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A HardyHardyHardy fieldfieldfield is a subfield of 𝒢1 that is closed under derivation.
DefinitionDefinitionDefinitionDefinitionDefinition

ExamplesExamplesExamples
• Any subfield of R.
• The fields R(x) and R(x, ex).
• The field R(g1, . . . , gn), for any germs g1 ≺≺ ⋅ ⋅ ⋅ ≺≺ gn in 𝒢1,

such that g1′, . . . , gn′ ∈R(g1, . . . , gn).
• If K is a Hardy field and g∈𝒢 is such that g′∘ginv∈K, then K∘g is a Hardy field.
• If K is a Hardy field, then its real closure Krc is a Hardy field.

Indeed, if P(y)=0 for P∈K[Y] and y∈Krc, then y′=− ∂P
∂X(y)/ ∂P

∂Y(y)∈K(y)⊆Krc
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RemarkRemarkRemark... y∈𝒢<∞ is Hardian ⟺
for any P∈R[Y,Y′,Y′′, . . . ], the sign of P(y,y′, . . . ,y(r)) is eventually constant.

Let k∈{∞,𝜔}. A 𝒞k-HardyHardyHardy fieldfieldfield is a subfield of 𝒢k that is closed under derivation.
DefinitionDefinitionDefinitionDefinitionDefinition

RemarkRemarkRemark... There exist Hardy fields that are not 𝒞∞-Hardy fields.

RemarkRemarkRemark... Let y= 1
x + 1

ex + 1
eex + ⋅ ⋅ ⋅.

Then R(y,y′, . . . ) is a 𝒞∞-Hardy field, but not a 𝒞𝜔-Hardy field.
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ProofProofProof... Given 𝜀>0, let ℱ be the Banach space of 𝒞0 functions [−𝜀, 𝜀]→Rn.
Given 𝛿>0, let ℬ⊆ℱ be the ball with center y0 and radius 𝛿.
Taking 𝛿 and 𝜀 sufficiently small, we have a contracting functional

Φ:ℬ ⟶ ℬ
y ⟼ y0 +�

0

x
f (y(t))dt.

Its unique fixed point is the desired solution. □
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ProofProofProof... [.. .] Taking 𝛿 and 𝜀 sufficiently small, we have a contracting functional

Φ:ℬ ⟶ ℬ
y ⟼ y0 +�

0

x
f (y(t))dt.

Indeed,

‖Φ(y2)−Φ(y1)‖ = ‖�
0

x
( f (y2(t))− f (y1(t)))dt‖

⩽ �
0

x
‖ f (y2(t))− f (y1(t))‖dt

⩽ 𝜀‖ f ∘y2− f ∘y1‖
⩽ 𝜀‖Jf‖ℬ ‖y2−y1‖.

Take 𝛿, 𝜀 with 𝜀‖Jf‖ℬ <1. [. . .] □
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CaseCaseCase 111... deg P=2, so P= (Y− g)2 +h with g∈K and h∈K>0.
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So y(x1)=y(x2)=0, y has constant sign on (x1,x2), but sign y′(x1)=sign y′(x2).
Contradiction. □
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Let K be a Hardy field and let 𝜑∈K. Then
• K(∫𝜑) is a Hardy field.
• K(e𝜑) is a Hardy field.
• K(log 𝜑) is a Hardy field, whenever 𝜑>0.

CorollaryCorollaryCorollaryCorollaryCorollary
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Let K be a Hardy field and let 𝜑∈K. Then
• K(∫𝜑) is a Hardy field. y′=𝜑
• K(e𝜑) is a Hardy field. y′=𝜑′y
• K(log 𝜑) is a Hardy field, whenever 𝜑>0. y′=𝜑′/𝜑

CorollaryCorollaryCorollaryCorollaryCorollary

A Hardy field is LiouvilleLiouvilleLiouville closedclosedclosed if it is real closed and closed under ∫ and exp.
DefinitionDefinitionDefinitionDefinitionDefinition

Given a Hardy field K, the smallest real closed field K lc ⊆ 𝒢<∞ which contains K and
which is closed under ∫ and exp is a Hardy field, called the LiouvilleLiouvilleLiouville closureclosureclosure of K.

CorollaryCorollaryCorollaryCorollaryCorollary
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An expexpexp---logloglog functionfunctionfunction (or LLL---functionfunctionfunction) is any function constructed from the real numbers
and an indeterminate x, using the field operations, exponention, and the logarithm.

DefinitionDefinitionDefinitionDefinitionDefinition

Let ℰ⊆𝒢<∞ be the set of germs of exp-log functions that are eventually defined.
Then ℰ is a Hardy field.

CorollaryCorollaryCorollaryCorollaryCorollary
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A Hardy field K is maximalmaximalmaximal if there is no Hardy field L with L⊇/ K. We define

E(K) ≔ �
L⊇K,L is maximal

L.

We call E(K) the perfectperfectperfect hullhullhull of K and say that K is perfectperfectperfect if E(K)=K.

DefinitionDefinitionDefinitionDefinitionDefinition
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A Hardy field K is maximalmaximalmaximal if there is no Hardy field L with L⊇/ K. We define

E(K) ≔ �
L⊇K,L is maximal

L.

We call E(K) the perfectperfectperfect hullhullhull of K and say that K is perfectperfectperfect if E(K)=K.

DefinitionDefinitionDefinitionDefinitionDefinition

Maximal Hardy fields are Liouville closed and so are perfect Hardy fields.
CorollaryCorollaryCorollaryCorollaryCorollary
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A Hardy field K is maximalmaximalmaximal if there is no Hardy field L with L⊇/ K. We define

E(K) ≔ �
L⊇K,L is maximal

L.

We call E(K) the perfectperfectperfect hullhullhull of K and say that K is perfectperfectperfect if E(K)=K.

DefinitionDefinitionDefinitionDefinitionDefinition

Maximal Hardy fields are Liouville closed and so are perfect Hardy fields.
CorollaryCorollaryCorollaryCorollaryCorollary

• First order axiomatization of the theory of maximal Hardy fields?
• First order characterization of perfect hulls?

QuestionsQuestionsQuestionsQuestionsQuestions



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)

Consider two solutions y1 ≠y2 of (⋆)



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)

Consider two solutions y1 ≠y2 of (⋆)

(y2−y1)′′+ (y2−y1) = 0



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)

Consider two solutions y1 ≠y2 of (⋆)

(y2−y1)′′+ (y2−y1) = 0

y2−y1 = asin(x+b), a,b∈R.



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)

Consider two solutions y1 ≠y2 of (⋆)

(y2−y1)′′+ (y2−y1) = 0

y2−y1 = asin(x+b), a,b∈R.

There exists no Hardy field that contains both y1 and y2



AnAnAn exampleexampleexample bybyby BoshernitzanBoshernitzanBoshernitzan 111111///121212

y′′+y = ex2 (⋆)

Consider two solutions y1 ≠y2 of (⋆)

(y2−y1)′′+ (y2−y1) = 0

y2−y1 = asin(x+b), a,b∈R.

There exists no Hardy field that contains both y1 and y2

Any maximal Hardy field contains exactly one solution of (⋆).
TheoremTheoremTheoremTheoremTheorem (((((BoshernitzanBoshernitzanBoshernitzanBoshernitzanBoshernitzan)))))
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• Analytic aspects become difficult for differential equations of order ⩾2.
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• Analytic aspects become difficult for differential equations of order ⩾2.

• Class ℰ not closed under natural operations, such as functional inversion.
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