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A (((partialpartialpartial))) quasiquasiquasi---orderingorderingordering is a reflexive and transitive relation ⩽.
DefinitionDefinitionDefinitionDefinitionDefinition



QuasiQuasiQuasi---orderingsorderingsorderings 222///272727

A (((partialpartialpartial))) quasiquasiquasi---orderingorderingordering is a reflexive and transitive relation ⩽.
DefinitionDefinitionDefinitionDefinitionDefinition

The quasi-ordering ⩽ induces the equivalence relation a≡b⟺a⩽b⩽a.



QuasiQuasiQuasi---orderingsorderingsorderings 222///272727

A (((partialpartialpartial))) quasiquasiquasi---orderingorderingordering is a reflexive and transitive relation ⩽.
DefinitionDefinitionDefinitionDefinitionDefinition

The quasi-ordering ⩽ induces the equivalence relation a≡b⟺a⩽b⩽a.
The quotient relation ⩽/≡ is an ordering (i.e. ā⩽ b̄⩽ ā⟹ ā= b̄).
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A (((partialpartialpartial))) quasiquasiquasi---orderingorderingordering is a reflexive and transitive relation ⩽.
DefinitionDefinitionDefinitionDefinitionDefinition

The quasi-ordering ⩽ induces the equivalence relation a≡b⟺a⩽b⩽a.
The quotient relation ⩽/≡ is an ordering (i.e. ā⩽ b̄⩽ ā⟹ ā= b̄).
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TrivialTrivialTrivial examplesexamplesexamples
• The finest ordering on any set E: the equality on E.
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A (((partialpartialpartial))) quasiquasiquasi---orderingorderingordering is a reflexive and transitive relation ⩽.
DefinitionDefinitionDefinitionDefinitionDefinition

The quasi-ordering ⩽ induces the equivalence relation a≡b⟺a⩽b⩽a.
The quotient relation ⩽/≡ is an ordering (i.e. ā⩽ b̄⩽ ā⟹ ā= b̄).

The quasi-ordering ⩽ also induces the strict ordering < by a<b⟺a⩽b∧b⩽/ a.
Conversely, < induces the ordering ⩽! by a⩽!b⟺a<b∨a=b.

TrivialTrivialTrivial examplesexamplesexamples
• The finest ordering on any set E: the equality on E.
• The coarsest ordering on any set E: the relation ∼∼∼ with a∼∼∼b for all a,b∈E.
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Let (E,⩽E) and (F,⩽F) be quasi-orderings.



OperationsOperationsOperations ononon quasiquasiquasi---orderingsorderingsorderings 333///272727

Let (E,⩽E) and (F,⩽F) be quasi-orderings.

DisjointDisjointDisjoint unionunionunion... (E⊔F,⩽E⊔F)

a ⩽E⊔F b :⟺ (E∋a⩽Eb∈E) ∨ (F∋a⩽Fb∈F)
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Let (E,⩽E) and (F,⩽F) be quasi-orderings.

DisjointDisjointDisjoint unionunionunion... (E⊔F,⩽E⊔F)

a ⩽E⊔F b :⟺ (E∋a⩽Eb∈E) ∨ (F∋a⩽Fb∈F)

OrderedOrderedOrdered unionunionunion... (E ⊔̇F,⩽E⊔̇F)

a ⩽E⊔̇F b :⟺ (E∋a⩽Eb∈E) ∨ (a∈E∧b∈F) ∨ (F∋a⩽Fb∈F)

CartesianCartesianCartesian productproductproduct... (E×F,⩽E×F)

(a,a′) ⩽E×F (b,b′) :⟺ a⩽Ea′ ∧ b⩽Fb′

AntiAntiAnti---lexicographicallexicographicallexicographical productproductproduct... (E×. F,⩽E×. F)

(a,a′) ⩽E×. F (b,b′) :⟺ a′<Fb′ ∨ (a′≡Fb′∧a⩽Eb)
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We say that (E,⩽) is wellwellwell---foundedfoundedfounded, if there are no infinite sequences x1>x2> ⋅ ⋅ ⋅ in E.
DefinitionDefinitionDefinitionDefinitionDefinition
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A quasi-ordering (E,⩽) is totaltotaltotal if a⩽b or b⩽a for any a,b∈E.
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We say that (E,⩽) is wellwellwell---foundedfoundedfounded, if there are no infinite sequences x1>x2> ⋅ ⋅ ⋅ in E.
DefinitionDefinitionDefinitionDefinitionDefinition

A quasi-ordering (E,⩽) is totaltotaltotal if a⩽b or b⩽a for any a,b∈E.
DefinitionDefinitionDefinitionDefinitionDefinition

A total well-founded ordering is called a wellwellwell---orderingorderingordering.
DefinitionDefinitionDefinitionDefinitionDefinition

• A well-ordering is isomorphic to a unique ordinalordinalordinal numbernumbernumber
0,1, 2, . . . ,𝜔,𝜔+1, . . . ,𝜔 ⋅2,𝜔 ⋅2+1, . . . ,𝜔 ⋅3, . . . ,𝜔2, . . . ,𝜔3, . . . ,𝜔𝜔, . . .

• The operations ⊔̇ and ×. correspond to ordinal addition and multiplication.
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An antiantianti---chainchainchain of a quasi-ordering (E,⩽) is a set C⊆E of pairwise incomparable elements.
DefinitionDefinitionDefinitionDefinitionDefinition
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An antiantianti---chainchainchain of a quasi-ordering (E,⩽) is a set C⊆E of pairwise incomparable elements.
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A wellwellwell---quasiquasiquasi---orderingorderingordering is a well-founded quasi-ordering with no infinite anti-chains.
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An antiantianti---chainchainchain of a quasi-ordering (E,⩽) is a set C⊆E of pairwise incomparable elements.
DefinitionDefinitionDefinitionDefinitionDefinition

A wellwellwell---quasiquasiquasi---orderingorderingordering is a well-founded quasi-ordering with no infinite anti-chains.
DefinitionDefinitionDefinitionDefinitionDefinition

Let (E,⩽) be a quasi-ordering. The following conditions are equivalent:
a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.
c) The final segments of E satisfy the ascending chain condition.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.
e) Any extension of ⩽ into a total quasi-ordering on E is well-founded.

TheoremTheoremTheoremTheoremTheorem
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))
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Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
We claim that G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})

If not, let x1∈F∖Fin(G).
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
We claim that G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})

If not, let x1∈F∖Fin(G).
Since x1 is not minimal in F, there exists an x2∈F∖Fin(G) with x2<x1
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
We claim that G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})

If not, let x1∈F∖Fin(G).
Since x1 is not minimal in F, there exists an x2∈F∖Fin(G) with x2<x1

Repeating this argument yields a sequence x1>x2>x3> ⋅ ⋅ ⋅ in E: contradiction
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
Then G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
Then G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})
G/≡ is an antichain for ⩽/≡, whence finite.
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a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
Then G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})
G/≡ is an antichain for ⩽/≡, whence finite.
Let H⊆G be such that H contains exactly one element in each class of G/≡.



WellWellWell---quasiquasiquasi---orderingsorderingsorderings——— continuedcontinuedcontinued 777///272727

a) (E,⩽) is a well-quasi-ordering.
b) Any final segment of E is finitely generated.

ProofProofProofProofProof (((((aaaaa)))))⇒⇒⇒⇒⇒ (((((bbbbb)))))

Consider a final segment F⊆E. (i.e. x∈F∧x⩽y∈E⟹y∈F)
Let G be the set of minimal elements of F. (i.e. G={x∈F : (∀y∈F) y≮x})
Then G generates F. (i.e. F=Fin(G)≔{x∈E : (∃y∈G) y⩽x})
G/≡ is an antichain for ⩽/≡, whence finite.
Let H⊆G be such that H contains exactly one element in each class of G/≡.
Then |H|= |G/≡| and H also generates F.
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b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))
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b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))

By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.
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b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))

By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.

Trivial for k=0 and i0=0, so assume that k⩾1.
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b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))

By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.

Trivial for k=0 and i0=0, so assume that k⩾1.
Consider the final segment F=Fin(xj : j∈ Jk).
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b) Any final segment of E is finitely generated.
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By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.

Trivial for k=0 and i0=0, so assume that k⩾1.
Consider the final segment F=Fin(xj : j∈ Jk).
Then F is finitely generated, say by xj1, . . . ,xjl.
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b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))

By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.

Trivial for k=0 and i0=0, so assume that k⩾1.
Consider the final segment F=Fin(xj : j∈ Jk).
Then F is finitely generated, say by xj1, . . . ,xjl.
For any j′∈ Jk we have xjn⩽xj′ for some n∈{1, . . . , l}



WellWellWell---quasiquasiquasi---orderingsorderingsorderings——— continuedcontinuedcontinued 888///272727

b) Any final segment of E is finitely generated.
d) Each sequence x1,x2, . . . ∈E has an increasing subsequence.

ProofProofProofProofProof (((((bbbbb)))))⇒⇒⇒⇒⇒ (((((ddddd)))))

By induction on k, let us construct xi1⩽xi2⩽ ⋅ ⋅ ⋅ ⩽xik such that
the set Jk≔{j> ik :xik⩽xj} is infinite.

Trivial for k=0 and i0=0, so assume that k⩾1.
Consider the final segment F=Fin(xj : j∈ Jk).
Then F is finitely generated, say by xj1, . . . ,xjl.
For any j′∈ Jk we have xjn⩽xj′ for some n∈{1, . . . , l}
Take ik+1≔xjn, such that {j′∈ Jk :xjn⩽xj′} is infinite.
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Let (E,⩽E) and (F,⩽F) be well-quasi-orderings.
Then so are E⊔F, E ⊔̇F, E×F, and E×. F.

CorollaryCorollaryCorollaryCorollaryCorollary
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Let (E,⩽E) and (F,⩽F) be well-quasi-orderings.
Then so are E⊔F, E ⊔̇F, E×F, and E×. F.

CorollaryCorollaryCorollaryCorollaryCorollary

ProofProofProof... Use the increasing subsequence criterion.
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Let (E,⩽E) and (F,⩽F) be well-quasi-orderings.
Then so are E⊔F, E ⊔̇F, E×F, and E×. F.

CorollaryCorollaryCorollaryCorollaryCorollary

ProofProofProof... Use the increasing subsequence criterion.

The setNn=N× . . .n× ×N is well-quasi-ordered.
CorollaryCorollaryCorollaryCorollaryCorollary (((((DicksonDicksonDicksonDicksonDickson'''''sssss lemmalemmalemmalemmalemma)))))
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(E,⩽): a quasi-ordering
Ew: the set of wordswordswords x1∗ ⋅ ⋅ ⋅ ∗xn with x1, . . . ,xn∈E
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If E is well-quasi-ordered, then so is Ew.
TheoremTheoremTheoremTheoremTheorem (((((HigmanHigmanHigmanHigmanHigman)))))

ProofProofProof... We say that x1,x2, . . . is a badbadbad sequencesequencesequence if there are no i< j with xi⩽xj.
Assume for contradiction that w1,w2, . . . is a bad sequence in Ew.
Take w1,w2, . . . minimalminimalminimal in the following sense:

Each wi is chosen of minimal length in Ew∖Fin(w1, . . . ,wi−1).
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TheoremTheoremTheoremTheoremTheorem (((((HigmanHigmanHigmanHigmanHigman)))))

ProofProofProof... We say that x1,x2, . . . is a badbadbad sequencesequencesequence if there are no i< j with xi⩽xj.
Assume for contradiction that w1,w2, . . . is a bad sequence in Ew.
Take w1,w2, . . . minimalminimalminimal in the following sense:

Each wi is chosen of minimal length in Ew∖Fin(w1, . . . ,wi−1).

Factor wi=xi∗wi′ with xi∈E, wi′∈Ew, for i=1,2, . . .
Extract subsequence xi1⩽xi2⩽ ⋅ ⋅ ⋅
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R the coefficient ring
𝔐 the set (often a monoid or group) of monomials, quasi-ordered by ≼

A subset 𝔖⊆𝔐 is wellwellwell---basedbasedbased if it is well-quasi-ordered for ≽!.
DefinitionDefinitionDefinitionDefinitionDefinition

A wellwellwell---basedbasedbased seriesseriesseries in 𝔐 over R is a map f :𝔐⟶R such that

supp f ≔ {𝔪∈𝔐: f (𝔪)≠0}

is well-based. We denote by R[[𝔐]] the set of all such series. Given f ∈R[[𝔐]], we will
also write f𝔪≔ f (𝔪) for all 𝔪∈𝔐 and

f = �
𝔪

f𝔪𝔪.

DefinitionDefinitionDefinitionDefinitionDefinition
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A family ( fi)i∈I∈R[[𝔐]]I is wellwellwell---basedbasedbased (or summablesummablesummable) if
• ⋃i∈I supp fi is well-based.
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RemarkRemarkRemark... Given f ∈R[[𝔐]], the family ( f𝔪𝔪)𝔪∈supp f is well-based.

RemarkRemarkRemark... Given f ∈R[[𝔐]], the family ( f𝔪𝔪)𝔪∈𝔐 is also well-based.
We have f =∑𝔪∈supp f f𝔪𝔪=∑𝔪∈𝔐 f𝔪𝔪.
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AdditionAdditionAddition andandand subtractionsubtractionsubtraction... For f , g∈R[[𝔐]],
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𝜑:𝔖→𝔐 strictly increasing ⟹ (c𝔰𝜑(𝔰))𝔰∈𝔖 is well-based

MultiplicationMultiplicationMultiplication... Assuming that 𝔐 is a quasi-ordered monoid,

f g ≔ �
(𝔪,𝔫)∈supp f×suppg

f𝔪 g𝔫𝔪𝔫.

𝔖≔supp f ×supp g, c(𝔪,𝔫)≔ f𝔪 g𝔫, 𝜑(𝔪,𝔫)=𝔪𝔫
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f𝔪 g𝔫h𝔴 =

For any (𝔪,𝔫)∈supp×supp g, there exists a unique 𝔳∈supp f supp g with 𝔳=𝔪𝔫



RingRingRing structurestructurestructure 161616///272727

Assume that R is a ring and 𝔐 an ordered monoid. Then R[[𝔐]] is a ring.
PropositionPropositionPropositionPropositionProposition

AssociativityAssociativityAssociativity ofofof multiplicationmultiplicationmultiplication... Let f , g,h∈R[[𝔐]] and 𝔲∈𝔐. Then
(( f g)h)𝔲 = �

(𝔳,𝔴)∈supp( fg)×supph
𝔳𝔴=𝔲

( f g)𝔳h𝔴 = �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲

( f g)𝔳h𝔴

= �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲
(𝔪,𝔫)∈supp f×suppg

𝔪𝔫=𝔳

f𝔪 g𝔫h𝔴 = �
(𝔪,𝔫,𝔴)∈supp f×suppg×supph

𝔪𝔫𝔴=𝔲

f𝔪 g𝔫h𝔴

For any (𝔪,𝔫)∈supp×supp g, there exists a unique 𝔳∈supp f supp g with 𝔳=𝔪𝔫



RingRingRing structurestructurestructure 161616///272727

Assume that R is a ring and 𝔐 an ordered monoid. Then R[[𝔐]] is a ring.
PropositionPropositionPropositionPropositionProposition

AssociativityAssociativityAssociativity ofofof multiplicationmultiplicationmultiplication... Let f , g,h∈R[[𝔐]] and 𝔲∈𝔐. Then
(( f g)h)𝔲 = �

(𝔳,𝔴)∈supp( fg)×supph
𝔳𝔴=𝔲

( f g)𝔳h𝔴 = �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲

( f g)𝔳h𝔴

= �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲
(𝔪,𝔫)∈supp f×suppg

𝔪𝔫=𝔳

f𝔪 g𝔫h𝔴 = �
(𝔪,𝔫,𝔴)∈supp f×suppg×supph

𝔪𝔫𝔴=𝔲

f𝔪 g𝔫h𝔴



RingRingRing structurestructurestructure 161616///272727

Assume that R is a ring and 𝔐 an ordered monoid. Then R[[𝔐]] is a ring.
PropositionPropositionPropositionPropositionProposition

AssociativityAssociativityAssociativity ofofof multiplicationmultiplicationmultiplication... Let f , g,h∈R[[𝔐]] and 𝔲∈𝔐. Then
(( f g)h)𝔲 = �

(𝔳,𝔴)∈supp( fg)×supph
𝔳𝔴=𝔲

( f g)𝔳h𝔴 = �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲

( f g)𝔳h𝔴

= �
(𝔳,𝔴)∈(supp f suppg)×supph

𝔳𝔴=𝔲
(𝔪,𝔫)∈supp f×suppg

𝔪𝔫=𝔳

f𝔪 g𝔫h𝔴 = �
(𝔪,𝔫,𝔴)∈supp f×suppg×supph

𝔪𝔫𝔴=𝔲

f𝔪 g𝔫h𝔴

= ⋅ ⋅ ⋅ = ( f (gh))𝔲,
using a similar computation.



ConceptuallyConceptuallyConceptually simplersimplersimpler proofproofproof 171717///272727

FullyFullyFully expandexpandexpand andandand recombinerecombinerecombine ininin differentdifferentdifferent wayswaysways...

�
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f𝔪g𝔫𝔪𝔫))))))))))))(((((((((((( �
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StrongStrongStrong distributivitydistributivitydistributivity...
If ( fi)i∈I and (gj)j∈J are summable, then so is ( figj)(i, j)∈I×J and

�
(i, j)∈I×J

figj = ((((((((((�i∈I
fi))))))))))((((((((((((�j∈J

gj))))))))))))
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�
(i, j)∈I×J

figj = ((((((((((�i∈I
fi))))))))))((((((((((((�j∈J

gj))))))))))))
StrongStrongStrong associativityassociativityassociativity... Let ( fi)i∈I be summable and I=⨆j∈J Ij.

Then ( fi)i∈Ij is summable for each j, the family (∑i∈Ij fi)j∈J is summable, and

�
i∈I

fi = �
j∈J

�
i∈Ij

fi.
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Then ( fi)i∈Ij is summable for each j, the family (∑i∈Ij fi)j∈J is summable, and
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i∈I

fi = �
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TermificationTermificationTermification... If ( fi)i∈I is summable, then so is ( fi,𝔪𝔪)i∈I,𝔪∈supp fi and

�
i∈I

fi = �
i∈I,𝔪∈supp fi

fi,𝔪𝔪.
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Assume that 𝔐 is totally ordered.
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DominantDominantDominant termstermsterms... Given f ∈R[[𝔐]]≠0, we define
𝔡f ≔max≼ supp f dominantdominantdominant monomialmonomialmonomial of f
cf ≔ f𝔡f dominantdominantdominant coefficientcoefficientcoefficient of f
𝜏f ≔ cf 𝔡f dominantdominantdominant termtermterm of f



AsymptoticAsymptoticAsymptotic relationsrelationsrelations 191919///272727

Assume that 𝔐 is totally ordered.

DominantDominantDominant termstermsterms... Given f ∈R[[𝔐]]≠0, we define
𝔡f ≔max≼ supp f dominantdominantdominant monomialmonomialmonomial of f
cf ≔ f𝔡f dominantdominantdominant coefficientcoefficientcoefficient of f
𝜏f ≔ cf 𝔡f dominantdominantdominant termtermterm of f

OrderingOrderingOrdering... If R is an ordered field and f ∈R[[𝔐]]≠0, we may then define
f > 0 ⟺ cf > 0.

Then R[[𝔐]] is an ordered ring (the ordering being total).
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AsymptoticAsymptoticAsymptotic relationsrelationsrelations... Given f , g∈R[[𝔐]]≠0, we may then define
f ≼ g ⟺ 𝔡f ≼ 𝔡g
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f ≍ g ⟺ 𝔡f = 𝔡g
f ∼ g ⟺ 𝜏f = 𝜏g
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DominantDominantDominant termstermsterms... Given f ∈R[[𝔐]]≠0, we define
𝔡f ≔max≼ supp f dominantdominantdominant monomialmonomialmonomial of f
cf ≔ f𝔡f dominantdominantdominant coefficientcoefficientcoefficient of f
𝜏f ≔ cf 𝔡f dominantdominantdominant termtermterm of f

AsymptoticAsymptoticAsymptotic relationsrelationsrelations... Given f , g∈R[[𝔐]], we may then define
f ≼ g ⟺ 𝔡f ≼ 𝔡g
f ≺ g ⟺ 𝔡f ≺ 𝔡g
f ≍ g ⟺ 𝔡f = 𝔡g
f ∼ g ⟺ 𝜏f = 𝜏g

Convention 𝔡0≺𝔐 and f ∼0⇔0∼ f ⇔ f =0
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SpecialSpecialSpecial inversioninversioninversion... Assume 𝜀∈R[[𝔐]] with supp 𝜀≺1
1

1−𝜀 ≔ �
𝔪1∗⋅ ⋅ ⋅∗𝔪k∈(supp𝜀)w

𝜀𝔪1 ⋅ ⋅ ⋅ 𝜀𝔪k𝔪1 ⋅ ⋅ ⋅ 𝔪k.

𝔖≔ (supp f )w, c𝔪1∗⋅ ⋅ ⋅∗𝔪k≔𝜀𝔪1 ⋅ ⋅ ⋅ 𝜀𝔪k, 𝜑(𝔪1∗ ⋅ ⋅ ⋅ ∗𝔪k)=𝔪1 ⋅ ⋅ ⋅ 𝔪k.
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GeneralGeneralGeneral inversioninversioninversion... Given a field R, a totally ordered group 𝔐, and f ∈C[[𝔐]]≠0,
f = cf 𝔡f (1−𝜀), supp 𝜀≺1,

f −1 ≔ cf−1𝔡f−1 1
1−𝜀.
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Assume that R is a field and 𝔐 a totally ordered group. Then R[[𝔐]] is a field.
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(1−𝜀) ⋅ 1
1−𝜀 = 1
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Let 𝔐, 𝔑 be monomial sets and consider a linear map 𝜑:R[[𝔐]]→R[[𝔑]]. We say that
𝜑 is stronglystronglystrongly linearlinearlinear if (𝜑( fi))i∈I is summable whenever ( fi)i∈I∈R[[𝔐]]I is, and

𝜑((((((((((�i∈I
fi)))))))))) = �

i∈I
𝜑( fi).

DefinitionDefinitionDefinitionDefinitionDefinition
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i∈I
𝜑( fi).

DefinitionDefinitionDefinitionDefinitionDefinition

We say that 𝜑:𝔐→R[[𝔑]] iswellwellwell---basedbasedbased, if, for any well-based subset𝔖⊆𝔐, the family
(𝜑(𝔪))𝔪⊆𝔖 is well-based.

DefinitionDefinitionDefinitionDefinitionDefinition
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Let 𝔐, 𝔑 be monomial sets and consider a linear map 𝜑:R[[𝔐]]→R[[𝔑]]. We say that
𝜑 is stronglystronglystrongly linearlinearlinear if (𝜑( fi))i∈I is summable whenever ( fi)i∈I∈R[[𝔐]]I is, and

𝜑((((((((((�i∈I
fi)))))))))) = �

i∈I
𝜑( fi).

DefinitionDefinitionDefinitionDefinitionDefinition

We say that 𝜑:𝔐→R[[𝔑]] iswellwellwell---basedbasedbased, if, for any well-based subset𝔖⊆𝔐, the family
(𝜑(𝔪))𝔪⊆𝔖 is well-based.

DefinitionDefinitionDefinitionDefinitionDefinition

Consider a well-based map 𝜑:𝔐→R[[𝔑]]. Then there exists a unique strongly linear map
�̂�:R[[𝔐]]→R[[𝔑]] that extends 𝜑.

TheoremTheoremTheoremTheoremTheorem (((((extensionextensionextensionextensionextension bybybybyby strongstrongstrongstrongstrong linearitylinearitylinearitylinearitylinearity)))))
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Consider a well-based map 𝜑:𝔐→R[[𝔑]]. Then there exists a unique strongly linear map
�̂�:R[[𝔐]]→R[[𝔑]] that extends 𝜑.

TheoremTheoremTheoremTheoremTheorem (((((extensionextensionextensionextensionextension bybybybyby strongstrongstrongstrongstrong linearitylinearitylinearitylinearitylinearity)))))

UniquenessUniquenessUniqueness... Let f∈R[[𝔐]]. Then (𝜑(𝔪))𝔪∈supp f and ( f𝔪𝜑(𝔪))𝔪∈supp f are summable.
Given a strongly linear extension �̂� of 𝜑, we must have

�̂�( f ) = �̂�(((((((((((( �
𝔪∈supp f

f𝔪𝔪)))))))))))) = �
𝔪∈supp f

�̂�( f𝔪𝔪) = �
𝔪∈supp f

f𝔪 �̂�(𝔪) = �
𝔪∈supp f

f𝔪𝜑(𝔪).
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ExistenceExistenceExistence... Given f ∈R[[𝔐]],

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪)

is well-defined, �̂� clearly extends 𝜑 and �̂�(c f )= c �̂�( f ) for any c∈R.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]],

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪)

is well-defined, �̂� clearly extends 𝜑 and �̂�(c f )= c �̂�( f ) for any c∈R.
Let us show that �̂� preserves strong summation.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
Claim: ( fi,𝔪𝜑(𝔪))(i,𝔪)∈I×𝔖 is summable, where 𝔖≔⋃i∈I supp fi.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
Claim: ( fi,𝔪𝜑(𝔪))(i,𝔪)∈I×𝔖 is summable, where 𝔖≔⋃i∈I supp fi.

The set ⋃(i,𝔪)∈I×𝔖 supp fi,𝔪𝜑(𝔪)⊆⋃𝔪∈𝔖 supp 𝜑(𝔪) is well-based.



ExtensionExtensionExtension bybyby strongstrongstrong linearitylinearitylinearity——— proofproofproof 232323///272727

ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
Claim: ( fi,𝔪𝜑(𝔪))(i,𝔪)∈I×𝔖 is summable, where 𝔖≔⋃i∈I supp fi.

The set ⋃(i,𝔪)∈I×𝔖 supp fi,𝔪𝜑(𝔪)⊆⋃𝔪∈𝔖 supp 𝜑(𝔪) is well-based.
Given 𝔫∈𝔑, the set 𝔖𝔫≔{𝔪∈𝔖:𝔫∈supp 𝜑(𝔪)} is finite.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
Claim: ( fi,𝔪𝜑(𝔪))(i,𝔪)∈I×𝔖 is summable, where 𝔖≔⋃i∈I supp fi.

The set ⋃(i,𝔪)∈I×𝔖 supp fi,𝔪𝜑(𝔪)⊆⋃𝔪∈𝔖 supp 𝜑(𝔪) is well-based.
Given 𝔫∈𝔑, the set 𝔖𝔫≔{𝔪∈𝔖:𝔫∈supp 𝜑(𝔪)} is finite.
For every 𝔪∈𝔖𝔫, the set I𝔪,𝔫≔{i∈ I :𝔪∈supp fi} is finite.
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ExistenceExistenceExistence... Given f ∈R[[𝔐]], let

�̂�( f ) ≔ �
𝔪∈supp f

f𝔪𝜑(𝔪).

Let us show that �̂� preserves strong summation.

Let ( fi)i∈I be summable.
Then ( fi,𝔪𝜑(𝔪))(i,𝔪)∈I×𝔖 is summable, where 𝔖≔⋃i∈I supp fi.
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�
i∈I

�̂�( fi) = �
i∈I

�
𝔪∈𝔖

fi,𝔪𝜑(𝔪)

= �
(i,𝔪)∈I×𝔖

fi,𝔪𝜑(𝔪)

= �
𝔪∈𝔖

�
i∈I

fi,𝔪𝜑(𝔪) = �̂�((((((((((�i∈I
fi)))))))))) □
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable, since (𝜀𝔪1 ⋅ ⋅ ⋅ 𝜀𝔪n𝔪1 ⋅ ⋅ ⋅ 𝔪n)𝔪1∗⋅ ⋅ ⋅∗𝔪n∈(supp𝜀)w is summable.
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
𝜑:zN→R[[𝔐]];zn↦𝜀n is well-based.
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
𝜑:zN→R[[𝔐]];zn↦𝜀n is well-based.

f ∘𝜀 ≔ �̂�( f ), for any f ∈R[[z]].
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
𝜑:zN→R[[𝔐]];zn↦𝜀n is well-based.

f ∘𝜀 ≔ �̂�( f ), for any f ∈R[[z]].

a) For any f , g∈R[[z]] with g≺1, we have supp g∘𝜀≺1 and f ∘ (g∘𝜀)= ( f ∘ g)∘𝜀.
b) The map f ↦ f ∘𝜀 is a ring homomorphism.

PropositionPropositionPropositionPropositionProposition
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𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
𝜑:zN→R[[𝔐]];zn↦𝜀n is well-based.

f ∘𝜀 ≔ �̂�( f ), for any f ∈R[[z]].

a) For any f , g∈R[[z]] with g≺1, we have supp g∘𝜀≺1 and f ∘ (g∘𝜀)= ( f ∘ g)∘𝜀.
b) The map f ↦ f ∘𝜀 is a ring homomorphism.

PropositionPropositionPropositionPropositionProposition

We have (1−𝜀) ⋅ 1
1−𝜀 =1.

CorollaryCorollaryCorollaryCorollaryCorollary



ApplicationApplicationApplication tototo powerpowerpower seriesseriesseries substitutionsubstitutionsubstitution 242424///272727

𝔐 monomial monoid, 𝜀∈R[[𝔐]], supp 𝜀≺1.
(𝜀n)n∈N is summable.
𝜑:zN→R[[𝔐]];zn↦𝜀n is well-based.

f ∘𝜀 ≔ �̂�( f ), for any f ∈R[[z]].

a) For any f , g∈R[[z]] with g≺1, we have supp g∘𝜀≺1 and f ∘ (g∘𝜀)= ( f ∘ g)∘𝜀.
b) The map f ↦ f ∘𝜀 is a ring homomorphism.

PropositionPropositionPropositionPropositionProposition

We have (1−𝜀) ⋅ 1
1−𝜀 =1.

CorollaryCorollaryCorollaryCorollaryCorollary

ProofProofProof... Follows from (b), since (1−z) 1
1−z =1 in R[[z]]. □
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et 𝜓:𝔐→R[[𝔑]] and 𝜑:𝔑→R[[𝔙]] be two well-based mappings. Then

�̂� ∘𝜓 = �̂�∘ �̂�.

PropositionPropositionPropositionPropositionProposition
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et 𝜓:𝔐→R[[𝔑]] and 𝜑:𝔑→R[[𝔙]] be two well-based mappings. Then

�̂� ∘𝜓 = �̂�∘ �̂�.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... The map �̂� ∘𝜓:𝔐→R[[𝔙]] is well-based.
The map �̂� ∘ �̂� is the unique stongly linear map that extends �̂� ∘𝜓. □
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et 𝜓:𝔐→R[[𝔑]] and 𝜑:𝔑→R[[𝔙]] be two well-based mappings. Then

�̂� ∘𝜓 = �̂�∘ �̂�.

PropositionPropositionPropositionPropositionProposition

For any f , g∈R[[z]] with g≺1, we have supp g∘𝜀≺1 and

f ∘ (g∘𝜀) = ( f ∘ g)∘𝜀.

CorollaryCorollaryCorollaryCorollaryCorollary



AssociativityAssociativityAssociativity ofofof compositioncompositioncomposition 252525///272727
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For any f , g∈R[[z]] with g≺1, we have supp g∘𝜀≺1 and

f ∘ (g∘𝜀) = ( f ∘ g)∘𝜀.

CorollaryCorollaryCorollaryCorollaryCorollary

ProofProofProof... Take 𝜑:zℕ→R[[𝔐]];zk↦𝜀k and 𝜓:zn→R[[z]];zk→ gk.
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If 𝜑:𝔐→R[[𝔑]] is a multiplicative well-based mapping, then �̂� is a ring homomorphism.
PropositionPropositionPropositionPropositionProposition

ClaimClaimClaim 111::: for any 𝔪∈𝔐 and g∈R[[𝔐]], we have �̂�(𝔪 g)=𝜑(𝔪) �̂�(g).
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If 𝜑:𝔐→R[[𝔑]] is a multiplicative well-based mapping, then �̂� is a ring homomorphism.
PropositionPropositionPropositionPropositionProposition

ClaimClaimClaim 222::: for any f , g∈R[[𝔐]], we have �̂�( f g)=�̂�( f ) �̂�(g).
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If 𝜑:𝔐→R[[𝔑]] is a multiplicative well-based mapping, then �̂� is a ring homomorphism.
PropositionPropositionPropositionPropositionProposition

ClaimClaimClaim 222::: for any f , g∈R[[𝔐]], we have �̂�( f g)=�̂�( f ) �̂�(g).

ProofProofProof... The mapping 𝜒g:𝔪↦�̂�(𝔪 g)=𝜑(𝔪) �̂�(g) is well-based.
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If 𝜑:𝔐→R[[𝔑]] is a multiplicative well-based mapping, then �̂� is a ring homomorphism.
PropositionPropositionPropositionPropositionProposition

ClaimClaimClaim 222::: for any f , g∈R[[𝔐]], we have �̂�( f g)=�̂�( f ) �̂�(g).

ProofProofProof... The mapping 𝜒g:𝔪↦�̂�(𝔪 g)=𝜑(𝔪) �̂�(g) is well-based. Now

𝜒ĝ( f ) = �
𝔪∈supp f

f𝔪 �̂�(𝔪 g) = �̂�(((((((((((( �
𝔪∈supp f

f𝔪𝔪 g)))))))))))) = �̂�( f g)

= �
𝔪∈supp f

f𝔪𝜑(𝔪) �̂�(g) = �̂�(g) �
𝔪∈supp f

f𝔪𝜑(𝔪) = �̂�( f ) �̂�(g). □
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If 𝜑:𝔐→R[[𝔑]] is a multiplicative well-based mapping, then �̂� is a ring homomorphism.
PropositionPropositionPropositionPropositionProposition

ClaimClaimClaim 222::: for any f , g∈R[[𝔐]], we have �̂�( f g)=�̂�( f ) �̂�(g).

ProofProofProof... The mapping 𝜒g:𝔪↦�̂�(𝔪 g)=𝜑(𝔪) �̂�(g) is well-based. Now

𝜒ĝ( f ) = �
𝔪∈supp f

f𝔪 �̂�(𝔪 g) = �̂�(((((((((((( �
𝔪∈supp f

f𝔪𝔪 g)))))))))))) = �̂�( f g)

= �
𝔪∈supp f

f𝔪𝜑(𝔪) �̂�(g) = �̂�(g) �
𝔪∈supp f

f𝔪𝜑(𝔪) = �̂�( f ) �̂�(g). □

RemarkRemarkRemark... More elegant proof possible using “extension by strong bilinearity”.
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𝜀1, . . . , 𝜀n∈R[[𝔐]]≺1≔{𝜀∈R[[𝔐]] : supp 𝜀≺1}.
𝜑:z1N× ⋅ ⋅ ⋅ ×znN→R[[𝔐]]; (z1k1, . . . ,znkn)↦𝜀1k1 ⋅ ⋅ ⋅ 𝜀nkn is well-based.
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𝜑:z1N× ⋅ ⋅ ⋅ ×znN→R[[𝔐]]; (z1k1, . . . ,znkn)↦𝜀1k1 ⋅ ⋅ ⋅ 𝜀nkn is well-based.

f ∘ (𝜀1, . . . , 𝜀n) ≔ �̂�( f ), for any f ∈R[[z1, . . . ,zn]].
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𝜑:z1N× ⋅ ⋅ ⋅ ×znN→R[[𝔐]]; (z1k1, . . . ,znkn)↦𝜀1k1 ⋅ ⋅ ⋅ 𝜀nkn is well-based.

f ∘ (𝜀1, . . . , 𝜀n) ≔ �̂�( f ), for any f ∈R[[z1, . . . ,zn]].

a) �̂� is a ring homomorphism.
b) For any f ∈R[[u1, . . . ,uk]] and g1, . . . , gk∈R[[z1, . . . ,zn]]≺1, we have

f ∘ (g1∘ (𝜀1, . . . , 𝜀n), . . . , gk∘ (𝜀1, . . . , 𝜀n)) = ( f ∘ (g1, . . . , gk))∘ (𝜀1, . . . , 𝜀n).

PropositionPropositionPropositionPropositionProposition
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If R⊇Q and 𝛿, 𝜀∈R[[𝔐]]≺, then e𝛿+𝜀=e𝛿e𝜀, where e𝛿≔ez∘𝛿 with ez∈R[[z]].
CorollaryCorollaryCorollaryCorollaryCorollary
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If R⊇Q and 𝛿, 𝜀∈R[[𝔐]]≺, then e𝛿+𝜀=e𝛿e𝜀, where e𝛿≔ez∘𝛿 with ez∈R[[z]].
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ProofProofProof... e𝛿+𝜀=ez1+z2∘ (𝛿, 𝜀)= (ez1ez2)∘ (𝛿, 𝜀)=ez1ez2, using ez1+z2=ez1ez2 in R[[z1,z2]].
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