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M(N) : the complexity of multiplying two N-bit integers (Turing machine model)

Why study the asymptotic behaviour of M(N ) ?

Division. O(M(N))
Gcd. O(M(N) logN)
Computing e, π. O(M(N) logN)

Base conversion. O�M(N) logN
log logN� (FFT-model)

FFT. O(M(np)), length n, bit-precision p � logn

M(N) = speed of basic arithmetic

Also • Better theoretical techniques →→→→→→→→→→→→→→→→→→→→→→
osten

faster practical implementations
• Asymptotic complexity abstracts from concrete machines
• Mechanizing multiplication is a historically fascinating problem
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I(N)=Θ(N2)

! ?

I(N)=O(N log23)

1962



Short history 5/22

1962 Karatsuba O(N log3/log2)

1963 Toom O�N 2
5 logN /log2� �

1966 Schönhage O�N 2
2logN /log2� (logN)3/2�

1969 Knuth O�N 2
2logN /log2� logN�

1971 Pollard O(N logN log logN log log logN ⋅ ⋅ ⋅)
1971 Schönhage-Strassen O(N logN log logN)
2007 Fürer O(N logN 2O(log∗N))
2014 Harvey-vdH-Lecerf O(N logN 8log

∗N)
2017 Harvey O(N logN 6log

∗N)
2017 Harvey-vdH O�N logN �4 2� �log∗N�
2018 Harvey-vdH O(N logN 4log

∗N)

2019 Harvey-vdH O(N logN)
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d
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Complexity
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� 9M(n/4)+ 5
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Kronecker segmentation

4627579679788114 × 4519170871966234

↝

(4627x 3+5796x 2+7978x +8114) × (4519x 3+1708x 2+7196x +6234)

Kronecker substitution

(4627x 3+5796x 2+7978x +8114) × (4519x 3+1708x 2+7196x +6234)

↝

4627000005796000007978000008114 × 4519000001708000007196000006234

1004003×2001005 = 2009015023015
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bijection

P̄ ∈ K[x]/(x n−1)

P ,Q ∈ K[x], deg (PQ) < n, Compute PQ ⇔ Compute P̄ Q̄

Summary so far
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Kronecker
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K[x]/(x n−1)
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K : a field (or a suitable ring)
n : cycle or transform length

ω : primitive n-th root of unity in K, say ω =e
2πi
n

Chinese remainder theorem

(x n−1) = �
0�k<n

(x −ωk)
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Summary so far

ℤ→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
Kronecker

K[x]→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
Embed

K[x]/(x n−1)→→→→→→→→→→→→→→→→→→
DFT

K
n
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Making the FFT fast 11/22

K[x]/(x 2n−1) ≅ K[x]/(x n−1) ⊕ K[x]/(x n+1)
≅ K[x]/(x n−1) ⊕ K[x]/(x̃ n−1)

x̃ = ωx
ωn = −1
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K[x]/(x 2n−1)

≅

K[x]/(x n−1)⊕K[x]/(x n+1)

K[x]/(x n+1)

≅

K[x]/(x̃ n−1)

n = 2lgn ⇒⇐⇒ FK(n) � n lgn�addK+
1
2 mulωℕ�
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Multivariate Rader reduction 18/22

Univariate reduction

FFT in K[x]/(x p−1) →←→ multiplication in K⊕K[x]/(x p−1−1)

Multivariate reduction

FFT in �
1�i�d

K[xi]/(x pi−1) →←→ multiplication in �
1�i�d

(K⊕K[xi]/(xi
pi−1−1))

Essentially

K[x]/(x p1⋅ ⋅ ⋅pd −1) →←→ K[u1, . . . ,ud]/(u1
p1−1−1, . . . ,ud

pd−1−1)
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l = 8 q = 3,13, 31, 37, 157, 163, 181, 193, . . .
l = 16 q = 37, 103, 307, 313, 397, 421, 487, 541, . . .
l = 32 q = 43, 73, 157, 181, 211, 433, 571,601, . . .
l = 64 q = 163,337, 487, 907, 1051, 1297, 1453,1567, . . .
l = 128 q = 1171, 2551, 3607, 3907, 4021, 4483, 4567, 4603, . . .
l = 256 q = 607,1567, 1783, 2683, 2797, 4993, 6577, 6871, . . .
l = 512 q = 223,2083, 2803, 3853, 4783, 9403, 9781, 10303, . . .
l = 1024 q = 1987, 4447, 15031, 22807, 26713, 46153, 46507, 47653, . . .



How to choose our primes 19/22

pi = qi 2l +1, qi ≪ 2l, qi odd prime, i = 1, . . . ,d

OK with “probability” l−1 for “random” prime with qi≪2l

Note: we assumed qi prime for convenience, but this is not really essential

K[x1, . . . ,xd]/(x1
p1−1−1, . . . ,xd

pd−1−1)

≅ K[u1, . . . ,ud ,v1, . . . ,vd]/�u1
q1−1, . . . ,ud

qd −1,v12
l
−1, . . . ,vd

2l−1�

≅ K[y ,v2, . . . ,vd]/�y q1⋅ ⋅ ⋅qd2l−1,v22
l
−1, . . . ,vd

2l−1�



How to choose our primes 19/22

pi = qi 2l +1, qi ≪ 2l, qi odd prime, i = 1, . . . ,d

OK with “probability” l−1 for “random” prime with qi≪2l

Note: we assumed qi prime for convenience, but this is not really essential

K[x1, . . . ,xd]/(x1
p1−1−1, . . . ,xd

pd−1−1)
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l
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≅ K[y ,v2, . . . ,vd]/�y q1⋅ ⋅ ⋅qd2l−1,v22
l
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Conclusion

K[x]/(x p1⋅ ⋅ ⋅pd −1) →←→ K[y ,v2, . . . ,vd]/�y q1⋅ ⋅ ⋅qd2l−1,v22
l
−1, . . . ,vd

2l−1�

MK
F (p1 ⋅ ⋅ ⋅ pd|||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

�2(d+ϵ)l

) � 2(d−1)lMK
F (q1 ⋅ ⋅ ⋅ qd 2l|||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

2(1+ϵ)l

)+O(d 2l log2l addK)



Summary 20/22

ℤ→←
→

ℂ[x]/(x p1⋅ ⋅ ⋅pd −1)→←
→

ℂ[u1, . . . ,ud]/(u1
p1−1, . . . ,ud

pd −1)→←
→

DFT(p1, . . . ,pd) over ℂ→←
→

cheap DFT�2l, . . .(d−1)×, 2l� over ℂ[x]/�x q1⋅ ⋅ ⋅qd 2l−1�
2(d−1)l multiplications in ℂ[x]/�x q1⋅ ⋅ ⋅qd 2l−1�

FFT-multiplication

Multivariate Rader transform

Chinese remaindering à la Good

Embed

Reencode and recurse
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P(a,k) := min {ck +a : c ∈ℕ, ck +a is prime}
P(k) := max {P(a,k) : 0 <a<k , a∧k =1}

L is a Linnik constant :⇔ P(k) = O(kL)

If there exists a Linnik constant L<1+ 1
303 , then

I(N) = O(N logN).

Theorem

If there exists a Linnik constant L<1+2−1162, then

MFq(n) = O(n logq log (n logq)),
uniformly in q.

Theorem



Thank you !
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