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k k∈{0,1, 2, . . . ,∞,𝜔}
I Real interval I⊆R
𝒞k(I) Ring of real-valued functions of class 𝒞k on I
𝒞𝜔(I) Ring of real-analytic functions on I

𝒞(I) ≔ 𝒞0(I) ⊇/ 𝒞1(I) ⊇/ 𝒞2(I) ⊇/ ⋅ ⋅ ⋅ ⊇/ 𝒞∞(I) ⊇/ 𝒞𝜔(I)

OrderedOrderedOrdered ringringring structurestructurestructure... For f , g∈𝒞k(I), we define a partialpartialpartial ordering

f ⩽ g ⟺ (∀x∈ I) f (x)⩽ g(x)
f < g ⟺ f ⩽ g ∧ f ≠ g
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a Real abcissa a∈R
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GermsGermsGerms ofofof realrealreal functionsfunctionsfunctions atatat infinityinfinityinfinity 333///111111

NotationNotationNotation
k k∈{0,1, 2, . . . ,∞,𝜔}
a Real abcissa a∈R
𝒞a

k≔𝒞k([a,∞)) Ring of functions of class 𝒞k on [a,∞)

a < b ⟹ 𝒞a
k ⊇/ 𝒞b

k



GermsGermsGerms ofofof realrealreal functionsfunctionsfunctions atatat infinityinfinityinfinity 333///111111

NotationNotationNotation
k k∈{0,1, 2, . . . ,∞,𝜔}
a Real abcissa a∈R
𝒞a

k≔𝒞k([a,∞)) Ring of functions of class 𝒞k on [a,∞)

a < b ⟹ 𝒞a
k ⊇/ 𝒞b
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EventualEventualEventual relationsrelationsrelations... For f ∈𝒞a
k and g∈𝒞b

k, we define

f =∞ g ⟺ (∃c>a,b) (∀x⩾ c) f (x)= g(x)
f ⩽∞ g ⟺ (∃c>a,b) (∀x⩾ c) f (x)⩽ g(x)
f <∞ g ⟺ (∃c>a,b) (∀x⩾ c) f (x)< g(x)
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f =∞g Eventual equality of f , g∈⋃a∈R 𝒞a

k

GermsGermsGerms atatat infinityinfinityinfinity
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𝒞a

k≔𝒞k([a,∞)) Ring of functions of class 𝒞k on [a,∞)
f =∞g Eventual equality of f , g∈⋃a∈R 𝒞a

k

GermsGermsGerms atatat infinityinfinityinfinity

𝒢k ≔ (⋃a∈R 𝒞a
k)/=∞

Abuse of notation: identify f ∈𝒢k with f̌ ∈𝒞a
k that eventually represents f

𝒞a
k ⊇/ 𝒞a+1

k ⊇/ 𝒞a+2
k ⊇/ ⋅ ⋅ ⋅ ⊇/ 𝒢k

𝒢k is a partiallypartiallypartially ordered ring for ⩽∞ / =∞
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For f , g∈𝒢, we define

f = 𝒪(g) ⟺ f ≼ g ⟺ (∃c∈R>0) | f | ⩽ c |g|
f = 𝒪(g) ⟺ f ≺ g ⟺ (∀c∈R>0) c | f | < |g|

f ≍ g ⟺ f ≼ g ≼ f
f ∼ g ⟺ f − g ≺ f

Here | f |∈𝒢 is such that | f |(x)= | f (x)|, eventually
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FlatnessFlatnessFlatness relationsrelationsrelations... Assuming that g≻1, we define

f ⪯⪯ g ⟺ (∃c∈R>0) | f | ≼ |g|c
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DefinitionDefinitionDefinitionDefinitionDefinition
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A HausdorffHausdorffHausdorff fieldfieldfield is a subfield of the ring 𝒢.
DefinitionDefinitionDefinitionDefinitionDefinition

Let K be a Hausdorff field. Then K is an ordered field.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... Let f ∈K∖{0}. Then f −1 ∈K⊆𝒢, so f (x)≠0, eventually.
Since f is continuous, this means that f (x)>0 or f (x)<0, eventually. □

ExamplesExamplesExamples...
• Any subfield of R is a Hausdorff field
• R(x) is a Hausdorff field, where x=IdR/=∞
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For any f ∈R(x)≠0, we have f ∼ cxk, for some c∈R≠ and k∈Z.
PropositionPropositionPropositionPropositionProposition
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For any f ∈R(x)≠0, we have f ∼ cxk, for some c∈R≠ and k∈Z.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... If f =P∈R[x]≠0, then

P = Pdxd+ ⋅ ⋅ ⋅ +P0, (Pd≠0)
= xd (Pd+Pd−1x−1 + ⋅ ⋅ ⋅ +P0x−d)
= xd (Pd+ 𝒪(1))
∼ Pdxd.
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For any f ∈R(x)≠0, we have f ∼ cxk, for some c∈R≠ and k∈Z.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... If f =P/Qwith P,Q∈R[x]≠0, then

P ∼ Pdxd

Q ∼ Qexe

P
Q ∼ Pd

Qe
xd−e,

where d=deg P, e=degQ. □



MonomialMonomialMonomial groupsgroupsgroups 666///111111

For any f ∈R(x)≠0, we have f ∼ cxk, for some c∈R≠ and k∈Z.
PropositionPropositionPropositionPropositionProposition

The Hausdorff field K=R(x) has xℤ as a monomial group.
CorollaryCorollaryCorollaryCorollaryCorollary

Let K be a Hausdorff field. We say that 𝔐 ⊆K≠ is a monomialmonomialmonomial groupgroupgroup if 𝔐 is a totally
ordered subgroup of K for ≼ such that any f ∈K≠ has a unique decomposition

f = c𝔪+𝛿,

where c∈R≠, 𝔪∈𝔐, and 𝛿∈K is such that 𝛿≺𝔪.

DefinitionDefinitionDefinitionDefinitionDefinition
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Let K be a Hausdorff field with a monomial group 𝔐.
Given f ∈K and n∈ℕ, there exists a unique expansion

f = c1 𝔪1 + ⋅ ⋅ ⋅ + ck𝔪k+𝜌,
where

c1, . . . , ck ∈ R
≠0

𝔪1 ≻ ⋅ ⋅ ⋅ ≻ 𝔪k ≻ 𝜌

with 𝔪1, . . . ,𝔪k∈𝔐, 𝜌∈K, and k⩽n.

PropositionPropositionPropositionPropositionProposition
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... The map f ∈K⟼ f ∘ g∈K∘ g is an isomorphism of ordered fields. □
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field K(ex)=K(x)∘ex is a Hausdorff field with monomial group eZx.
CorollaryCorollaryCorollaryCorollaryCorollary
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

ProofProofProof...Assume f =P=Pdedx+⋅⋅⋅+Pieix+⋅⋅⋅+P0∈R[x,ex]≠0 with 0≠Pd,...,P0∈R[x].
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

ProofProofProof...Assume f =P=Pdedx+⋅⋅⋅+Pieix+⋅⋅⋅+P0∈R[x,ex]≠0 with 0≠Pd,...,P0∈R[x].
For each i with Pi≠0, we have Pi∼ cixki for some ci∈R≠0 and ki∈Z.
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

ProofProofProof...Assume f =P=Pdedx+⋅⋅⋅+Pieix+⋅⋅⋅+P0∈R[x,ex]≠0 with 0≠Pd,...,P0∈R[x].
For each i with Pi≠0, we have Pi∼ cixki for some ci∈R≠0 and ki∈Z.
If i<d, then Pieix∼ cixki eix≺ cdxkd edx∼Pdedx.
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

ProofProofProof...Assume f =P=Pdedx+⋅⋅⋅+Pieix+⋅⋅⋅+P0∈R[x,ex]≠0 with 0≠Pd,...,P0∈R[x].
For each i with Pi≠0, we have Pi∼ cixki for some ci∈R≠0 and ki∈Z.
If i<d, then Pieix∼ cixki eix≺ cdxkd edx∼Pdedx. Hence P∼Pdedx∼ cdxkd edx.
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

ProofProofProof...Assume f =P=Pdedx+⋅⋅⋅+Pieix+⋅⋅⋅+P0∈R[x,ex]≠0 with 0≠Pd,...,P0∈R[x].
For each i with Pi≠0, we have Pi∼ cixki for some ci∈R≠0 and ki∈Z.
If i<d, then Pieix∼ cixki eix≺ cdxkd edx∼Pdedx. Hence P∼Pdedx∼ cdxkd edx.

For f =P/Q∈R(x, ex)≠0, it follows f ∼ cxkelx for c∈R≠, k∈Z, l∈Z. □
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If K is a Hausdorff field and g∈𝒢>R, then K∘ g≔{ f ∘ g : f ∈K} is a Hausdorff field.
PropositionPropositionPropositionPropositionProposition

The field R(x, ex)=R(x)(ex) is a Hausdorff field with monomial group xZeZx.
PropositionPropositionPropositionPropositionProposition

Let g1, . . . , gn∈𝒢≠0 with g1 ≺≺ ⋅ ⋅ ⋅ ≺≺ gn.
Then R(g1, . . . , gn) is a Hausdorff field with monomial group g1

Z ⋅ ⋅ ⋅ gnZ.

PropositionPropositionPropositionPropositionProposition
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Let K⊆𝒢k be a Hausdorff field. Then the set L of germs y∈𝒢k that are algebraic over K
form a real closed Hausdorff field, which is isomorphic to the real closure Krc of K.

TheoremTheoremTheoremTheoremTheorem (((((HausdorffHausdorffHausdorffHausdorffHausdorff,,,,, BoshernitzanBoshernitzanBoshernitzanBoshernitzanBoshernitzan)))))

Let I⊆R be an interval. Let P(X,Y)∈𝒞k(I)[Y] with gcd (P, ∂P/∂Y)=1. Then
• The number n of solutions of P(x,y)=0 in y does not depend on x∈ I.
• If y1(x)< ⋅ ⋅ ⋅ <yn(x) are these solutions, then yi∈𝒞k(I) for i=1, . . . ,n.

LemmaLemmaLemmaLemmaLemma (((((continuitycontinuitycontinuitycontinuitycontinuity ofofofofof rootsrootsrootsrootsroots)))))
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Given x∈ [x0−𝜀,x0 +𝜀] and i∈{1, . . . ,n},
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Conclusion: number of roots of Px constant on [x0−𝛿,x0 +𝛿]
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Given x∈ [x0−𝜀,x0 +𝜀] and i∈{1, . . . ,n},
Sign change P(x,yi−𝜀)P(x,yi+𝜀)<0 implies

Unique yi(x)∈ [yi−𝜀,yi+𝜀] with P(x,yi(x))=0

• Since we may choose 𝜀 arbitrarily small, yi(x)∈𝒞(I)

• Since yi′(x0)=−
∂P
∂X(x0,yi)
∂P
∂Y(x0,yi)

, we also have yi(x)∈𝒞1(I)

• Similarly for higher derivatives

+

−

−

+

−

−

+

y1(x)

y2(x)

yn(x)
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Let K⊆𝒢k be a Hausdorff field. Then the set L of germs y∈𝒢k that are algebraic over K
form a real closed Hausdorff field, which is isomorphic to the real closure Krc of K.

TheoremTheoremTheoremTheoremTheorem (((((HausdorffHausdorffHausdorffHausdorffHausdorff,,,,, BoshernitzanBoshernitzanBoshernitzanBoshernitzanBoshernitzan)))))

LLL formsformsforms aaa HausdorffHausdorffHausdorff fieldfieldfield...
It is classical that L is closed under addition and multiplication.
Let P∈K[Y] be monic, irreducible. Assume that P(y)=0 for some y∈𝒢k∖{0}.
Since Y ∤P, so P0 ≠0, we have P0(x)≠0, eventually. Hence y(x)≠0, eventually.
Since y−1 is algebraic over K, it follows that L is a Hausdorff field.
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Let K⊆𝒢k be a Hausdorff field. Then the set L of germs y∈𝒢k that are algebraic over K
form a real closed Hausdorff field, which is isomorphic to the real closure Krc of K.

TheoremTheoremTheoremTheoremTheorem (((((HausdorffHausdorffHausdorffHausdorffHausdorff,,,,, BoshernitzanBoshernitzanBoshernitzanBoshernitzanBoshernitzan)))))

LLL isisis realrealreal closedclosedclosed...
Let P∈L[Y] be monic, irreducible.
Let a∈R be such that ResY(P, ∂P/∂Y)∈L≠0 does not vanish on [a,∞).
Lemma ⟹ P(x,Y) has a constant number n of roots y1(x)< ⋅ ⋅ ⋅ <yn(x) for x⩾a.

y1, . . . ,yn∈𝒞k([a,∞))⊆𝒢k.
If degY P(X,Y) is odd, then so is deg P(a,Y). Hence n⩾1, so P has a root in 𝒢k.
If P=Y2− f , f >0, then take awith f (a)>0. Hence n=2, so P has a root in 𝒢k. □
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