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SupportSupportSupport typestypestypes 222///272727

A supportsupportsupport typetypetype for a monomial monoid 𝔐 is a subset 𝒮(𝔐)⊆𝒫(𝔐) such that
TTT111... Every 𝔖∈𝒮(𝔐) is well-based.
TTT222... If 𝔪∈𝔐, then {𝔪}∈𝒮(𝔐).
TTT333... If 𝔖∈𝒮(𝔐) and 𝔗⊆𝔖, then 𝔗∈𝒮(𝔐).
TTT444... If 𝔖,𝔗∈𝒮(𝔐), then 𝔖∪𝔗∈𝒮(𝔐).
TTT555... If 𝔖,𝔗∈𝒮(𝔐), then 𝔖𝔗≔{𝔪𝔫:𝔪∈𝔖,𝔫∈𝔗}∈𝒮(𝔐).
TTT666... If 𝔖∈𝒮(𝔐) and 𝒮≺1, then 𝔖∗ ≔{𝔪1 ⋅ ⋅ ⋅ 𝔪n :𝔪1, . . . ,𝔪n∈𝔖}∈𝒮(𝔐).

DefinitionDefinitionDefinitionDefinitionDefinition



SupportSupportSupport typestypestypes 222///272727

A supportsupportsupport typetypetype for a monomial monoid 𝔐 is a subset 𝒮(𝔐)⊆𝒫(𝔐) such that
TTT111... Every 𝔖∈𝒮(𝔐) is well-based.
TTT222... If 𝔪∈𝔐, then {𝔪}∈𝒮(𝔐).
TTT333... If 𝔖∈𝒮(𝔐) and 𝔗⊆𝔖, then 𝔗∈𝒮(𝔐).
TTT444... If 𝔖,𝔗∈𝒮(𝔐), then 𝔖∪𝔗∈𝒮(𝔐).
TTT555... If 𝔖,𝔗∈𝒮(𝔐), then 𝔖𝔗≔{𝔪𝔫:𝔪∈𝔖,𝔫∈𝔗}∈𝒮(𝔐).
TTT666... If 𝔖∈𝒮(𝔐) and 𝒮≺1, then 𝔖∗ ≔{𝔪1 ⋅ ⋅ ⋅ 𝔪n :𝔪1, . . . ,𝔪n∈𝔖}∈𝒮(𝔐).

Let 𝒮 be a map that associates a support type 𝒮(𝔐) for 𝔐 to any monomial monoid 𝔐.
We say that 𝒮 is a supportsupportsupport typetypetype if:
STSTST... For every strictly increasing morphism 𝜑:𝔐→𝔑 and 𝔖∈𝒮(𝔐),

we have 𝜑(𝔖)∈𝒮(𝔑).

DefinitionDefinitionDefinitionDefinitionDefinition
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𝒮 : support type, R : coefficient ring, 𝔐 : monomial ring



풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased seriesseriesseries 333///272727

𝒮 : support type, R : coefficient ring, 𝔐 : monomial ring

A series f ∈R[[𝔐]] is풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased if supp f ∈𝒮(𝔐).
We denote by R[[𝔐]]𝒮 the set of all such series.

DefinitionDefinitionDefinitionDefinitionDefinition
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𝒮 : support type, R : coefficient ring, 𝔐 : monomial ring

A series f ∈R[[𝔐]] is풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased if supp f ∈𝒮(𝔐).
We denote by R[[𝔐]]𝒮 the set of all such series.

DefinitionDefinitionDefinitionDefinitionDefinition

A well-based family ( fi)i∈𝔐 ∈R[[𝔐]]𝒮 is풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased if ⋃i∈I supp fi∈𝒮(𝔐).
Then ∑i∈I fi∈R[[𝔐]]𝒮. This defines “the natural” strong summation on R[[𝔐]]𝒮.

DefinitionDefinitionDefinitionDefinitionDefinition
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𝒮 : support type, R : coefficient ring, 𝔐 : monomial ring

A series f ∈R[[𝔐]] is풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased if supp f ∈𝒮(𝔐).
We denote by R[[𝔐]]𝒮 the set of all such series.

DefinitionDefinitionDefinitionDefinitionDefinition

A well-based family ( fi)i∈𝔐 ∈R[[𝔐]]𝒮 is풮풮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮𝒮---basedbasedbased if ⋃i∈I supp fi∈𝒮(𝔐).
Then ∑i∈I fi∈R[[𝔐]]𝒮. This defines “the natural” strong summation on R[[𝔐]]𝒮.

DefinitionDefinitionDefinitionDefinitionDefinition

a) R[[𝔐]]𝒮 is a ring.
b) If R is a field and 𝔐 a totally ordered group, then R[[𝔐]]𝒮 is a field.

PropositionPropositionPropositionPropositionProposition
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WellWellWell---basedbasedbased supportssupportssupports...
𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is well-based}.



ExamplesExamplesExamples 444///272727

WellWellWell---basedbasedbased supportssupportssupports...
𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is well-based}.

CountableCountableCountable supportssupportssupports...

𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is countable,𝔖 is well-based}.



ExamplesExamplesExamples 444///272727

WellWellWell---basedbasedbased supportssupportssupports...
𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is well-based}.

CountableCountableCountable supportssupportssupports...

𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is countable,𝔖 is well-based}.

FinitelyFinitelyFinitely generatedgeneratedgenerated supportssupportssupports...

𝒮(𝔐) = {𝔖⊆𝔉∗ : 𝔉 is finite,𝔖 is well-based}.



ExamplesExamplesExamples 444///272727

WellWellWell---basedbasedbased supportssupportssupports...
𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is well-based}.

CountableCountableCountable supportssupportssupports...
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𝒮(𝔐) = {𝔖⊆𝔉∗ : 𝔉 is finite,𝔖 is well-based}.

𝜁(x) = 1+2−x+3−x+ ⋅ ⋅ ⋅ = 1+e−(log2)x+e−(log3)x+ ⋅ ⋅ ⋅ ∉ R[[e−Rx]]𝒮.
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WellWellWell---basedbasedbased supportssupportssupports...
𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is well-based}.

CountableCountableCountable supportssupportssupports...

𝒮(𝔐) = {𝔖⊆𝔐:𝔖 is countable,𝔖 is well-based}.

FinitelyFinitelyFinitely generatedgeneratedgenerated supportssupportssupports...

𝒮(𝔐) = {𝔖⊆𝔉∗ : 𝔉 is finite,𝔖 is well-based}.

𝜁(x) = 1+2−x+3−x+ ⋅ ⋅ ⋅ = 1+e−(log2)x+e−(log3)x+ ⋅ ⋅ ⋅ ∉ R[[e−Rx]]𝒮.

IntersectionsIntersectionsIntersections... Let 𝒮 and 𝒯 be support types.

(𝒮∩𝒯)(𝔐) = 𝒮(𝔐)∩𝒯(𝔐).
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

NoteNoteNote... By Dickson's lemma, 𝔈∗ and therefore 𝔖 are well-based.
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

NoteNoteNote... By Dickson's lemma, 𝔈∗ and therefore 𝔖 are well-based.
NoteNoteNote... If 𝔐 is a totally ordered group, then 𝔉 can be taken to be a singleton.
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

If 𝔖⊆𝔐≺1 is grid-based, then there is a finite 𝔈⊆𝔐≺1 with 𝔖⊆𝔈∗ (whence 𝔖∗ ⊆𝔈∗).
LemmaLemmaLemmaLemmaLemma
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

If 𝔖⊆𝔐≺1 is grid-based, then there is a finite 𝔈⊆𝔐≺1 with 𝔖⊆𝔈∗ (whence 𝔖∗ ⊆𝔈∗).
LemmaLemmaLemmaLemmaLemma

ProofProofProof... Let 𝔉⊆𝔐 and 𝔊⊆𝔐≺1 be finite with 𝔖⊆𝔉𝔊∗.
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

If 𝔖⊆𝔐≺1 is grid-based, then there is a finite 𝔈⊆𝔐≺1 with 𝔖⊆𝔈∗ (whence 𝔖∗ ⊆𝔈∗).
LemmaLemmaLemmaLemmaLemma

ProofProofProof... Let 𝔉⊆𝔐 and 𝔊⊆𝔐≺1 be finite with 𝔖⊆𝔉𝔊∗.
Given 𝔣∈𝔉, the set (𝔣𝔊∗)∩𝔐≺1 is a final segment of 𝔣𝔊∗ for ≽!.
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

If 𝔖⊆𝔐≺1 is grid-based, then there is a finite 𝔈⊆𝔐≺1 with 𝔖⊆𝔈∗ (whence 𝔖∗ ⊆𝔈∗).
LemmaLemmaLemmaLemmaLemma

ProofProofProof... Let 𝔉⊆𝔐 and 𝔊⊆𝔐≺1 be finite with 𝔖⊆𝔉𝔊∗.
Given 𝔣∈𝔉, the set (𝔣𝔊∗)∩𝔐≺1 is a final segment of 𝔣𝔊∗ for ≽!.
Let ℌ𝔣 ⊆𝔐≺1 be a finite set of generators. Note that (𝔣𝔊∗)∩𝔐≺1 ⊆ℌ𝔣 𝔊∗.
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We say that 𝔖⊆𝔐 is gridgridgrid---basedbasedbased if there exist finite sets 𝔉⊆𝔐 and 𝔈⊆𝔐≺1 with

𝔖 ⊆ 𝔉𝔈∗.

DefinitionDefinitionDefinitionDefinitionDefinition

The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

If 𝔖⊆𝔐≺1 is grid-based, then there is a finite 𝔈⊆𝔐≺1 with 𝔖⊆𝔈∗ (whence 𝔖∗ ⊆𝔈∗).
LemmaLemmaLemmaLemmaLemma

ProofProofProof... Let 𝔉⊆𝔐 and 𝔊⊆𝔐≺1 be finite with 𝔖⊆𝔉𝔊∗.
Given 𝔣∈𝔉, the set (𝔣𝔊∗)∩𝔐≺1 is a final segment of 𝔣𝔊∗ for ≽!.
Let ℌ𝔣 ⊆𝔐≺1 be a finite set of generators. Note that (𝔣𝔊∗)∩𝔐≺1 ⊆ℌ𝔣 𝔊∗.
Now it suffices to take 𝔈≔𝔊∪⋃𝔣∈𝔉 ℌ𝔣. □
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The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition
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The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

RemarkRemarkRemark... For any other support type 𝒮, we have 𝒮(𝔐)⊇𝒢(𝔐), for all 𝔐.
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The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

RemarkRemarkRemark... For any other support type 𝒮, we have 𝒮(𝔐)⊇𝒢(𝔐), for all 𝔐.

We denote R[[𝔐]]≔R[[𝔐]]𝒢.
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The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

RemarkRemarkRemark... For any other support type 𝒮, we have 𝒮(𝔐)⊇𝒢(𝔐), for all 𝔐.

We denote R[[𝔐]]≔R[[𝔐]]𝒢.
Elements of R[[𝔐]] are called gridgridgrid---basedbasedbased seriesseriesseries.
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The map 𝒢:𝔐⟼{𝔖⊆𝔐:𝔖 is grid-based} is a support type.
PropositionPropositionPropositionPropositionProposition

RemarkRemarkRemark... For any other support type 𝒮, we have 𝒮(𝔐)⊇𝒢(𝔐), for all 𝔐.

We denote R[[𝔐]]≔R[[𝔐]]𝒢.
Elements of R[[𝔐]] are called gridgridgrid---basedbasedbased seriesseriesseries.
𝒢-based families are called gridgridgrid---basedbasedbased familiesfamiliesfamilies. Etc.
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For any f ∈R[[𝔐]], there exist power series f̌1,..., f̌ l∈R[[z1,...,zk]], monomials 𝔣1,..., 𝔣l∈𝔐
and 𝔢1, . . . , 𝔢k∈𝔐≺1 with

f = �
1⩽i⩽l

( f̌ i∘ (𝔢1, . . . , 𝔢k)) 𝔣i.

PropositionPropositionPropositionPropositionProposition

Assume that 𝔐 is a totally ordered group.
For any f ∈R[[𝔐]], there exists a Laurent series f̌ ∈R((z1,...,zk)) and 𝔢1,..., 𝔢k∈𝔐≺1 with

f = f̌ ∘ (𝔢1, . . . , 𝔢k). (⋆)
Here (gz1

i1 ⋅⋅⋅zkik)∘(𝔢1,..., 𝔢k)≔(g∘ (𝔢1,..., 𝔢k))𝔢1
i1 ⋅⋅⋅ 𝔢kik for any g∈R[[z1,...,zk]], i1,..., ik∈Z.

PropositionPropositionPropositionPropositionProposition
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For any f ∈R[[𝔐]], there exist power series f̌1,..., f̌ l∈R[[z1,...,zk]], monomials 𝔣1,..., 𝔣l∈𝔐
and 𝔢1, . . . , 𝔢k∈𝔐≺1 with

f = �
1⩽i⩽l

( f̌ i∘ (𝔢1, . . . , 𝔢k)) 𝔣i.

PropositionPropositionPropositionPropositionProposition

Assume that 𝔐 is a totally ordered group.
For any f ∈R[[𝔐]], there exists a Laurent series f̌ ∈R((z1,...,zk)) and 𝔢1,..., 𝔢k∈𝔐≺1 with

f = f̌ ∘ (𝔢1, . . . , 𝔢k). (⋆)
We call (⋆) a CartesianCartesianCartesian representationrepresentationrepresentation of f.

PropositionPropositionPropositionPropositionProposition
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Let ℒ be a collection of subsets ℒk⊆R[[z1, . . . ,zk]] for k∈N, such that
LLL111... zi∈ℒk for i=1, . . . ,k.
LLL222... ℒk is an R-subalgebra of R[[z1, . . . ,zk]].
LLL333... For any f ∈ℒk with z1 | f, we have z−1 f ∈ℒk.
LLL444... Given f ∈ℒk and g1, . . . , gk∈ℒl

≺1, we have f ∘ (g1, . . . , gk)∈ℒl.
LLL555... Given f ∈ℒk+1 with f (0, . . . , 0)=0 and (∂ f /∂zk+1)(0, . . . , 0)=1,

the unique 𝜑∈R[[z1, . . . ,zk]] with f ∘ (z1, . . . ,zk,𝜑)=0 is in ℒk.

DefinitionDefinitionDefinitionDefinitionDefinition
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Let ℒ be a collection of subsets ℒk⊆R[[z1, . . . ,zk]] for k∈N, such that
LLL111... zi∈ℒk for i=1, . . . ,k.
LLL222... ℒk is an R-subalgebra of R[[z1, . . . ,zk]].
LLL333... For any f ∈ℒk with z1 | f, we have z−1 f ∈ℒk.
LLL444... Given f ∈ℒk and g1, . . . , gk∈ℒl

≺1, we have f ∘ (g1, . . . , gk)∈ℒl.
LLL555... Given f ∈ℒk+1 with f (0, . . . , 0)=0 and (∂ f /∂zk+1)(0, . . . , 0)=1,

the unique 𝜑∈R[[z1, . . . ,zk]] with f ∘ (z1, . . . ,zk,𝜑)=0 is in ℒk.

DefinitionDefinitionDefinitionDefinitionDefinition

ExamplesExamplesExamples...
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Let ℒ be a collection of subsets ℒk⊆R[[z1, . . . ,zk]] for k∈N, such that
LLL111... zi∈ℒk for i=1, . . . ,k.
LLL222... ℒk is an R-subalgebra of R[[z1, . . . ,zk]].
LLL333... For any f ∈ℒk with z1 | f, we have z−1 f ∈ℒk.
LLL444... Given f ∈ℒk and g1, . . . , gk∈ℒl

≺1, we have f ∘ (g1, . . . , gk)∈ℒl.
LLL555... Given f ∈ℒk+1 with f (0, . . . , 0)=0 and (∂ f /∂zk+1)(0, . . . , 0)=1,

the unique 𝜑∈R[[z1, . . . ,zk]] with f ∘ (z1, . . . ,zk,𝜑)=0 is in ℒk.

DefinitionDefinitionDefinitionDefinitionDefinition

ExamplesExamplesExamples...
• ℒk=K{{z1, . . . ,zk}}, convergent power series,K⊆C.
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Let ℒ be a collection of subsets ℒk⊆R[[z1, . . . ,zk]] for k∈N, such that
LLL111... zi∈ℒk for i=1, . . . ,k.
LLL222... ℒk is an R-subalgebra of R[[z1, . . . ,zk]].
LLL333... For any f ∈ℒk with z1 | f, we have z−1 f ∈ℒk.
LLL444... Given f ∈ℒk and g1, . . . , gk∈ℒl

≺1, we have f ∘ (g1, . . . , gk)∈ℒl.
LLL555... Given f ∈ℒk+1 with f (0, . . . , 0)=0 and (∂ f /∂zk+1)(0, . . . , 0)=1,

the unique 𝜑∈R[[z1, . . . ,zk]] with f ∘ (z1, . . . ,zk,𝜑)=0 is in ℒk.

DefinitionDefinitionDefinitionDefinitionDefinition

ExamplesExamplesExamples...
• ℒk=K{{z1, . . . ,zk}}, convergent power series,K⊆C.
• ℒk=K[[z1, . . . ,zk]]alg, algebraic power series, K any field.
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Let ℒ be a collection of subsets ℒk⊆R[[z1, . . . ,zk]] for k∈N, such that
LLL111... zi∈ℒk for i=1, . . . ,k.
LLL222... ℒk is an R-subalgebra of R[[z1, . . . ,zk]].
LLL333... For any f ∈ℒk with z1 | f, we have z−1 f ∈ℒk.
LLL444... Given f ∈ℒk and g1, . . . , gk∈ℒl

≺1, we have f ∘ (g1, . . . , gk)∈ℒl.
LLL555... Given f ∈ℒk+1 with f (0, . . . , 0)=0 and (∂ f /∂zk+1)(0, . . . , 0)=1,

the unique 𝜑∈R[[z1, . . . ,zk]] with f ∘ (z1, . . . ,zk,𝜑)=0 is in ℒk.

DefinitionDefinitionDefinitionDefinitionDefinition

ExamplesExamplesExamples...
• ℒk=K{{z1, . . . ,zk}}, convergent power series,K⊆C.
• ℒk=K[[z1, . . . ,zk]]alg, algebraic power series, K any field.
• ℒk=K[[z1, . . . ,zk]]dalg, d-algebraic power series, K any field with charK=0.
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𝔐 totally ordered monomial group
ℒ local community

We define R[[𝔐]]ℒ to be the set of f ∈R[[𝔐]] with

f = f̌ ∘ (𝔢1, . . . , 𝔢k),

for some f̌ ∈ℒkz1
Z ⋅ ⋅ ⋅ zkZ and 𝔢1, . . . , 𝔢k∈𝔐≺1.

DefinitionDefinitionDefinitionDefinitionDefinition



DigressionDigressionDigression——— locallocallocal communitiescommunitiescommunities 999///272727

𝔐 totally ordered monomial group
ℒ local community

We define R[[𝔐]]ℒ to be the set of f ∈R[[𝔐]] with

f = f̌ ∘ (𝔢1, . . . , 𝔢k),

for some f̌ ∈ℒkz1
Z ⋅ ⋅ ⋅ zkZ and 𝔢1, . . . , 𝔢k∈𝔐≺1.

DefinitionDefinitionDefinitionDefinitionDefinition

If K is a field, then so is K[[𝔐]]ℒ is a field. Moreover, if 𝔐 hasQ-powers, then
a) If K is algebraically closed and of characteristic zero, then so is K[[𝔐]]ℒ.
b) If K is real closed, then so is K[[𝔐]]ℒ.

TheoremTheoremTheoremTheoremTheorem
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K algebraically closed field
Γ divisible totally ordered abelian group: (∀𝛾 ∈Γ) (∀n∈N>0) (∃𝛼∈Γ) n𝛼=𝛾
zΓ corresponding monomial group, z𝛼 ≼z𝛽 ⇔𝛼⩾𝛽.

OurOurOur goalgoalgoal
Given P∈K[[zΓ]][Y]∖K[[zΓ]] and 𝛾 ∈Γ, compute the solutions in K[[zΓ]] of

P(y) = 0, (y≺z𝛾).
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K algebraically closed field
Γ divisible totally ordered abelian group: (∀𝛾 ∈Γ) (∀n∈N>0) (∃𝛼∈Γ) n𝛼=𝛾
zΓ corresponding monomial group, z𝛼 ≼z𝛽 ⇔𝛼⩾𝛽.

OurOurOur goalgoalgoal
Given P∈K[[zΓ]][Y]∖K[[zΓ]] and 𝛾 ∈Γ, compute the solutions in K[[zΓ]] of

P(y) = 0, (y≺z𝛾).

We may replace K[[zΓ]] by K[[zΓ]]𝒮 or K[[zΓ]]ℒ.
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Pdyd+ ⋅ ⋅ ⋅ +P0 = 0, (y≺z𝛾). (⋆)

Consider some y∈K[[zΓ]]≠0 with y≺z𝛾.
Let i be an index for which Piy i is ≼-maximal.
If Pjy j≺Piy i for all j≠ i, then Pdyd+ ⋅ ⋅ ⋅ +P0 ∼Piy i≠0.
If y satisfies (⋆), it follows that there exists a j≠ i with

Piy i ≍ Pjy j ≽ Pkyk, for all k.
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Pdyd+ ⋅ ⋅ ⋅ +P0 = 0, (y≺z𝛾). (⋆)

Consider some y∈K[[zΓ]]≠0 with y≺z𝛾.
Let i be an index for which Piy i is ≼-maximal.
If Pjy j≺Piy i for all j≠ i, then Pdyd+ ⋅ ⋅ ⋅ +P0 ∼Piy i≠0.
If y satisfies (⋆), it follows that there exists a j≠ i with

Piy i ≍ Pjy j ≽ Pkyk, for all k.

Setting z𝜋k ≔𝔡Pk for k=0, . . . ,d, and z𝜈 ≔𝔡y, this means that there exist i≠ j with

𝜈 > 𝛾, 𝜋i+ i𝜈 = 𝜋j+ j𝜈 ⩽ 𝜋k+k𝜈, for all k.
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Pdyd+ ⋅ ⋅ ⋅ +P0 = 0, (y≺z𝛾). (⋆)

Consider some y∈K[[zΓ]]≠0 with y≺z𝛾.
Let i be an index for which Piy i is ≼-maximal.
If Pjy j≺Piy i for all j≠ i, then Pdyd+ ⋅ ⋅ ⋅ +P0 ∼Piy i≠0.
If y satisfies (⋆), it follows that there exists a j≠ i with

Piy i ≍ Pjy j ≽ Pkyk, for all k.

Setting z𝜋k ≔𝔡Pk for k=0, . . . ,d, and z𝜈 ≔𝔡y, this means that there exist i≠ j with

𝜈 > 𝛾, 𝜋i+ i𝜈 = 𝜋j+ j𝜈 ⩽ 𝜋k+k𝜈, for all k.

We call z𝜈 a startingstartingstarting monomialmonomialmonomial for the equation (⋆).
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

But then P2y2 ≍z0+2𝜈 =z−4 ≻z≍P0

degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

Not OK, since P2y2 ≻P0
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

Not OK, since P2y2 ≻P0

• P0 ≍P2y2 ⟹ z=z0+2𝜈 ⟹ 𝜈 = /1 2
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

Not OK, since P2y2 ≻P0

• P0 ≍P2y2 ⟹ z=z0+2𝜈 ⟹ 𝜈 = /1 2

OK, since P1y≍z3+𝜈 =z3 /1 2 ≼z≍P0

P3y3 ≍z2+3𝜈 =z3 /1 2 ≼z≍P0
degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

Not OK, since P2y2 ≻P0

• P0 ≍P2y2 ⟹ z=z0+2𝜈 ⟹ 𝜈 = /1 2

OK, since P1y,P3y2 ≼P0

• P0 ≍P3y3 ⟹ z=z2+3𝜈 ⟹ 𝜈 =− /1 3

Not OK, since P2y2 ≻P0
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• P0 ≍P1y ⟹ z=z3+𝜈 ⟹ 𝜈 =−2

Not OK, since P2y2 ≻P0

• P0 ≍P2y2 ⟹ z=z0+2𝜈 ⟹ 𝜈 = /1 2

OK, since P1y,P3y2 ≼P0

• P0 ≍P3y3 ⟹ z=z2+3𝜈 ⟹ 𝜈 =− /1 3

Not OK, since P2y2 ≻P0

• ⋅ ⋅ ⋅
• P2y2 ≍P3y3 ⟹ z0+2𝜈 =z2+3𝜈 ⟹ 𝜈 =−2

OK, since P0,P1y≻P2y2
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Starting monomials z𝜈 ≍y ?
• 𝜈 = /1 2

• 𝜈 =−2
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Consider the starting monomial z /1 2.
If y∼ c z /1 2, then

5 z2y3 ≺ z
y2 ∼ c2z

3 z2y ≺ z
− z

1−z ∼ −z

5 z2y3 +y2 +3 z3y− z
1−z = (c2−1)z+o(z)
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z /1 2, then

5 z2y3 +y2 +3 z3y− z
1−z = (c2−1)z+o(z).

If the right-hand side vanishes, then
c2−1 = 0,

whence
c=1 ∨ c=−1.
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z /1 2, then

5 z2y3 +y2 +3 z3y− z
1−z = (c2−1)z+o(z).

If the right-hand side vanishes, then
c2−1 = 0,

whence
c=1 ∨ c=−1.

We call z /1 2 and −z /1 2 startingstartingstarting termstermsterms for the equation.
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z /1 2, then

5 z2y3 +y2 +3 z3y− z
1−z = (c2−1)z+o(z).

If the right-hand side vanishes, then
c2−1 = 0.
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z /1 2, then

5 z2y3 +y2 +3 z3y− z
1−z = (c2−1)z+o(z).

If the right-hand side vanishes, then
c2−1 = 0.

N(c)= c2−1 is the NewtonNewtonNewton polynomialpolynomialpolynomial for z /1 2.
degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z−2, then c≠0 and

5 z2y3 +y2 +3 z3y− z
1−z = (5 c3 + c2)z−4 +o(z−4).

If the right-hand side vanishes, then
5 c3 + c2 = 0.

N(c)=5 c3 + c2 is the NewtonNewtonNewton polynomialpolynomialpolynomial for z−2.
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5 z2y3 +y2 +3 z3y− z
1−z = 0

If y∼ c z−2, then c≠0 and

5 z2y3 +y2 +3 z3y− z
1−z = (5 c3 + c2)z−4 +o(z−4).

If the right-hand side vanishes, then
5 c3 + c2 = 0.

N(c)=5 c3 + c2 is the NewtonNewtonNewton polynomialpolynomialpolynomial for z−2.
− /1 5z−2 is a starting term for the equation. degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

The starting terms for the equation are:
• z /1 2

• −z /1 2

• − /1 5z−2
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Assume y∼z /1 2 and peform the change of variables

y = z /1 2 + ỹ
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Assume y∼z /1 2 and consider

y = z /1 2 + ỹ (ỹ≺z /1 2).

RefinementRefinementRefinement≔≔≔ change of variable
+

asymptotic constraint
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5 z2y3 +y2 +3 z3y− z
1−z = 0

The refinement

y = z /1 2 + ỹ (ỹ≺z /1 2).
yields

5 z2 ỹ3

+(1+15 z2 /1 2) ỹ2

+(2 z /1 2 +18 z2 /1 2) ỹ
−z2−z3 +8 z3 /1 2−z4− ⋅ ⋅ ⋅ = 0, (ỹ≺z /1 2). degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

The refinement

y = z /1 2 + ỹ (ỹ≺z /1 2).
yields

5 z2 ỹ3

+(1+15 z2 /1 2) ỹ2

+(2 z /1 2 +18 z2 /1 2) ỹ
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5 z2y3 +y2 +3 z3y− z
1−z = 0

The refinement

y = z /1 2 + ỹ (ỹ≺z /1 2).
yields

5 z2 ỹ3

+(1+15 z2 /1 2) ỹ2

+(2 z /1 2 +18 z2 /1 2) ỹ
−z2−z3 +8 z3 /1 2−z4− ⋅ ⋅ ⋅ = 0, (ỹ≺z /1 2).

Only new starting monomial: ỹ≍z /3 2.

degy

Γ

0

-1

-1

-1

18

5

1
2

15

8



RefinementsRefinementsRefinements 141414///272727

5 z2y3 +y2 +3 z3y− z
1−z = 0

The refinement

y = z /1 2 + ỹ (ỹ≺z /1 2).
yields

5 z2 ỹ3

+(1+15 z2 /1 2) ỹ2

+(2 z /1 2 +18 z2 /1 2) ỹ
−z2−z3 +8 z3 /1 2−z4− ⋅ ⋅ ⋅ = 0, (ỹ≺z /1 2).

Only new starting monomial: ỹ≍z /3 2.
Only new starting monomial: ỹ≍ /1 2z /3 2.
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Continued refinement process

y = z /1 2 + ỹ (ỹ≺z /1 2)
ỹ = /1 2z /3 2 + ỹ̃ (ỹ̃≺z /3 2)

⋅⋅⋅
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Continued refinement process

y = z /1 2 + ỹ (ỹ≺z /1 2)
ỹ = /1 2z /3 2 + ỹ̃ (ỹ̃≺z /3 2)

⋅⋅⋅
yields asymptotic expansion

y ≈ z /1 2 + /1 2z /3 2 + ⋅ ⋅ ⋅.
degy
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5 z2y3 +y2 +3 z3y− z
1−z = 0

Continued refinement process

y = z /1 2 + ỹ (ỹ≺z /1 2)
ỹ = /1 2z /3 2 + ỹ̃ (ỹ̃≺z /3 2)

⋅⋅⋅
yields asymptotic solution

y = z /1 2 + /1 2z /3 2 + ⋅ ⋅ ⋅ ?
degy
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P(y) = 5 z2y3 +y2 +3 z3y− z
1−z

MultiplicativeMultiplicativeMultiplicative conjugateconjugateconjugate by z /1 2

P×z /1 2(y) ≔ P(z /1 2y)
= 5 z3 /1 2y3 +zy2 +3 z3 /1 2y− z

1−z
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z /1 2 is a starting monomial for

P(y) = 5 z2y3 +y2 +3 z3y− z
1−z = 0

⟺ 1 is a starting monomial for

P×z /1 2(y) = 5 z3 /1 2y3 +zy2 +3 z3 /1 2y− z
1−z = 0.
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z /1 2 is a starting monomial for

P(y) = 5 z2y3 +y2 +3 z3y− z
1−z = 0

⟺ 1 is a starting monomial for

P×z /1 2(y) = 5 z3 /1 2y3 +zy2 +3 z3 /1 2y− z
1−z = 0.
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z /1 2 is a starting monomial for

P(y) = 5 z2y3 +y2 +3 z3y− z
1−z = 0

⟺ 1 is a starting monomial for

P×z /1 2(y) = 5 z3 /1 2y3 +zy2 +3 z3 /1 2y− z
1−z = 0.
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K[[zΓ]][Y] ⊆ K[Y][[zΓ]]
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K[[zΓ]][Y] ⊆ K[Y][[zΓ]]

WedefineDP∈K[Y] to be the dominant coefficient of P∈K[[zΓ]][Y]≠0 as a series in z:
P = DP𝔡P+o(𝔡P).
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K[[zΓ]][Y] ⊆ K[Y][[zΓ]]

WedefineDP∈K[Y] to be the dominant coefficient of P∈K[[zΓ]][Y]≠0 as a series in z:
P = DP𝔡P+o(𝔡P).

CharacterizationCharacterizationCharacterization ofofof startingstartingstarting monomialsmonomialsmonomials

z𝜈 is a starting monomial for P(y) = 0 ⟺ DP×z𝜈 is not homogeneous.



StartingStartingStarting termstermsterms revisitedrevisitedrevisited 161616///272727

K[[zΓ]][Y] ⊆ K[Y][[zΓ]]

WedefineDP∈K[Y] to be the dominant coefficient of P∈K[[zΓ]][Y]≠0 as a series in z:
P = DP𝔡P+o(𝔡P).

CharacterizationCharacterizationCharacterization ofofof startingstartingstarting monomialsmonomialsmonomials

z𝜈 is a starting monomial for P(y) = 0 ⟺ DP×z𝜈 is not homogeneous.

NewtonNewtonNewton polynomialspolynomialspolynomials
NP×z𝜈 ≔DP×z𝜈 is the Newton polynomial associated to z𝜈.



StartingStartingStarting termstermsterms revisitedrevisitedrevisited 161616///272727

K[[zΓ]][Y] ⊆ K[Y][[zΓ]]

WedefineDP∈K[Y] to be the dominant coefficient of P∈K[[zΓ]][Y]≠0 as a series in z:
P = DP𝔡P+o(𝔡P).

CharacterizationCharacterizationCharacterization ofofof startingstartingstarting monomialsmonomialsmonomials

z𝜈 is a starting monomial for P(y) = 0 ⟺ DP×z𝜈 is not homogeneous.

NewtonNewtonNewton polynomialspolynomialspolynomials
NP×z𝜈 ≔DP×z𝜈 is the Newton polynomial associated to z𝜈.

CharacterizationCharacterizationCharacterization ofofof startingstartingstarting termstermsterms

c z𝜈 is a starting term for P(y) = 0 ⟺ NP×z𝜈(c) = 0. (c≠0)
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P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆)))
deg≺z𝛾 P ≔ valNP×z𝛾



NewtonNewtonNewton degreedegreedegree 171717///272727

P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆)))
deg≺z𝛾 P ≔ valNP×z𝛾

ExampleExampleExample:::
P(y) = 0 (y≺z−2).

deg≺z−2 P = val (5Y3 +Y2) = 2
degy
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NewtonNewtonNewton degreedegreedegree 171717///272727

P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆)))
deg≺z𝛾 P ≔ valNP×z𝛾

= max
z𝜈≺z𝛾

degNP×z𝜈

ExampleExampleExample:::
P(y) = 0 (y≺z−2).

deg≺z−2 P = val (5Y3 +Y2)
= degY2 = 2

degy
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P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆)))
deg≺z𝛾 P ≔ valNP×z𝛾

= max
z𝜈≺z𝛾

degNP×z𝜈

ExampleExampleExample:::
P(y) = 0 (y≺z−2).

deg≺z−2 P = val (5Y3 +Y2)
= degY2 = 2

degy
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NewtonNewtonNewton degreedegreedegree 171717///272727

P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆))) (if valY P<deg≺z𝛾 P)
deg≺z𝛾 P ≔ valNP×z𝛾

= max
z𝜈≺z𝛾

degNP×z𝜈

= max
starting monomial z𝜈≺z𝛾

degNP×z𝜈

ExampleExampleExample:::
P(y) = 0 (y≺z−2).

deg≺z−2 P = val (5Y3 +Y2)
= degY2

= deg (Y2 +2Y) = 2

degy
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NewtonNewtonNewton degreedegreedegree 171717///272727

P(y) = 0 (y≺z𝛾). (⋆)

NewtonNewtonNewton degreedegreedegree ofofof (((⋆⋆⋆))) (if valY P<deg≺z𝛾 P)
deg≺z𝛾 P ≔ valNP×z𝛾

= max
z𝜈≺z𝛾

degNP×z𝜈

= max
starting monomial z𝜈≺z𝛾

degNP×z𝜈

ExampleExampleExample:::
P(y) = 0 (y≺z−2).

deg≺z−2 P = val (5Y3 +Y2)
= degY2

= deg (Y2 +2Y) = 2

degy
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AdditiveAdditiveAdditive conjugationconjugationconjugation 181818///272727

Given P∈K[[zΓ]][Y] and 𝜑∈K[[zΓ]], the additiveadditiveadditive conjugateconjugateconjugate of P by 𝜑 is

P+𝜑(y) ≔ P(𝜑+y)

Let N∈K[Y]≠0 and let c∈K. Then
valN+c = multiplicity of c as a root of N

Let c1, . . . , cℓ∈K be the roots of N. Since K is algebraically closed, we have

degN = valN+c1 + ⋅ ⋅ ⋅ +valN+cℓ.



RefinementsRefinementsRefinements revisitedrevisitedrevisited 191919///272727

Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.
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Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.

If valY P=d, then y=0 is a solution of multiplicity d.



RefinementsRefinementsRefinements revisitedrevisitedrevisited 191919///272727

Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.

Assume that valY P<d and let z𝜈 be the largest starting monomial. We have

d = degN, N ≔ NP×z𝜈.



RefinementsRefinementsRefinements revisitedrevisitedrevisited 191919///272727

Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.

Assume that valY P<d and let z𝜈 be the largest starting monomial. We have

d = degN, N ≔ NP×z𝜈.

Let c1, . . . , cℓ∈K be the roots of N. Then
d = degN = valN+c1 + ⋅ ⋅ ⋅ +valN+cℓ.



RefinementsRefinementsRefinements revisitedrevisitedrevisited 191919///272727

Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.

Assume that valY P<d and let z𝜈 be the largest starting monomial. We have

d = degN, N ≔ NP×z𝜈.

Let c1, . . . , cℓ∈K be the roots of N. Then
d = degN = valN+c1 + ⋅ ⋅ ⋅ +valN+cℓ.

For any 𝛼∈K, we have P×z𝜈,+𝛼 =P+𝛼z𝜈,×z𝜈 and NP+𝛼 =NP,+𝛼, whence

valN+ci = valNP+ciz𝜈,×z𝜈 = deg≺z𝜈 P+ciz𝜈.



RefinementsRefinementsRefinements revisitedrevisitedrevisited 191919///272727

Consider an equation P(y)=0, y≺z𝛾 of Newton degree d:

d = deg≺z𝛾 P.

Assume that valY P<d and let z𝜈 be the largest starting monomial. We have

d = degN, N ≔ NP×z𝜈.

Let c1, . . . , cℓ∈K be the roots of N. Then
d = degN = valN+c1 + ⋅ ⋅ ⋅ +valN+cℓ.

For any 𝛼∈K, we have P×z𝜈,+𝛼 =P+𝛼z𝜈,×z𝜈 and NP+𝛼 =NP,+𝛼, whence

valN+ci = valNP+ciz𝜈,×z𝜈 = deg≺z𝜈 P+ciz𝜈.
Hence

d = deg≺z𝜈 P+c1z𝜈 + ⋅ ⋅ ⋅ +deg≺z𝜈 P+cℓz𝜈.



RefinementsRefinementsRefinements revisitedrevisitedrevisited——— conclusionconclusionconclusion 202020///272727

Consider an asymptotic algebraic equation

P(y) = 0 (y≺z𝛾),

with valY P< deg≺z𝛾 P and let z𝜈 be the largest starting monomial. Let c1, . . . , cℓ be the
roots of N≔NP×z𝜈, so that each ci determines a refined equation

P+ciz𝜈(ỹ) = 0 (ỹ≺z𝜈).

If K is algebraically closed, then

deg≺z𝛾 P = deg≺z𝜈 P+c1z𝜈 + ⋅ ⋅ ⋅ +deg≺z𝜈 P+cℓz𝜈.

ConservationConservationConservationConservationConservation ofofofofof NewtonNewtonNewtonNewtonNewton degreedegreedegreedegreedegree



QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

The equation
P(y) = 0 (y≺z𝛾)

is quasiquasiquasi---linearlinearlinear if deg≺z𝛾 P=1.

DefinitionDefinitionDefinitionDefinitionDefinition

degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Γ

2
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4
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Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)

Without loss of generality, we may arrange that

valN×z𝛾 = degN×z𝛾 = 1.

Γ

2

-6

4
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Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)

degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾.

Then (⋆) is equivalent to
Q(u) = 0 (u≺1)

We have deg≺1 Q=valNQ=degNQ=1.
degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾.

Then (⋆) is equivalent to
Q(u) = 0 (u≺1)

We have deg≺1 Q=valNQ=degNQ=1.
degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾

R ≔ 𝔡Q
−1Q.

Then (⋆) is equivalent to
R(u) = 0 (u≺1)

We have deg≺1 R=valNR=degNR=1 and 𝔡R=1. degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾

R ≔ 𝔡Q
−1Q.

Then (⋆) is equivalent to
R(u) = 0 (u≺1)

We have deg≺1 R=valNR=degNR=1 and 𝔡R=1.

The polynomial R is in HenselHenselHensel positionpositionposition.

degy

Γ

2

4-6



QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾

R ≔ 𝔡Q
−1Q

S ≔ NR,1
−1R.

Then (⋆) is equivalent to
S(u) = 0 (u≺1)

We have valNS=degNS=1, 𝔡S=1, and NS,1 =1.
degy
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QuasiQuasiQuasi---linearlinearlinear equationsequationsequations 212121///272727

Consider a quasi-linear equation

P(y) = 0 (y≺z𝛾) (⋆)
Let

y ≔ z𝛾u
Q ≔ P×z𝛾

R ≔ 𝔡Q
−1Q

S ≔ NR,1
−1R

T ≔ Y−S.
Then (⋆) is equivalent to

u = T(u) (u≺1)
We have T≺1. u=−3 z+2 zu3 +O(z2)

degy
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FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

UniquenessUniquenessUniqueness proofproofproof... Clear from the following lemma.



FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

UniquenessUniquenessUniqueness proofproofproof... Clear from the following lemma.

Given 𝜑,𝜀≺1 in K[[z𝛾]], we have
P(𝜑+𝜀)−P(𝜑) ≺ 𝜀.

LemmaLemmaLemmaLemmaLemma
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

UniquenessUniquenessUniqueness proofproofproof... Clear from the following lemma.

Given 𝜑,𝜀≺1 in K[[z𝛾]], we have
P(𝜑+𝜀)−P(𝜑) ≺ 𝜀.

LemmaLemmaLemmaLemmaLemma

P(𝜑+𝜀)−P(𝜑) = P′(𝜑)𝜀+ 1
2 P′′(𝜑)𝜀2 + ⋅ ⋅ ⋅ ≺ 𝜀.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then
y = P(y) (y≺1)

has a unique solution y∈K[[zΓ]].

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.



FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.



FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.
We claim that y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.
We claim that y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.

Note that supp y≻𝔪 ⊆𝔖 and supp (y≻𝔪−P(y≻𝔪))⊆𝔖.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.
We claim that y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.

Note that supp y≻𝔪 ⊆𝔖 and supp (y≻𝔪−P(y≻𝔪))⊆𝔖.
Given 𝔫∈𝔖 with 𝔫≻𝔪, we have y≻𝔪−P(y≻𝔪)=y≽𝔫−P(y≽𝔫)+o(𝔫)≺𝔫.



FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.
Then y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.

Assume that y≽𝔫−P(y≽𝔫)≺𝔫 for all 𝔫∈𝔖 with 𝔫≽𝔪.
Then y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.
Take y𝔪 ≔P(y≻𝔪)𝔪.
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Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
We proceed by transfinite induction.
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Then y≻𝔪 ≔∑𝔫≻𝔪 y𝔫 𝔫 satisfies y≻𝔪−P(y≻𝔪)≼𝔪.
Take y𝔪 ≔P(y≻𝔪)𝔪.
Then y≽𝔪 =y≻𝔪 +y𝔪 𝔪, whence P(y≽𝔪)=P(y≻𝔪)+o(𝔪).



FixedFixedFixed pointpointpoint theoremtheoremtheorem 222222///272727

Let P∈K[[zΓ]][Y] be such that P≺1. Then y=P(y) has a unique solution in K[[zΓ]]≺1.
TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖≔ (supp P)∗ = (supp P0 ∪ ⋅ ⋅ ⋅ ∪supp PdegP)∗.
For each 𝔪∈𝔖, let us construct y𝔪 ∈K and y≽𝔪 ≔∑𝔫≽𝔪 y𝔫 𝔫 with y≽𝔪−P(y≽𝔪)≺𝔪.
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
We admit Kruskal's theorem: the set 𝔖⊤ is well-based for some natural ≼.
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
We admit Kruskal's theorem: the set 𝔖⊤ is well-based for some natural ≼.
For each T∈𝔖⊤, we recursively define a term 𝜏T by

T = 𝔪

T1 ⋅ ⋅ ⋅ Tk

⟹ 𝜏T ≔ Pk,𝔪 𝔪𝜏T1 ⋅ ⋅ ⋅ 𝜏Tk.
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
We admit Kruskal's theorem: the set 𝔖⊤ is well-based for some natural ≼.
For each T∈𝔖⊤, we recursively define a term 𝜏T by

T = 𝔪

T1 ⋅ ⋅ ⋅ Tk

⟹ 𝜏T ≔ Pk,𝔪 𝔪𝜏T1 ⋅ ⋅ ⋅ 𝜏Tk.

The map T↦𝜏T is increasing, so (𝜏T)T∈𝔖⊤ is well-based.
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Let 𝔐 be a monomial monoid and let P∈K[[𝔐]][Y] be such that P≺1 (i.e. suppP≺1).
Then y=P(y) has a unique solution in K[[𝔐]]≺1.

TheoremTheoremTheoremTheoremTheorem

ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
We admit Kruskal's theorem: the set 𝔖⊤ is well-based for some natural ≼.
For each T∈𝔖⊤, we recursively define a term 𝜏T by

T = 𝔪

T1 ⋅ ⋅ ⋅ Tk

⟹ 𝜏T ≔ Pk,𝔪 𝔪𝜏T1 ⋅ ⋅ ⋅ 𝜏Tk.

The map T↦𝜏T is increasing, so (𝜏T)T∈𝔖⊤ is well-based.
Now y=∑T∈𝔖⊤ 𝜏T satisfies y=P(y) and y≺1.
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ExistenceExistenceExistence proofproofproof... Let 𝔖=supp P and let 𝔖⊤ be the set of finite 𝔖-labeled trees.
We admit Kruskal's theorem: the set 𝔖⊤ is well-based for some natural ≼.
For each T∈𝔖⊤, we recursively define a term 𝜏T by

T = 𝔪

T1 ⋅ ⋅ ⋅ Tk

⟹ 𝜏T ≔ Pk,𝔪 𝔪𝜏T1 ⋅ ⋅ ⋅ 𝜏Tk.

The map T↦𝜏T is increasing, so (𝜏T)T∈𝔖⊤ is well-based.
Now y=∑T∈𝔖⊤ 𝜏T satisfies y=P(y) and y≺1. Indeed:

P(y) = �
k∈N

�
𝔪∈𝔖

Pk,𝔪 𝔪yk = �
k∈N

�
𝔪∈𝔖

�
T1∈𝔖⊤

⋅ ⋅ ⋅ �
Tk∈𝔖⊤

Pk,𝔪 𝔪𝜏T1 ⋅ ⋅ ⋅ 𝜏Tk

= �
T∈𝔖⊤

𝜏T = y. □
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Consider the equation
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Consider the equation

(y− 1
1−z)2 = z1000.

There is a unique starting term y∼1.
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Consider the equation

(y− 1
1−z)2 = z1000.

There is a unique starting term y∼1. After

y = 1+ ỹ (ỹ≺1),
we obtain

(ỹ− z
1−z)2 = z1000 (ỹ≺1).

deg ỹ

Γ
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Consider the equation

(y− 1
1−z)2 = z1000.

There is a unique starting term y∼1. After

y = 1+ ỹ (ỹ≺1),
we obtain

(ỹ− z
1−z)2 = z1000 (ỹ≺1).

There is a unique starting term ỹ∼z. After

ỹ = z+ ỹ̃ (ỹ̃≺z),
we obtain

(ỹ̃− z2

1−z)2 = z1000 (ỹ̃≺z)

deg ỹ̃

Γ

1

1
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P(y) = 0 (y≺z𝛾)

with unique d-fold starting term y∼ c z𝜈.
Then NP×z𝜈 =𝛼 (Y− c)d, where d=deg≺z𝛾 P.
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P(y) = 0 (y≺z𝛾)

with unique d-fold starting term y∼ c z𝜈.
Then NP×z𝜈 = (Y− c)d, where d=deg≺z𝛾 P.

NoteNoteNote::: charK=0⟹NP×z𝜈,d−1 =−dc≠0⟹Pd−1 ≠0.
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P(y) = 0 (y≺z𝛾)

with unique d-fold starting term y∼ c z𝜈.
Note: charK=0⟹Pd−1 ≠0.

𝜑: the unique solution of the quasi-linear equation

Q(𝜑) ≔ ∂d−1 P
∂Yd−1 (𝜑) (𝜑≺z𝛾)

deg𝜑

Γ

2
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𝜑: the unique solution of the quasi-linear equation

Q(𝜑) ≔ ∂d−1 P
∂Yd−1 (𝜑) (𝜑≺z𝛾)

Consider the refinement
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P(y) = 0 (y≺z𝛾)

with unique d-fold starting term y∼ c z𝜈.
NoteNoteNote::: charK=0⟹Pd−1 ≠0.
𝜑: the unique solution of the quasi-linear equation

Q(𝜑) ≔ ∂d−1 P
∂Yd−1 (𝜑) (𝜑≺z𝛾)

Consider the refinement
y = 𝜑+ ỹ (ỹ≺z𝜈)

Then
P+𝜑(ỹ) = P(𝜑)+P′(𝜑) ỹ+ ⋅ ⋅ ⋅ = 0 (ỹ≺z𝜈),

whence P+𝜑,d−1 =0
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Γ

1
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AlgorithmAlgorithmAlgorithm solvesolvesolve(((PPP,,, zzzγγγ)))
INPUT: P∈K[[zΓ]][Y] and z𝛾 ∈zΓ with d≔deg≺z𝛾 P>0 and charK=0
OUTPUT: solutions y1, . . . ,yd∈K[[zΓ]] of P(y)=0,y≺z𝛾, counted with multiplicities
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AlgorithmAlgorithmAlgorithm solvesolvesolve(((PPP,,, zzzγγγ)))
INPUT: P∈K[[zΓ]][Y] and z𝛾 ∈zΓ with d≔deg≺z𝛾 P>0 and charK=0
OUTPUT: solutions y1, . . . ,yd∈K[[zΓ]] of P(y)=0,y≺z𝛾, counted with multiplicities

• If valY P=d, then return 0, . . .d× , 0.
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INPUT: P∈K[[zΓ]][Y] and z𝛾 ∈zΓ with d≔deg≺z𝛾 P>0 and charK=0
OUTPUT: solutions y1, . . . ,yd∈K[[zΓ]] of P(y)=0,y≺z𝛾, counted with multiplicities

• If valY P=d, then return 0, . . .d× , 0.
• If d=1, then P(y)=0,y≺z𝛾 is quasi-linear; return its unique solution
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• If d=1, then P(y)=0,y≺z𝛾 is quasi-linear; return its unique solution
• Let z𝜈 be the largest starting monomial and let c1, . . . , cℓ be the roots of NP×z𝛾
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• If ℓ=1, then
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∂Yd−1 ,z𝛾)
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• For i=1, . . . , ℓ, compute yi,1, . . . ,yi,di ≔solve(P+ciz𝜈,z𝜈)
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AlgorithmAlgorithmAlgorithm solvesolvesolve(((PPP,,, zzzγγγ)))
INPUT: P∈K[[zΓ]][Y] and z𝛾 ∈zΓ with d≔deg≺z𝛾 P>0 and charK=0
OUTPUT: solutions y1, . . . ,yd∈K[[zΓ]] of P(y)=0,y≺z𝛾, counted with multiplicities

• If valY P=d, then return 0, . . .d× , 0.
• If d=1, then P(y)=0,y≺z𝛾 is quasi-linear; return its unique solution
• Let z𝜈 be the largest starting monomial and let c1, . . . , cℓ be the roots of NP×z𝛾

• If ℓ=1, then
∘ Compute 𝜑≔solve(∂d−1 P

∂Yd−1 ,z𝛾)
∘ Compute ỹ1, . . . , ỹd≔solve(P+𝜑,z𝜈)
∘ Return 𝜑+ ỹ1, . . . ,𝜑+ ỹd

• For i=1, . . . , ℓ, compute yi,1, . . . ,yi,di ≔solve(P+ciz𝜈,z𝜈)
• Return y1,1, . . . ,y1,d1, . . . ,yℓ,1, . . . ,yℓ,dℓ
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Let K be a field of characteristic zero.

Let P∈K[[zΓ]][Y]≠0 and z𝛾 ∈zΓ. If K is algebraically closed and Γ divisible, then
P(y) = 0 (y≺z𝛾)

has exactly deg≺z𝛾 P solutions in K[[zΓ]], when counting with multiplicities.

TheoremTheoremTheoremTheoremTheorem
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��� Generalizations to K[[zΓ]]𝒮 and K[[zΓ]]ℒ instead of K[[zΓ]].
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