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Output: P(α )= (P(α1), . . . ,P(αn))∈Kn

Problem: multi-point evaluation

Known complexity bounds when degP �d , dD ≈n ?

• D =1 →←→ remainder trees →←→ O(M(n) logn)= Õ(n)

• D =2 →←→ Nüsken–Ziegler (2004) →←→ Õ�n
ϖ+1

2 �= Õ(n1.333)

If K=Fq, then the bit-complexity of multi-point evaluation is O((n logq)1+o(1)).
If K=ℤ or K=ℚ, then nearly optimal bound in terms of bit-size (CRT).

Theorem (Kedlaya–Umans 2008, 2011)
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⋅⋅⋅

PD(x1, . . . ,xD) = 0 degPD �d

System solving →←→ Multi-point evaluation

Tentative solution α ∈ (KD)dD
→←→ Proof that P1(α )= ⋅ ⋅ ⋅ =PD(α )=0

If K=Fq, then the Las Vegas bit-complexity to solve (Σ) is bounded by

Õ(d (2+o(1))D−1 logq).

If K=ℤ or K=ℚ, then the complexity is nearly optimal in the generic output size.

Theorem (vdH–Lecerf, 2018)
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Theorem (vdH–Lecerf 2020, Neiger–Rosenkilde–Solomatov D =2)



Amortized multi-point evaluation 4/11

Fixed: α = (α1, . . . ,αn)∈ (KD)n

Input: P ∈K[x1, . . . ,xD]
Output: P(α )= (P(α1), . . . ,P(αn))∈Kn

Problem: amortized multi-point evaluation

Example: multivariate discrete Fourier transforms

Assume that α is in “general position”.

For n = dD with d = degP and fixed D, the complexity of amortized multi-point
evaluation is bounded by Õ(n).

Theorem (vdH–Lecerf 2020, Neiger–Rosenkilde–Solomatov D =2)

If D =2 and n =d 2, then ∃ Õ(n) algorithm for amortized multi-point evaluation.

Theorem (this talk)
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Amortized multi-point evaluation, generic case 7/11

vdH–Larrieu 2018: dichotomic Gröbner walk w.r.t. *1, *2, *4, *8, . . .

Neiger–Rosenkilde–Solomatov: reduce w.r.t. B1, B2, B4, B8, . . .

Reducing R8 w.r.t. B16 →←→ R16

Result: R= (((P remB1) remB2) remB4) rem ⋅ ⋅ ⋅ ∈K[x] with R−P ∈ Iα

Conclusion: reduction to univariate multi-point evaluation of R
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xℕ

yℕ

This time: ∃Bk ∈ Iα , b � 2n
k�

Also: modulo x → x̃ +λy, we may assume that LM(B1)=yb
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Reducing R8 w.r.t. B16 →←→ R16
cont+R16

keep

In general:

• P =P1+P2+P4+ ⋅ ⋅ ⋅ →←→ R=R1+R2+R4+ ⋅ ⋅ ⋅, R−P ∈ Iα

• Controlled decrease of degkPk during this reduction
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Remainder trees for ideals 10/11

αlo := (α1, . . . ,α[[n/2]])
αhi := (α[[n/2]]+1, . . . ,αn)

P rem Iα

P rem Iα lo

P rem Iα lo,lo

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

P rem Iα lo,hi

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

P rem Iαhi

P rem Iαhi,lo

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

P rem Iαhi,hi

⋅ ⋅ ⋅ ⋅ ⋅ ⋅



Thank you !

http://www.texmacs.org


