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M(N) : the complexity of multiplying two N-bit integers (Turing machine model)

Why study the asymptotic behaviour of M(N ) ?

Division. O(M(N))
Gcd. O(M(N) logN)
Computing e, π. O(M(N) logN)

Base conversion. O�M(N) log N
log log N� (FFT-model)

FFT. O(M(n p)), length n, bit-precision p � logn

M(N) = speed of basic arithmetic

Also

• Asymptotic complexity abstracts from concrete machines

• Better theoretical techniques →→→→→→→→→→→→→→→→→→→→→→
osten

faster practical implementations
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M(N)=Θ(N2)

! ?

M(N)= O(N log23)

1962



Short history 5/21

1962 Karatsuba O(N log3/log2)

1963 Toom O�N 2
5 logN /log2� �

1966 Schönhage O�N 2
2logN /log2� (logN)3/2�

1969 Knuth O�N 2
2logN /log2� logN�

1971 Pollard O(N logN log logN log log logN ⋅ ⋅ ⋅)
1971 Schönhage-Strassen O(N logN log logN)
2007 Fürer O(N logN 2O(log∗N))
2014 Harvey-vdH-Lecerf O(N logN 8log∗N)
2017 Harvey O(N logN 6log∗N)
2017 Harvey-vdH O(N logN (4 2� )log∗N)
2018 Harvey-vdH O(N logN 4log∗N)

2019 Harvey-vdH O(N logN)
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1302||{z}}
a

2020||{z}}
b

× 3141||{z}}
c

5926||{z}}
d

(ax +b) ⋅(c x +d) = a ⋅ c x 2+ (a ⋅d +b ⋅ c)x +b ⋅d

a ⋅d +b ⋅ c = (a+b) ⋅(c +d)−a ⋅ c −b ⋅d

Complexity

M(n) � 3M(n /2)+Cn

� 9M(n /4)+ 5
2 Cn

� 27M(n /8)+ 19
4 Cn

� ⋅ ⋅ ⋅

� O�n
log3
log2�
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Kronecker segmentation

4627579679788114 × 4519170871966234

↝

(4627x 3+5796x 2+7978x +8114) × (4519x 3+1708x 2+7196x +6234)

Kronecker substitution

(4627x 3+5796x 2+7978x +8114) × (4519x 3+1708x 2+7196x +6234)
↝

4627000005796000007978000008114 × 4519000001708000007196000006234

1004003×2001005 = 2009015023015
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K: field (or suitable ring)

n: cycle length

K[x]/(x n−1): ring of cyclic polynomials of length n

P ∈ K[x], degP < n ↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔↔ ↔
bijection

P̄ ∈ K[x]/(x n−1)

P ,Q ∈ K[x], deg(PQ) < n, Compute PQ ⇔ Compute P̄ Q̄

Summary so far
ℤ→←
→

K[x]→←
→

K[x]/(x n−1)
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K : a field (or a suitable ring)

n : cycle or transform length

ω : primitive n-th root of unity in K, say ω= e
2πi
n

Chinese remainder theorem

(x n−1) = �
0�k<n

(x −ωk)

K[x]/(x n−1) ≅ �
0�k<n

K[x]/(x −ωk) ≅ K
n

Discrete Fourier transform

K[x]/(x n−1) →←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→←→← →←
DFTω−1

DFTω
�
0�k<n

K[x]/(x −ωk)

DFTω−1 ↭ 1
n DFTω−1
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P ∈ K[x]/(x n−1) Q ∈ K[x]/(x n−1)→←
→DFT

→←
→DFT

P̂ ∈ �
0�k<n

K[x]/(x −ωk) Q̂ ∈ �
0�k<n

K[x]/(x −ωk)

↘ ↙
P̂ Q̂ ∈ �

0�k<n
K[x]/(x −ωk)
→←
→DFT −1

PQ ∈ K[x]/(x n−1)

Summary so far

ℤ→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
Kronecker

K[x]→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
Embed

K[x]/(x n−1)→→→→→→→→→→→→→→→→→→
DFT

K
n
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Making the FFT fast 11/21

K[x]/(x 2n−1) ≅ K[x]/(x n−1) ⊕ K[x]/(x n+1)
≅ K[x]/(x n−1) ⊕ K[x]/(x̃ n−1)

x̃ = ωx
ωn = −1



Complexity analysis 12/21

FK(2 n) � 2 FK(n)+n addK+n subK+n mulωℕ



Complexity analysis 12/21

FK(2 n) � 2 FK(n)+n addK+n subK||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }+n mulωℕ

K[x]/(x 2n−1)
≅

K[x]/(x n−1)⊕K[x]/(x n+1)



Complexity analysis 12/21

FK(2 n) � 2 FK(n)+n addK+n subK||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }+n mulωℕ|||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
K[x]/(x 2n−1)

≅
K[x]/(x n−1)⊕K[x]/(x n+1)

K[x]/(x n+1)
≅

K[x]/(x̃ n−1)



Complexity analysis 12/21

FK(2 n) � 2 FK(n)+n addK+n subK||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }+n mulωℕ|||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}} }
K[x]/(x 2n−1)

≅
K[x]/(x n−1)⊕K[x]/(x n+1)

K[x]/(x n+1)
≅

K[x]/(x̃ n−1)

n = 2lgn ⇒⇐⇒ FK(n) � n lgn �addK+
1
2 mulωℕ�



Back to N-bit integer multiplication 13/21

How to chooseK?



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .

III. K=ℤ/(2m+1)ℤ with m= 2l ˘

˘

N� , n ˘

˘

N� , ω= 2



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .

III. K=ℤ/(2m+1)ℤ with m= 2l ˘

˘

N� , n ˘

˘

N� , ω= 2

Complexity analysis



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .

III. K=ℤ/(2m+1)ℤ with m= 2l ˘

˘

N� , n ˘

˘

N� , ω= 2

Complexity analysis

I. M(N)= O(N M(logN)) M(N)= O(N logN log logN ⋅ ⋅ ⋅)



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .

III. K=ℤ/(2m+1)ℤ with m= 2l ˘

˘

N� , n ˘

˘

N� , ω= 2

Complexity analysis

I. M(N)= O(N M(logN)) M(N)= O(N logN log logN ⋅ ⋅ ⋅)

II. M(N)= O(N M(logN)) M(N)= O(N logN log logN ⋅ ⋅ ⋅)



Back to N-bit integer multiplication 13/21

How to chooseK?

I. K=ℂb with b ˘

˘

logN , n ˘

˘ N
log N , ω= e

2πi
n

II. K=Fp with p = s 2l +1, lgp ˘

˘

logN , n = 2l ˘

˘ N
log N , ω exists . . .

III. K=ℤ/(2m+1)ℤ with m= 2l ˘

˘

N� , n ˘

˘

N� , ω= 2

Complexity analysis

I. M(N)= O(N M(logN)) M(N)= O(N logN log logN ⋅ ⋅ ⋅)

II. M(N)= O(N M(logN)) M(N)= O(N logN log logN ⋅ ⋅ ⋅)

III. M⊖(N)�2 N� M⊖� N� �+O(N logN) M(N)= O(N logN log logN)

M⊖(N): cost of multiplication in ℤ/(2N +1)ℤ
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u ∗Gα û ⋅ Ĝα
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Matrix for 𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮 when s =10, t =13, and α =2

[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[[[
[[[[[[[[[[[[

[

[ 0.5000 0.2280 0.0216 4.2e-4 1.7e-6 2.9e-9 1.7e-6 4.2e-4 0.0216 0.2280
0.3142 0.4795 0.1522 0.0100 1.3e-4 3.9e-7 8.9e-9 7.1e-6 0.0012 0.0428
0.0779 0.3982 0.4230 0.0934 0.0043 4.0e-5 8.1e-8 4.7e-8 2.6e-5 0.0032
0.0076 0.1305 0.4642 0.3432 0.0527 0.0017 1.1e-5 1.5e-8 2.3e-7 9.2e-5
2.9e-4 0.0169 0.2011 0.4977 0.2561 0.0274 6.0e-4 2.8e-6 3.5e-9 1.0e-6
4.4e-6 8.6e-4 0.0344 0.2849 0.4908 0.1757 0.0131 2.0e-4 6.5e-7 5.3e-9
2.7e-8 1.7e-5 0.0023 0.0644 0.3714 0.4452 0.1109 0.0057 6.1e-5 1.3e-7
2.7e-8 1.3e-7 6.1e-5 0.0057 0.1109 0.4452 0.3714 0.0644 0.0023 1.7e-5
4.4e-6 5.3e-9 6.5e-7 2.0e-4 0.0131 0.1757 0.4908 0.2849 0.0344 8.6e-4
2.9e-4 1.0e-6 3.5e-9 2.8e-6 6.0e-4 0.0274 0.2561 0.4977 0.2011 0.0169
0.0076 9.2e-5 2.3e-7 1.5e-8 1.1e-5 0.0017 0.0527 0.3432 0.4642 0.1305
0.0779 0.0032 2.6e-5 4.7e-8 8.1e-8 4.0e-5 0.0043 0.0934 0.4230 0.3982
0.3142 0.0428 0.0012 7.1e-6 8.9e-9 3.9e-7 1.3e-4 0.0100 0.1522 0.4795 ]]]]]]]]]]]]

]]]]]]]]]]]]]]
]]]]]]]]]]]]]]
]]]]]]]]]]]]]]
]]]]]]]]]]]]]]
]]]]]]]]]]]]]]
]]]]]]]]]]]]]]
]]]]]]]]]]]]]]

]

]
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3.3e-197 2.7e-121 8.1e-64 8.5e-25 3.2e-4 0.0432 2.0e-18 3.5e-53 2.2e-106 4.8e-178
3.3e-197 4.8e-178 2.2e-106 3.5e-53 2.0e-18 0.0432 3.2e-4 8.5e-25 8.1e-64 2.7e-121
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]

t
s
�1+

1
α2 ⇒⇐⇒ accurate DFTs through ℂs→→→→→→

𝒮
ℂt→→→→→→→→→→→→→→→→→→→→

DFTt
ℂt→→→→

Π
ℂt→→→→→→→→→→→→→→→→→

𝒯−1

ℂs→→→→
Π
ℂs
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ℤ→←
→

ℂ[x]/(x r1 ⋅ ⋅ ⋅rd −1)→←
→

ℂ[u1, . . . ,ud]/(u1
r1−1, . . . ,ud

rd −1)→←
→

DFT(r1, . . . , rd) over ℂ→←
→

DFT�r1, . . .d× , r1� over ℂ→←
→

DFT�r1, . . .(d−1)×, r1� over ℂ[u1]/(u1
r1−1)

Embed

Chinese remaindering

FFT-multiplication

Gaussian resampling

Bluestein reduction

Nussbaumer FFTs
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