt]], =1
9(2) = ¢(z[(2))

— f/
gno= >, > fpm(),
P+g=n meEsupp fp

e Meta-operations

fr— zf Shorten
f— fo*‘%(]}—fo) Lengthen
(stab f).n Z fm’mm Stabilize

mesupp fin
f;n+1,m:f;n,m



Example of stabilization

f=loglog (ze”®" + 1) —expexp (loglog = + %)

log x

log x +

log x 1

T e’ xe”

log x 1 log? x log x 1

ret | gpet 2x2e27 227 2p2e2%
_logw+logw 1 log? x ~logz 1

2% mEE met  LaFedt  glelr Ogpteru
log3x  log?z = logx 1
3 333 e3:v 5173 eB:v 333 e3sc 3 333 e3:v
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Example of stabilization

|

f=loglog (ze”®" + 1) —expexp (loglog = + %)

log?x logx logz logwx 1 log?z  logx 1 log3 x
2z 2z 622 ze®  ze® 22228 228 27227 | 333w
log?z  logx 1 log*z  log®z 3log’z logzx 1
r3e3z | p3e3z | 343037 Apledr  gpldedr 9 pledz plodn ez
~log®z  logz  log’z logz  logx +logac+ 1 log’z  logx

2 2 7 g5 612 24z xe® xe® 2x2e2r  g2e2%
1 log3xz  log?z  logx 1 logtx  log®z  3log?z
21202 ' 343037 | p3e37 | 43037 | 343037 fpdedzr  pledr 9 pdedn
log x 1 log®x  log*z 2log3z 2log?x logx 1
rdedr - 4 4 edx 5 o edT o edT o edT + o edT o edT + 5 o edT
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@ Example of stabilization ‘

f=loglog (ze”®" + 1) —expexp (loglog = + %)

2 log?x logx logz logwx 1 log?z  logx 1 log3 x

fiu = = 2¢ 2z 6a2 + x e’ +xe$_2x262$_a:262$_23:262$ 3x3e3$+
log?z  logx 1 log*z  log®z 3log’z logzx 1
r3e3z | p3e3z | 343037 Apledr  gpldedr 9 pledz plodn ez

5 log?x logx log? x log x log x log x 1 log? x

fis = = 2r 2z +O( 0 g5 )_ 6 x> +O(24a:3>+ x ev +xe$_2x2e2x_
log 1 log>x  log?xz  logx 1 logtz  logx

332 6230 9 332 6230 3 333 e3sc 333 6330 333 6330 3 333 6330 4 334 6430 334 6430
3log?z logx 1 log® x
g g +0 g

9 334 e4sc 334 e4ac 4 5134 e4sc 5 5175 6556



& Demonstration inside MATHEMAGIX ® ‘

Mmx > use "numerix"; use "algebramix"; use "analyziz";
use "symbolix"; use "multimix";

Mmx > x == infinity (’x);
Mnx > 1/ (1 - 1/x - exp (-x))

Mmx > lengthen fixed_point (f :-> (exp x) * integrate (exp (-x) * ((log x) * f *x f +
exp (-x)), x))

Mmx > fixed_point (f :-> 1/x + derive (f@(x~2), x) + fQexp((log x)~2))
Mmx > lengthen (product (x, x), 8)
Mmx >



