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Let L € K(2)[d] be a linear differential operator, where K is the field of algebraic
numbers. A holonomic function over K is a solution f to the equation L f=0. We
will also assume that f admits initial conditions in K at a non-singular point z € K.

Given a broken-line path 7=z ~+z’ between z and z’, which avoids the singularities
of L and with vertices in K, we have shown in a previous paper [Hoeven, 1999] how to
compute n digits of the analytic continuation of f along v in time O(nlog®nloglogn).
In a second paper [Hoeven, 2001b], this result was generalized to the case when 2z’ is
allowed to be a regular singularity, in which case we compute the limit of f when we
approach the singularity along ~.

In the present paper, we treat the remaining case when the end-point of v is an
irregular singularity. In fact, we will solve the more general problem to compute
“singular transition matrices” between non standard points above a singularity and
regular points in K near the singularity. These non standard points correspond to
the choice of “non-singular directions” in Ecalle’s accelero-summation process.

We will show that the entries of the singular transition matrices may be approx-
imated up to n decimal digits in time O(nlog*nloglogn). As a consequence, the
entries of the Stokes matrices for L at each singularity may be approximated with
the same time complexity.

1. INTRODUCTION

Definitions

Let K be a subfield of C. A holonomic function over KK is a solution f to a linear differential
equation L f =0, where L=0"+ L,_10" "'+ --- + Ly € K(2)[0] is a monic linear differ-
ential operator of order r. Many classical special functions, such as exp, log, sin, cos, erf,
hypergeometric functions, Bessel functions, the Airy function, etc. are holonomic. More-
over, the class of holonomic functions is stable under many operations, such as addition,
multiplication, differentiation, integration and postcomposition with algebraic functions.
In the sequel, and unless stated otherwise, we will assume that K is the field of algebraic
numbers. We will say that f has initial conditions in K if F(2)=(f(2),..., f7(2)) e K"
for a certain non-singular point z € K.



2 EFFICIENT ACCELERO-SUMMATION OF HOLONOMIC FUNCTIONS

In this paper, we will be concerned with the efficient multidigit evaluation of limits of
holonomic functions at irregular singularities. For this, it will be convenient to introduce
some terminology. We say that z € C is effective, if there exists an approximation algorithm,
which takes e € Q~ on input and which returns a dyadic approximation Z € (Z + 1 %) 2%
with |Z — z| <e. Inside a computer, an effective complex number z is represented as an
object with a method which corresponds to its approximation algorithm [Hoeven, 2005].
We denote by C°f the set of effective complex numbers.

The time complezity of z € C°T is the time complexity of its approximation algorithm,
expressed in terms of n = —loge. If an approximation algorithm has time complexity
T(n), then we call it a T'(n)-approximation algorithm. An effective number is said to
be fast, if it admits an approximation algorithm with a time complexity of the form
O(nlog®Mn). We denote by €25t the set of such numbers. A partial function f: (Cf)"—
C°f is said to be fast if it maps (Cfa‘St)" into €t For instance, multiplication is fast
[Schénhage and Strassen, 1971], since two n-bit numbers can be multiplied in time M (n) =
O(nlognloglogn). Implicitly defined functions in terms of fast functions, like division, are
also fast, as a result of Newton’s method.

Whenever the coefficients of L admit singularities, then solutions f to Lf =0 are
typically multivalued functions on a Riemann surface. From an effective point of view,
points on such a Riemann surface may be addressed via broken-line paths y=z~» 2z =29 —
z1— -+ — z; starting at the point z = zg where we specified the initial conditions for f. Each
straight-line segment z; — z; 11 should be sufficiently short, so that the disk with center z;
and radius |z;11 — z;| contains no singularities. Given such a path, we will denote by f(~)
the evaluation of f at the endpoint 2’ of ~, as obtained via analytic continuation.

Previous work

It was first noticed by Brent [Brent, 1976a, Section 6] that the constant e admits an
efficient O(M (n)logn)-approximation algorithm based on binary splitting. This result was
obtained by analogy with Schonhage’s fast algorithm for radix conversion. The paper also
mentions efficient algorithms for the computation of more general exponentials, although
this direction was not investigated in more detail, probably because even more efficient
O(M (n) log n)-algorithms were discovered shortly afterwards [Brent, 1976b].

The binary splitting algorithm was generalized to arbitrary holonomic over @Q
in [Chudnovsky and Chudnovsky, 1990]. It was shown there that, given a holonomic func-
tion f over Q@ with initial conditions in @, and a broken-line path v =z~ 2’ as above
with 2, 2’ € Q, the number f(v) admits an O(M (n)log?n)-approximation algorithm. In
the case when 2z’ is a more general effective number with a 7T'(n)-approximation algo-
rithm, it was also shown that f(7) admits an O(T(n+ O(1)) + M (n)log®n)-approximation
algorithm. In particular, the restriction of a holonomic function to an open domain of
C°f is fast. By what precedes, this result is extremely interesting for the efficient multidigit
evaluation of many special functions. Special cases and a few extensions were rediscov-
ered independently by several authors [Karatsuba, 1991; Karatsuba, 1993; Karatsuba,
1995; Karatsuba, 2000; Hoeven, 1997; Hoeven, 1999; Haible and Papanikolaou, 1997].

Remark 1.1. An early hint to the existence of fast algorithms for the evaluation of holo-
nomic functions occurred in [Gosper and Schroeppel, 1972]. It is plausible that the authors
had something like the binary splitting algorithm in mind (the announced complexity is
the right one up to a factor O(loglogn)), but no details are provided.
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Our first paper [Hoeven, 1999] on the subject contained three improvements with
respect to [Chudnovsky and Chudnovsky, 1990]. First, we noticed the possibility to work
over the algebraic numbers K instead of @), which allows for the fast evaluation of constants
like T'(1/2). Secondly, we improved the above factor of log®n (for the evaluation in arbi-
trary points) to logZnloglogn. Finally, the evaluation of f(+) depends on a certain number
of bounds, which were assumed to exist empirically in [Chudnovsky and Chudnovsky,
1990]. In [Hoeven, 1999|, it was shown that all necessary bounds can be computed effec-
tively, as a function of the operator L and the path 7. Stated otherwise, we showed
that there exists an algorithm which takes L, v and the initial conditions for f at z on input,
and which computes f() (as an object with a O(M (n)log?n)-approximation algorithm).

In a second paper [Hoeven, 2001b|, we continued our studies by showing how to effi-
ciently evaluate the limit of f along a broken-line path v which ends in a regular singular
point 2z’. This extension allows for the efficient evaluation of multiple zeta values, Bessel
functions (whose initial conditions are specified in a regular singular point) and many other
interesting transcendental constants. Some special cases of this more general result were
obtained before in [Karatsuba, 1993; Karatsuba, 1995; Haible and Papanikolaou, 1997].

A related problem to the evaluation of f at the end-point of a broken line path = is
the computation of “transition matrices” along . Given a path 7=z~ 2’ from z to 2/, the
“initial conditions” F(z') = (f(2),..., f"~Y(2")) of f at 2’ depend linearly on the “initial
conditions” F(z) = (f(2),..., f"Y(2)) at z. Hence, when considering F(z) and F(z') as
column vectors, there exists a unique scalar matrix A, ,» = AL_ _, with

F(zY=A,., F(2),

which is called the transition matriz along v for L. The relation A, v = Ay n Ay
make transition matrices well-suited for the process of analytic continuation. Therefore,
most algorithms from [Chudnovsky and Chudnovsky, 1990; Hoeven, 1999] rely on the com-
putation of transition matrices. In [Hoeven, 2001b], this concept was further generalized
to the case when 7 is allowed to pass through regular singularities.

Main results

In this paper, we will be concerned with the computation of the limits of holonomic
functions in irregular singularities and, more generally, with the computation of generalized
transition matrices along paths which are allowed to pass through irregular singularities.
The algorithms are based on an effective counterpart of the accelero-summation process, as
introduced by Ecalle [Ecalle, 1987; Ecalle, 1992; Ecalle, 1993; Braaksma, 1991; Borel, 1928;
Ramis, 1978]. Since this process is not completely straightforward, let us first motivate its
use for our application.

Consider a holonomic function f with an irregular singularity at the origin. Assume
that f admits a (usually divergent) asymptotic expansion f= fo+ f1z+ --- € K[[z]] in
a sector S near the origin. Assume also that we have a bound B for |f(z)| on S. Given
z0€ SNIK, we are interested in computing I = f::)f(t) dt. Notice that ¢(z)= fzzof(t) dt is
a holonomic function, so the computation of I is a particular instance of the problem of
computing the limit of a holonomic function in an irregular singularity.

In order to find I € (Z+1%) 2% with |I — I| <e, for a given € € Q>, it clearly suffices to
compute ¢(z1) with precision /2 at a point z; with |z1|<e/(2 B). This can be done using
the analytic continuation algorithm from [Chudnovsky and Chudnovsky, 1990; Hoeven,
1999]. However, since the equation L f =0 may have other solutions g with growth rates of
the form log|g|=0(|1/z|¥) at z=0, the transition matrix between zy and z; may contain
entries of size e?((1/)") The computation of n= O(—loge) digits of I may therefore require
a time e9.
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The situation gets a bit better, if we want to compute J = fz(:)f(t) e/t dt instead of I,
where we assume that zp € R”. In that case, using a similar method as above, we may
choose z1 € Q~ with z; =0(—loge). Consequently, the computation of n=0(—loge) digits
of J requires a time O(n” log@™ n), where £ > 1. Although this already yields a polynomial
time algorithm, we are really interested in fast approximation algorithms.

Roughly speaking, the main result of this paper is that the computation of an arbitrary
limit of a holonomic function at an irregular singularity may be reduced to the computation
of a finite number of other, more special limits. These special limits, which are similar to J
above, with x =1, will be shown to admit fast O(M (n)log®n)-approximation algorithms.
More generally, we will generalize the concept of transition matrices, so as to allow for
broken-line paths through irregular singularities. In particular, Stokes matrices may be
seen as such “singular transition matrices”. We will both show that singular transition
matrices may be computed as a function of L and a singular broken-line path ~y, and that
their entries admit O(M (n)log®n)-approximation algorithms.

This result admits several interesting applications besides the computation of limits of
holonomic functions in singularities. For instance, we may consider solutions f to L f=0
with a prescribed asymptotic behaviour in one or several singularities and recover the func-
tion from these “singular initial conditions” and one or more singular transition matrices.
In [Hoeven, 2007a], it has also been shown that the possibility to compute the entries of
Stokes matrices can be used for the numeric computation of the differential Galois group
of L. In particular, we obtained an efficient algorithm for factoring L.

Our results can be compared to the only previous work on effective resummation that
we are aware of [Thomann, 1995]. First of all, the current paper has the advantage that all
necessary error bounds for guaranteeing a certain precision are computed automatically.
Secondly, the almost linear time complexity is far better than those achieved by other
numerical algorithms, like Taylor series expansions (of complexity ~O(n?), at best) or the

Runge-Kutta method (of complexity eo(%)).

Quick overview

Let us briefly outline the structure of this paper. In section 2, we begin with a survey
of the accelero-summation process. The idea is to give a meaning to the evaluation of a
divergent formal solution to L f =0 via a succession of transformations. We first make the
formal solution convergent at the origin by applying a formal Borel transform. We next
apply a finite number of integral transforms called “accelerations” followed by an a Laplace
transform. At the end, we obtain an analytic solution to L f =0 in a sector near the origin,
which admits the divergent formal solution as its asymptotic expansion.

The material in section 3 is more or less classical. We first recall the definition of the
Newton polygon of L in a singularity, as well as the relationship between its slopes and the
shape of formal solutions to L f =0. In particular, the steepest slope gives us information
about the maximal growth rate s of solutions. We next study the Newton polygons of
other operators related to L, like the operators which annihilate the Borel transforms of
solutions to L.

In section 4, we recall several stability properties [Stanley, 1980] for holonomic functions
and constants, as well as their effective counterparts. In particular, we will show that
the integrands involved in the accelero-summation procedure are holonomic and how to
compute vanishing operators for them. Using the results from section 3, these operators
will be seen to have the required growth rates at infinity.
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In sections 5, we show how to compute uniform bounds for the transition matrices
in suitable sectors near infinity. In section 6, these bounds will be used for the efficient
evaluation of integrals with exponential decrease. In section 7, the different techniques are
assembled into an effective and efficient accelero-summation procedure.

None of the algorithms in this paper have been implemented yet. Nevertheless, at least
some of the algorithms should be implemented inside the standard library of the upcoming
MATHEMAGIX system [Hoeven et al., 2002] and any help would be appreciated.

Notations

The following notations will frequently be used in this paper:

C Riemann surface of log

K Subset {z € K: 200} of K, with e {#,>,>}

DeryDe,r  Open and closed disks with center ¢ and radius r

S8 o Closed sector {z € C: largz — 0| < a, |z| <R} at the origin
SR Closed sector {z € C: largz — 0| < a, |z| > R} at infinity
f)’z Formal Borel transform w.r.t. z

ﬁﬁ, L9 Analytic Laplace transform w.r.t. z (for minors and majors)
Az,k/, Az i Acceleration operators (for minors and majors)

My, L Multiplicative conjugation of L with ef®

Py L Compositional conjugation of L with 2P

O,L Compositional conjugation of L with w z

Ag Transition matrix for L along

The operators B, £, £7, A%k/, A%k/ are defined in sections 2.1 and 2.2. The transfor-
mations M, P, and Q,, are introduced in sections 3.2 and 4.2.4. Transition matrices are
defined in section 4.3.

2. REMINDERS ON THE ACCELERO-SUMMATION PROCESS

In this section we survey the process of accelero-summation, give some explicit bounds for
the acceleration kernels, as well as the interpretation of the accelero-summation process
in terms of “majors”. We have aimed to keep our survey as brief as possible. It is more
elegant to develop this theory using resurgent functions and resurgence monomials [Ecalle,
1985; Candelberger et al., 1993]. For a more complete treatment, we refer to [Ecalle, 1987;
Ecalle, 1992; Ecalle, 1993; Braaksma, 1991; Martinet and Ramis, 1991].

2.1. The accelero-summation process

Let C[[zR7]] be the differential C-algebra of infinitesimal Puiseux series in z for § =z
and consider a formal power series solution f € O = C[[z2R7]][log 2] to a linear differential
equation over IK(z). When applicable, the process of accelero-summation enables to asso-
ciate an analytic meaning f to f in a sector near the origin of the Riemann surface C of
log, even in the case when f is divergent. Schematically speaking, we obtain f through a
succession of transformations:

f f
i o
lei ) ) T‘i (2.1)
— RN — _ —
fi A p) fo—1 o Ip
2 P
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Each f; is a “resurgent function” which realizes fi(z) = f(z) in the “convolution model”
with respect to the i-th “critical time” z; = k\/_ (with k;€ Q~ and k1> --- > k). In our case,
fl is an analytic function which admits only a finite number of smgularltles above C. In
general, the singularities of a resurgent function are usually located on a finitely generated

grid. Let us describe the transformations B, .AZ —z, and ﬁg;’ in more detail.

THE BOREL TRANSFORM We start by applying the formal Borel transform to the

series f1(z1)= f(z)= >, Tflﬁﬂnz‘f log"z € (D[[zgy]][log z1]. This transformation sends each
T1ngT ’

z{ log” z1 to

(B, 21 log" 21)(¢1) = 12( ) (o) log’ (1, (2.2)

where v(0)=1/T'(0), and extends by strong linearity:

FilG) = (B f)(G) = Y firo (Bey 27 log" 21)(C1),

ceQ>
relN

The result is a formal series fie¢t @[[GQ>]] [log ¢1] in ¢; which converges near the origin of
the Riemann surface C of the logarithm. The formal Borel transform is a morphism of differ-

ential algebras which sends multiplication to the convolution product, i.e. B,,( fg) = (B, f)*
(B, 9), and differentiation 9, to multiplication by —(. Intuitively speaking, the Borel
transform is inverse to the Laplace transform defined below.

ACCELERATIONS Given ¢ < p, the function f} is defined near the origin of C, can be
analytically continued on the axis e’ R> C €, and admits a growth of the form f}(g‘,) =
exp O(|Ci|ki/ (ki_ki“)) at infinity. The next function f;41 is obtained from f; by an accel-
eration of the form

Jirr(Cion) = (A%, J)(Cir) = /c G_iR>fi(Ci) Khikior (G Gir1) d G, (2.3)
ice’t
where the acceleration kernel K, kikiy 1 1S given by
N 1 c+ooi ’ . o
Kki,kHl(Cia C@'Jrl) = m/ . eCz+1Zz+1*Czszzl,+1
Cc— 001
_ 1 B Gi
- Q_HKsz/kz(W) (2.4)
R ( ) 1 c+ooi - ( )
Ky\() = —/ e~ dz. 2.5
271 c—ooi

For large ¢ € R”, we will show in section 2.4 below that
EA(Q) < Bexp(~C¢M/0~Y)

for some constants B, C > 0. It follows that the acceleration fl+1 of fl is well-defined
for small ;41 on el IR>, where ¢ =0; ki/ki+1. The set D; CR of directions 6 such fl
admits a singularity on e’ R> is called the set of Stokes directions at the i-th critical
time. Accelerations are morphisms of differential C- algebras which preserve the convolution
product. Intuitively speaking, one has Al =B E , where the Laplace transform

30 Zi— 241 ZZ+1
L is defined below.
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THE LAPLACE TRANSFORM The last function fp is defined near the origin of C, can
be analytically continued on the axis e’ R> C € and admits at most exponential growth
at infinity. The function f is now obtained using the analytic Laplace transform

SO =) = (EL i) = [ bl g, (2.6

For any sufficiently small z, with |arg z, — 6,| <7 /2, the value f(z)= fy(2p) is well defined.
The set D, of Stokes directions is defined in a similar way as in the case of accelerations.
The Laplace transform is a morphism of differential C-algebras which is inverse to the
Borel transform and sends the convolution product to multiplication.

Given tuples k= (ki,...,kp), 6 =(61,...,60p) of critical times k; > --- >k, in ~ and
directions 1 € R1:=R\Dy,...,0, e Rp:=R\ D,, we say that a formal power series feDis
accelero-summable in the multi-direction @ if the above scheme yields an analytic function
fi=sumgg f . For any o < k,n/2, this function is defined in a sufficiently small sector
near () of the form Skpgp,m r- We denote the set of accelero-summable power series of this
kind by O e.

The set O g forms a differential subring of © and the map frffor fe Oy, g is injec-
tive. If k’ and @' are obtained from k and 6 by inserting a new critical time and an arbitrary
direction, then we have Ok g & O gr. In particular, Ok g contains Oe, = C{ 2R J[log 2],
where C{{zR}} denotes the ring of convergent infinitesimal Puiseux series. Assuming
that each D; is finite modulo 2, and setting R :=R1 X --- X R, we also denote Og r =
ﬂﬂeR (Dk,ﬁ, (Dk, = U'R (Dk:,R and (Das = Uk: (Dk,.

Let € be the group of elements e” with P e K[zR7] and denote by $= 0O z¥[¢] the ring
of all polynomials of the form f= doece fee with f.€ © 2. The notion of accelero-summa-
tion extends to elements in % instead of O. Indeed, given g€ Oy 9,0 C, e= PR ¢ ¢,
we may simply take (sumg g g 27 ¢)(2) = (sumg,9g)(z) 27 ¢. It can be checked that this
definition is coherent when replacing § 2 by (2*§) 27" for some k € ). By linearity, we
thus obtain a natural differential subalgebra $y g C$ of accelero-summable transseries with

critical times k and in the multi-direction 8. We also have natural analogues 35 and 5.4
of O and O,4

2.2. Majors and minors

In general, the acceleration and Laplace integrands are both singular at zero and at infinity.
Much of the remainder of this paper is directly or indirectly concerned with the efficient
integration near infinity. This leaves us with the integration at zero. A classical trick is
to replace the integrand by a so called major. This allows us to replace the integral from
zero to a point u close to zero by a contour integral around zero from e 2™ 4 to u. We will
rapidly review this technique and refer to [Ecalle, 1985; Candelberger et al., 1993; Ecalle,
1992; Ecalle, 1993] for details.

Consider an analytic germ f near the origin 0 of the Riemann surface C of log. A major
for f is an analytic germ f with

F(O) = F(Q) = f(¢e?).

The minor f only depends on the class f of f modulo the set of regular germs at 0. We
call f a microfunction. Given a regular germ ¢, o € Q% and k € N, the minor

F(O) =9(¢) ¢ logh¢
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admits the major

7 ©(¢) ¢7 Pi(log () if ceN
- 1

T 9(Q) (7 P (log Q) if o ¢ N (2.7)

1
sargry logt T ¢+ o and Py g(log () =logF ¢+

More generally, if f is locally integrable in a sector containing a point « near 0, then

f<<>=‘—1/0"£f(f)§d£ (2.8)

is a major for f . The class of f does not depend on the choice of w.

for certain polynomials Py(log () =

Given majors f; for the fz from section 2.1, we may now replace (2.3) and (2.6) by

fiJrl(CiJrl) - fl(CZ) kukz-l»l(Ch C@Jrl)dcz (2~9)

Ho,
fp(Zp):(Eszp)(Zp) = /H Fo(G) e~/ d ¢, (2.10)

where Hy stands for the contour (see figure 2.1 below) which consists of H, from el0—2m)i

0—2m)i

00
to e ¢ (for some small € > 0), followed by Cy from e®=2™)i¢ around 0 to e?ie, and
Hy from e’ e to e oo

Using the formula (2.8) in combination with (2.9) leads to the direct expression

fix1(Gipr) = (AZZ,kiH F)(Gir)= [ filG) Ky ki 1(Gis Giv1) dGi (2.11)

Ho,

of f}+1 in terms of f;, where

Kki,ki+1(<’iu f) d

% U . . — _1 “
K(Giy Gig1) ="K (G, Git1) = 27:1/0 o 3
The integrals (2.11) and (2.10) further decompose into
fir1(CGir1) = . Fi(G) Kyotes 1 (G G1) d G+
fl((l) Kkzyk'z+1(cl7 CZ+1) d¢ (2~12)
o) = / FG e ag [ Gl (213)

More generally, differentiating m € N times w.r.t. (;41, we obtain the following formulas,
on which we will base our effective accelero-summation algorithms:

Fm(Giv) = /Cﬂ(@)f?éﬁim(@-,ci+1>d<@-+

H+fi(§i) K;(CT;;H(Q, Gi+1)dg (2.14)

ma Cp/zp ma —Cp/2p
e = [ BTG / o) e ag, (2.15)

Z
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In section 2.4 below, we will show that for u small enough, the kernel K (¢, Giy1) and its
derivatives in (;41 have the same order of decrease at infinity as K ({;, Git1)-

eié’i 00

Co,

7

Figure 2.1. Ilustrations of the contours for the acceleration and Laplace integrals. At the left,
the contour for the direct integrals (2.3) and (2.6) using minors. In the middle, the contour in the
case of majors (2.9) and (2.10). At the right hand side, we use majors for integration at 0 and
minors for the integration at infinity, as in (2.12) and (2.13).

2.3. Some elementary bounds
LEMMA 2.1. Given a € R and X >0 with X > 2 «, we have

D
/ e Tdr<2X*e X,
X

Proof. In the case when a <0, we have

[o@) D
/ xaezdnga/ e ?dr=X%%"X<2X% X,
X X

If >0, then consider the function ¢t = ¢(x) =x — alogz and its inverse x =1 (t). Given
X > 2a, we obtain

00 ) o0 —t
/ 20e~?dy = w/(t)etdt:/ e dt gy
X P(X) o)1 =5y

o
< 2/ e tdt=2X>e X,
%2}

(X)
O
1/A
LEMMA 2.2. Given az20, A>0, 6>2XA—1and X >0 withX2<2§J;2> / , we have
& 2
/ wBe—o dx < —XﬁH*)‘e*O‘XA;
X Oé)\

o0
A A
/ e " dr < Xe X,
X

1/A a1/
Proof. For X > (2?;2) / > (2%) / , the above lemma implies

00 00 BH1-A

A 1 2 A

phema® dr=—7pv r A e Tdr<—- XAl AgmaXT,
X )\O[iA aX aA
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The second relation easily follows from the first one by setting 3 =0. OJ

LEMMA 2.3. Let o, 3,6, X >0. Then
XﬁeaX< ﬁ ﬁe(a—I—e)X'
“\ee
Proof. This follows from the fact that the function z” e ¢ admits its minimum
at x=[/¢e. O

LEMMA 2.4. Given a>1 and X <2 «, we have

o
/ e ?dr<4e3 I (a)e X
X

Proof. By lemma 2.1, we have

oo
/ % Tdr<2a*tle ™42 (2a)%e 2,
b's

since z%e~* admits its maximum in x = . Furthermore,
20T e @4+ 2(2a)%e 20 <2 (et + 2% e X <4 e (a) e X,

The second inequality can be checked for small a by drawing the graph and it holds for
large a because of Stirling’s formula. OJ

LEMMA 2.5. Given A€ (0,1), a>1, 3>0 and X <[2(a+1—X\) /", we have

o0 da+4
/ e P dr <de > INES) e=BX*,
X A
Proof. Application of the previous lemma, after a change of variables. O

2.4. Explicit bounds for the acceleration kernels at infinity

LEMMA 2.6. Let A€ (0,1) and ¢ >0. Denote

s = (A
a = %)\
and assume s > 14. Then
N 8 s 1o
IKA(Q)] < A

e
VI=2X (cosa)/*

Proof. Let p(z) =z — (2" We will evaluate the integral (2.5) using the saddle point
method. In the neighbourhood of the saddlepoint s, we have

; — A1 1—A o 1 : " ; 2
p(s+ie) = 5T 5, € 2/0@ (s+it) (e —t)*dt,

P"(2) = —CA(1=\)(2—\) A3,



JORIS VAN DER HOEVEN 11

For z on [s, s +i4/s], we also have

3
10" (2)] < <ﬁ> CAA1=X)(2=))s*3

_< 1 >3<1—A><2—A>

o112 g2

9

For |e]| < /s, it follows that

L ATy 1 S1-N(2-)) 5
‘2/0@ (s+it)(t—e) dt‘ < < 1/2> 652 €

1—s
1—A 1 3,
€
343/2\ 1 _41/2
1—-A
< - 2
is °°
where the last bound follows from our assumption s> 14. We infer that
. 1—A
R(p(s +ie) —¢(s)) S =~
whence
/\/gesﬂ(eria:)—sa(s)dx < ‘/ooelzz_swdx‘ _ [Ams (2.16)
—\/5 oo 1—X
Now let w=s5(cosa)™/*> /5. We have
-5 e .
/ +/ ePFi0)=0(9) 4 2| < 2w, (2.17)
—w Ve

since R ¢(s+iz) admits a unique maximum at z =0. Furthermore,
R(C(s+ix)) = |z cosa,

for all x € R. Lemma 2.2 therefore implies

since w* > s* /cosa>25 "1 /cosa=2/(A(cosa). Putting the relations (2.16), (2.17)
and (2.18) together, we obtain

. 1, [4rns 4s 8s
[KA(Q)]e » "< 1_)\+(Cosa)l//\<\/1—)\(cosoz)1/)‘.

This completes the proof of our lemma. O

< 2weS —(eosa)e®) 9, (2.18)

LEMMA 2.7. Let A\=k;41/ki and assume that arg ;= Aarg (i1, argu=arg (j+1, 0<|u| <

‘Ci+1|/2 and
N 141*)\ 9 1-X\ N
. > [ - . .
|Cl/u\/max< 3 ,<1_)\> A > (2.19)

Then

22=m ) Y TS A

x (2.20)
T (cosTn)l/)‘ VI=X¢gnt

B (G G| <
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Proof. We first observe that
cm) e ey —mb [ ENG/€Y  dg
Kki,kiﬂ(c“ Gi+1) = 21 /0 (g_QH)mH?
_ —m! /Oo KA(f) %
203X Jeopr ((Gi/ €)Y = Gt €
For € > ¢;/u?, we also have |¢;/ €|V < |u| <|Cig1]/2, so that

m) >
2 m-+1
2mH2n A G

B (G G| < NG % (2.21)

Ciful

Setting o= (A n) /2, the lemmas 2.6 and 2.2 now imply

= e 48 8 /°° Ty g (AN dE

K — < A1=2re A —

Gifur (&) £ VI=X (cosa)/* Ci/uA( 2 3
16 A L2 (G )Y AN

€ )
(cosa) AT =X

because of the assumption (2.19). Combining this bound with (2.21), we obtain (2.20). [

3. DIFFERENTIAL OPERATORS AND NEWTON POLYGONS

3.1. Definition of the Newton polygon

Let K[2%] be the set of polynomials of the form P = P,, 2% + - -+ + Py, 2% with P,,,...,
P, €K7 and ay > --- > a;€ Q. If [#0, then we call v°°(P) = —a; the valuation of P at
infinity and oy = v°(P) the valuation of P at zero. If [ =0, then v*>°(P)=1v°(P) = +o0.
We write v =0 or v =v" when it is clear from the context whether we are working near
z=o00 or z=0.

Now consider a differential operator

L=L.6"+ -+ LocK[}Y[¥]  (L.#0),

where 6 =20 = z%. The support supp L of L is defined to be the set of all pairs (i, ) €

N x Q with L; o = (Li)a # 0. The Newton polygon (see figure 3.1) of L at infinity (resp.
zero) is the convex hull of

{(z,a+ey): (i,a) esupp L,0 <z <i,y >0},

where e = —1 (resp. e=1).

The boundary of the Newton polygon consists of two vertical halflines and a finite
number of edges. The outline of (the Newton polygon of) L is the sequence (i, ap),. ..,
(i1, o) of points with 0 =149 < --- <i;=r, such that the j-th edge of the Newton polygon
is precisely the segment which joins (ij_1, ;1) to (5, ;). We call

o= A
15— -1
the slope of the j-th edge. From the definition of the Newton polygon as a convex hull, it
follows that

U(Lk) — U(Ll'j) Z EUj (k‘ — ij)

for all k. We call k=rp=¢eo0;_1 the growth rate of L.
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Figure 3.1. Illustration of the Newton polygons at infinity and zero of the operator L = §* +
22263 — 2382+ (T2—32%) 6+ 1122

3.2. Operations on differential operators

3.2.1. Multiplicative conjugation
Given L € ]K[zQ] [0] and ¢ € ]K[ZQ]7 we define M, L to be the operator which is obtained
by substituting § + ¢ for § in L. For all f, we have
(Mg L)(f)=eT#2 (el ¥/ f).
In the case when ¢ € K, we have
supp M, L Csupp L+ (=N, 0).

In particular, the Newton polygon of M, L and L coincide, both at zero and infinity (see
figure 3.2). In general, only the slopes which are steeper than the exponent of the dominant
monomial of ¢ coincide.

Figure 3.2. Illustration of the Newton polygons at infinity of L from figure 3.1 and My M =
04+ (2224+8) 8%+ (1222 —23+24) 62+ (2422 — 722+ 72+32) 6 +2722— 1022 + 14 2 + 16.

3.2.2. Compositional conjugation
Let 7 € QF and consider the transformation Py: z— 2. If z=u", then

0 o 1 0

-
Z—=—= =
0z

U ——=—Uu——
ou™ T ou’
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so the transformation P, naturally extends to K[2®][§] by sending & to 771 6. We have
supp Pr L={(i,7): (i, ) Esupp L}.
Consequently, if
(0, @0), - - -, (1, 1)
is the outline of L, then
(10, T), - - -, (i1, TCvy)

is the outline of P L. In particular, kp_r=|7| kL. Of course, if 7 <0, then we understand
that the roles of infinity and zero are interchanged. In figure 3.3, we have illustrated the
effect of the transformation P on the Newton polygon.

Figure 3.3. Illustration of the Newton polygons at infinity of L from figure 3.1 and P19 L=
1604 41620% —423/262 + (1422 - 623/2) § + 11 2.

3.3. The Borel transform

Let us now consider the analogue of the formal Borel transform B from section 2.1 for
differential operators. It is classical that the formal Borel transform satisfies

B(z20.f) = (Bf;
B(z"'f) = 9:Bf.

for f € zIK[[2]]. Rewritten in terms of the operators J, =20, and d¢ = (0, this yields

BO-f) = (bc+1)Bf;
B(z"1f) = ((T)Bf.
This induces a natural K-algebra morphism B: K[z 71][d,] — K[¢71][d¢], by setting

Each term L; j276° of an operator L € K[z71][d,] gives rise to a contribution
B(Lij 27 0) = ¢ (Lyi0¢ 7 eimjr 077 o+ o)
to BL, for suitable constants ¢;—;_1,...,co € K. In particular,

supp B(Li ;29 6%) C (i — 4, j) + (—1,0) N.
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Let (ig, ), - - -, (i7, a7) be the outline of L at infinity and for all j, let

o
A 7
gj

:1—Jj'

If 0 <o <1, then the j-th edge gives rise to an edge with slope ¢; in the Newton polygon
of BL at zero. If o; > 1, then it gives rise to an edge with slope ; in the Newton polygon
of BL at infinity (see figure 3.4). In addition, if L, contains several terms, then the Newton
polygon of BL at infinity also contains an edge with slope —1.

|
o
o
Sl

— — — — _—— —— >

Figure 3.4. The left hand column shows the Newton polygons at infinity of the operators L =
o 7253 7%5 - % and PQL:%(;AL 281y f%. At the right hand side, we have drawn the

422 2z4

Newton polygons of their Borel transforms BL = (1 f%) 5+ (4,%,%) 53+ (67% f%) 52+
6, 8 _ 3 1\ 5 13 9 Ysa, (1, 7 \s3, (3, 3

(47+F)5+1and BPQL_(fTCfQCA)a +(ﬁf20f2€4)5 +(Z+w)5 +(§+ch

) 52+ (% + % + ‘é—‘:’) ) —i—% at infinity (the middle column) and at zero (the right hand column).

159
2¢*

3.4. Formal solutions

Having chosen whether we work near infinity or near the origin, let

O = K[[=*%]][log];
¢ = expK[zR7;
$ = (0:V)[e].

Given f €3, the set &y ={e € &: f.#0} is called the set of exponential parts of f, and the

number k¢ =max {—ea: eP@ e Er, P,#0}U{0} the growth rate of f. More generally given
a subvector space V of 3, we denote &y ={&: f €V} and Ky =max {ks: f €V}.

The Newton polygon provides a lot of information about the structure of the subvector
space Vr, C 5 of formal solutions to L f =0. In the sequel, we will use the following classical
consequences of the Newton polygon method:

THEOREM 3.1. Let L € K(2)[8]7 be monic, of order r and assume that K is algebraically
closed. Then the equation L f admits a full basis of solutions in $, i.e. dimVy=r. Moreover,
each basis element may be chosen so as to have a unique exponential part. O
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THEOREM 3.2. Let 01 < --- <0y be the slopes of the Newton polygon of L. Then

a) {/ff:fevzé}:{eal,...,eal}.

b) Ky, =KL. O

4. HOLONOMY

4.1. Holonomic functions in several variables

Let K be an algebraically closed subfield of C. Consider the coordinates z = (z1,..., z,) and
corresponding derivatives @ = (9, ...,0,) w.r.t. z1,..., 2. An analytic function f in z is
said to be holonomic over KK, if it satisfies a non-trivial linear differential equation L; f =0
with L; € K(z)[0;] for each i € {1,...,n}. Equivalently, we may require that K[9] f is a
finitely generated module over IK(z). The second criterion implies the following classical
proposition [Stanley, 1980]:
PROPOSITION 4.1. Let f and g be holonomic functions in z. Then

a) Any rational function in IK(z) is holonomic.

b) f+ g is a holonomic function.
¢) fg is a holonomic function.
d) 0; f is a holonomic function for alli€{1,...,n}.

)

Given a point uw on the Riemann-surface R of f, the specialization f(z,=u,) is
holonomic.

(&

f) Given algebraic functions g, ..., g, over K(z) the composition

folgr,--sgn): 2z f(g1(2),- .., gn(2))

1s holonomic.

Proof. The property (c) follows from the inclusion
K[9](fg) € (K[9] f) (K[8] g)

and the fact that the dimension of the right-hand side is finite over K(z). All other
properties are proved in a similar way. O

A more interesting closure property is the stability under definite integration. Consider
a holonomic function f in z and a point w on its Riemann surface R. Let R, be the
Riemann surface of the specialization f(z’=w'), where 2'=(z1,...,2,-1) and u’'= (uq,...,
Uup—1). Consider a path v:(0,1) —R,, on R,, with possibly singular end-points. If -~ is
singular at € € {0, 1}, then we assume that there exists a neighbourhood U’ of w’, such
that (2/,7):(0,1) =R is a path on R for all 2’ €U’ and lim;_.f(2’,v(t)) =0. We now have:

PROPOSITION 4.2. The integral g(z') = fvf(z/, zn) Az, is a holonomic function.

Proof. It suffices to show that g is holonomic in a neighbourhood of u'. Let p= (p1,...,
pn) € N™ be such that

K[8] f CK[O)<p f=Vect(* f:0< k1< p1,...,0 < kn < pp).
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Let f* and f~ be the specializations of f in z, at the end-point resp. starting point of -.
Notice that f™ and f~ are defined in a neighbourhood of w’. Setting 8’ = (4,...,0,-1),
the space

R:=(K[0]<p f1) + (K[ <p f)

is finite dimensional over IK(2z’). For each k € N" and [ € N, let
Ty = / 2L (8% £)(2) dzn,
g

The differential equation for f in z, yields a finite relation

Pn

Z Z Ck"’i I(klvkn)§l+’i = Oa

kn=0 1

with Cy, ; € K(2’) for all k,. Partial integration also yields a relation
1
Ter iy = 7o Lk it 1)s+1 €R
for every ¢. Combining these relations, we obtain a non-trivial relation
Ao oyt + Awg L0y € R,

where Ago,..., Ak, € K(2')[l]. For | which are not a root of Ao, we thus obtain a
recurrence relation for I(gs gy.;. Therefore, the space

I:Vect(fk;l:0<k1<p1,...,ngn71<pn71,k‘n:0,l€N)+R

is again finite dimensional over K(z’). We conclude our proof with the observation that
7T is stable under 8. O

4.2. Computation of vanishing operators

Let us now turn our attention to the one-dimensional case. Given a monic differential
operator L € IK(z)[0], we denote by Hy, the space of solutions to the equation Lf=0 at a
given point. In the case of formal solutions at zero or infinity, we will also write £, =&y, .
Inversely, given a vector space V of formal series, analytic germs or analytic functions
on some domain, we say that L € IK(z)[0] vanishes on V if LV =0. We say that L is a
vanishing operator for V if Hyp =V in which case V is said to be closed.

Given two operators K, L € K(z)[d], we know by proposition 4.1 that there exists an
operator M € IK(z)[0] which vanishes on Hg + Hr. It turns out that the operator K H L of
minimal order with this property is actually a vanishing operator for Hx + Hy. A similar
property holds for the operators K X L, LT and L®r of minimal orders which vanish on
Vect(Hx Hz), Hi, resp. Vect(Hr o p: oP = z), where p € N>. What is more, there exist
algorithms for computing these vanishing operators.

In this section, we will briefly recall these algorithms, and thereby give an effective
proof of lemma 4.3 below. The algorithms are all more or less classical, but we could not
find a reference where they are all described together. We will also prove a slightly weaker
result for the operation (2.8) which associates a major to a minor.

LEMMA 4.3. Let K, L be monic differential operators in K(z)[d] and p € N7.
a) There exists a unique monic K B L € K(2)[0] with Hxmr = Hx + HL.
b) There exists a unique monic KX L € K(2)[0] with Hxx = Vect(Hx Hr).
c¢) There exists a unique monic L™ € K(2)[0] with Hym = Hj.
d) There exists a unique monic L™ € K(2)[0] with Hymp= Vect(Hr o ¢: P =z).
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4.2.1. Addition

We notice that K H L coincides with the least common left multiple of K and L in the Ore
ring K(z)[9]. Indeed, any common left multiple vanishes on Hx + Hy, and any operator
which vanishes on Hg resp. Hp, right divides K resp. L. One may thus compute K H L
using any classical algorithm for the computation of least common left multiples, such as
the Euclidean algorithm.

4.2.2. Multiplication

Given formal solutions F' and G to K F =0 and LG =0, the product F'G and its successive
derivatives F'G+ FG', F"G+2 F'G'+ FG”, etc. may all be reduced using the relations
KF=LG=0. In other words, (FG)® eV=,_, ._ K(z) F' GY), for all k, where r
and s denote the orders of K resp. L. Consequently, there exists a K(z)-linear relation
among F'G,...,(F G)(”) in V. By linear algebra, we may compute the monic operator M
of smallest order with M (FG)=0 in V. Using an adaptation of the proof of [Hendriks and
Singer, 1999, Lemma 6.8|, we will show that M = K X L.

Let fi,..., fr and ¢1,..., gs be fundamental systems of solutions to K f =0 resp. Lg=0
at a non-singular point, considered as elements of the field I of convergent Laurent series
at this point. Let C4,...,C} and D,..., Ds be formal indeterminates. Then the substitutions

FO o o f04 w0 f9 (<)
GO s Dygt+ -+ Dg? (j<s)

S

yield an isomorphism
e A=K[F,...,Fr=Y @G, . .. .Gt~V =B=K[C),...,Cp,Dy,...,Dy.

Now consider a monic operator N € IK(z)[0] of smaller order than M. Using the rela-
tions K F'= LG =0, we may rewrite N(F'G) as a non-zero element of V C A. It follows
that (N (FG)) # 0. Consequently, there exist constants ci, ..., ¢, di, ..., ds € K with
Oo(N(FG))(c1,... ¢rydi,...,ds)F0. Setting f=c1 fi+ - +¢ frand g=di1 g1+ -+ +ds gs,
we infer that N(fg)#0, so N is not a vanishing operator of Vect(Hx Hy). This shows that
M is indeed the differential operator of lowest order which vanishes on Vect(Hx Hr).

The proof that Vect(Hx Hz) is closed is based on differential Galois theory [van der
Put and Singer, 2003]: when computing the solutions to operators in K(2)[J] in a suitable
Picard-Vessiot or D-algebraic closure K, any differential automorphism of K over K(z)
leaves both Hg and Hy, whence Vect(Hx Hr,), invariant. But, given a finite dimensional-
subvector space V of K which is invariant under any differential automorphism, we may
explicitly construct an operator 2 € K(z)[0] with Ho=V, e.g. [Hoeven, 2007a, proposition
21(b)]. This shows that Vect(Hx Hz) is closed.

4.2.3. Differentiation

If L(1)=0, then L is right divisible by 0, so we must have L = LT . Otherwise, the least
common multiple of L and 9 in IK(z)[0] has order r+ 1, so there exist operators A of order 1
and B of order r and with A L = B 0. These operators may again be computed using a

modified version of the Euclidean algorithm. Since dim H; o= dim Hz, and BH}, =0, we
have LU = B.

4.2.4. Ramification

In order to compute the operator L, it is more convenient to work with the derivation §
instead of 0. It is easy to see that this changes the definitions operators K HL, KX L,
L™ and L®? only up to a multiple by a power of z.
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Given a primitive p-th root of unity w € K, let Q,, L be the operator with (9, L)i(z) =
Li(wz) for all i. Then we have (Q,L)(fo(wz))=L(f)o(wz) for all f, whence fo (wz)
is a root of Q, L if and only if f is a root of L. By what precedes, it follows that 2 =
LBQ,LHE---BQ,y, 1L satisfies Ho="Hy, +Hro (wz)+ -+ Hg o (wP~!2). Furthermore,
Q. = implies that ; € K(z?) for all i. Consequently, P, ,,Q € K(z)[d] and we conclude
that L®» =Py ,, Q.

4.2.5. Majors

Consider the operation M which associates

to f We have

M(CF) = CMF—5— [ fe)de
Given a relation L f =0 for f, where L € K[¢][0] has order r, we thus obtain a relation
i r__ P
Lf=—"T15
o=y
for some polynomial P with transcendental coefficients. Setting
L= gtesP 4 [¢r (¢ —u)T L), (1)

it follows that L f =0. By theorem 3.2, we notice that the growth rate of L at zero or
infinity is the same as the growth rate of L at zero resp. infinity, since O e is stable under

differentiation and integration without constant term, for each e € €.
4.2.6. Applications

Lemma 4.3 admits several useful consequences for what follows.

COROLLARY 4.4. If the coefficients of K and L are analytic on an open or closed subset
U of C, then the same thing holds for the coefficients of KL, KX L and L5.

Proof. Given functions h1,...,hy, let Wy, . 5, denote their Wronskian. If hi,..., A, is
a basis of the solution space Hy, of a monic operator L € IK(z)[0], then we recall that the
operator L is determined in terms of hi,...,h, by the formula

Wk hi,...\h
Lf=—"L"0 0 4.2
f h17"'7h1" ( )

In particular, if hq,..., A, are analytic on U, then so are the coefficients of L, as is seen by
expanding the right-hand side of (4.2). It now suffices to apply this observation to K B L,
KXL and LT, O

COROLLARY 4.5. Let K, L €IK(¢)[8] be monic and p € N*. Then
(1) Exmr=ExkUEL.
b) Exmr=Ek L



20 EFFICIENT ACCELERO-SUMMATION OF HOLONOMIC FUNCTIONS

C) gLD] :gL.
_cl/p
d) gL@p—gL .

Proof. This follows directly from the lemma together with theorem 3.2. OJ

4.3. Transition matrices

4.3.1. Classical transition matrices

Consider a monic differential operator L=0"+ L,_10" "'+ --- 4+ Ly whose coefficients are
analytic function on a Riemann surface R. Given a point z € R it is well known that there
exists a unique canonical fundamental system

F=(f e F)

of analytic solutions to L f =0 at z with the property that fj(i) =0;,j for all 4, j. Since L
is linear, an arbitrary solution f to L f =0 is uniquely determined by the vector

f(2)
F(z)= :
7 0()

of its initial conditions at z by
f=fF). (4.3)

More generally, given a path z~» 2’ on R from 2 to another point z’, the values of the
analytic continuations of f,..., f"~1 along the path also linearly depend on F (2). Con-
sequently, there exists a unique scalar matrix A, ., , = Agw ,» with

F(z') =AM, F(2). (4.4)

We call AL_ ., the transition matriz for L along the path z~»z’. Dually, we have

Fr=F" A, (4.5)
because of (4.3). Also, if z’~ 2" is a second path, then
Az =Dyrs s Dy (4.6)
and in particular
Ava=N01 (4.7)

4.3.2. Singular transition matrices

The notion of transition matrices can be generalized to allow for paths which pass through
regular or irregular singularities of the operator L. In order to do this, we start by general-
izing the idea of a canonical fundamental system of formal solutions f? in the singularity z.

In the case when the coefficients of L are in K(z), then theorem 3.1 tells us that
there exists a fundamental system of solutions at z=0. This result is refined in [Hoeven,
2001a], where we show how to compute a canonical basis fo,..., fr—1 of so called “complex
transseries” solutions, which is uniquely characterized by suitable asymptotic properties.
In particular,

e FEach f; is of the form f;= ;2% ¢; with p; € O, 0; € K and ¢; € €.

e Whenever ¢;=¢; and 0; € 0+ Z for i # j, then ¢; y(p)40;—0;=0-



JORIS VAN DER HOEVEN 21

Notice that there are other definitions of “canonical” systems of solutions [van Hoeij, 1997],
which share the property that they can be computed effectively in terms of the operator L.

Given a notion of a “canonical system of formal solutions at a singularity z”, we obtain a
dual notion of “initial conditions at z” for arbitrary formal solutions, via the relation (4.3).
Now assume in addition that, for a suitable sectorial neighbourhood & C R of z, we are
able to associate a genuine analytic function p(f) to any formal solution f at z. Then
either (4.4) or (4.5) yields a definition for the transition matrix along a straight-line from
z to z’. In general, the association p: f— p(f) depends on one or several parameters, like
the non-singular directions in the accelero-summation procedure. We will now show how
to encode these parameters in a suitable generalization of a broken-line path.

Assume from now on that L € K(2)[0]. We define a singular broken-line path as being
a path zp— 21 — -+ — z;, where each z; is either

e A non singular point ¢; in K.
e A regular singular point o; € K with a direction 6 (and we denote z; = (0;)p).

e An irregular singular point o; € K with critical times k and directions 6 (and we
denote z; = (04)k,p). Furthermore, we assume that f7, € $j g (where f7% (g)=
f7%(oi+¢) for € with |arge — ky0p| <7/2), |arg (o541 —04) — kpOp| <7 /2.

Moreover, for each i <[, the open ball with center ¢; and radius |o;4+1 — 04| is assumed to
contain no other singularities than ¢;. If the o; are all non singular or regular singular,
then we call zg— z1 — - -+ — z; a reqular singular broken-line path.

Now given an irregular singular point o € IK, such that f{, €%}, ¢ for critical times k
and directions @, we define the transition matrix

sumg g f{o 0(2) sumg,g fo r—1(2)
AO’]“Q*)Z: ’

sumpg, g (f_?_mo)(rfl)(z) S+ sumg,g (f$a7r—1)(“1)(2)

for any z with |arg (z — o) — k6, <n/2 and such that z is sufficiently close to o. For
regular singular points o € K, a similar definition was given in [Hoeven, 2001b].

In view of (4.6) and (4.7), we may extend this definition to arbitrary singular broken-
line paths. In particular, it can be checked that the Stokes matrices for L are all of the form

5 =A =A;! A
0,k,0,0' — Rog 9—0te—0y o) — Doy, gr—0+e —0k,0—0te"

Notice that this definition does not depend on the choice of ¢. In a similar way as in [Hoeven,
2001b], it is also possible to construct a suitable extension R of R with “irregular sin-
gular points”, in such a way that singular broken-line paths may be lifted to R. However,
such an extension will not be needed in what follows.

4.3.3. Transition matrices for the multivariate case

It is well known that the theory of Grébner bases generalizes to partial differential operators
in the ring K(z1,...,2,)[01,...,0y). Consider a zero-dimensional system of such operators
given by a Grobner basis L = (Ly,..., Ls). Let K be the set of tuples (ki,..., k), such that
l1 < kq,.., I <y holds for no leading monomial 8%1 8}1" of one of the L;. We may enumerate
K={ko,...,kr—1}, with ko< --- <k,_1 for a fixed total ordering < on the monoid N".

Given a non-singular point z € C™ for L, there again exists a unique canonical funda-
mental system

FE=(05 - S
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of analytic solutions to L f =0 at z with the property that 8%if; =¢; ; for all 4, j. Also,
an arbitrary solution f to L f =0 is uniquely determined by the vector

%0 f(2)
F(z) = :
%1 £(2)

of its initial conditions at z by f = f* F(z). Consequently, the definitions and proper-
ties (4.4-4.7) naturally generalize to the multidimensional paths z ~» z" which avoid the
singularities of L.

4.4. Holonomic constants

Recall that D, , and @cm stand for the open and closed disks of center ¢ and radius r.
A constant a in C is said to be holonomic over K if there exists a linear differential operator
L=0"+L,_ 10" 4.+ LyeK(2)[0] and a vector of initial conditions v € K", such that
the L; are defined on Dy and = f(1), where f is the unique solution to L f =0 with
F@(0) = w41 for i <n. We denote by K" the set of holonomic constants over KK.

PROPOSITION 4.6.
a) Kb is a subring of C.

b) Let L be a linear differential operator of order n in K(z)[0]. Then A,Ly € Mat,. (K"
for any non singular broken-line path v with end-points in K.

¢) Let L=(Ly,...,Ls) be a Grébner basis for a zero-dimensional system of differential
operators in IK(z)[8]. Then for any non singular broken-line path vy with end-points

in K™, we have A];J € Mat,.(IK").

Proof. Consider holonomic constants o= f(1) and §= g(1), where f and g are solutions
to Kf=0 and Lg=0 with initial conditions in K™ resp. K" and where the coefficients
of K and L are defined on 2_)071. By the corollary 4.4, the coefficients of K X L are again
defined on Dy and o 3= h(1), where h is the unique solution with initial conditions
R9(0) = Z;‘:o (g) £9(0) g¥=7(0) e K for i <mn. A similar argument shows the stability
of IKP! under addition.

As to (b), we first observe that the transition matrix Ag_ along the straight-line path
from 0 to 1 has holonomic entries, provided that the coefficients of L are defined on 75071.
Indeed, by corollary 4.4, the coefficients of the monic operators LT with solution spaces
Hg) are defined on Dy ;. Using a transformation 2+ (g — A) 2+ A with A € K and p € K,
it follows that A,_., has holonomic entries whenever the L; are defined on the closed disk
75,\7‘ u—x|- Now any broken-line path -+ is homotopic to a broken-line path A; — -+ — A; such
that the L; are defined on the closed disks Dy, |x;, ;|-
that Ay =A), - - Ax,— ), has holonomic entries.

From (a), we therefore conclude

As to the last property, we first notice that the function f(wu+tw) is holonomic in ¢
for any fixed v and v in K™ In a similar way as above, it follows that the multivariate
transition matrix from section 4.3.3 along a straight-line path u — v has entries in K for
sufficiently close w and v in IK”. Since any non singular broken-line path is homotopic to
the finite composition of straight-line paths of this kind, we conclude by the multivariate
analogue of (4.6) and (a). O
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A number « in C is said to be a singular holonomic constant over K if there exists a
linear differential operator L=9"+ L,,_1 0" '+ .-+ Lo € K(2)[0] and a vector of initial
conditions v € K", such that the L; are defined on Dy ; and a=lim, . f(z), where f is the
unique solution to L f =0 with f(*(0) =wv;,1 for i < n. We understand that the limit z— 1
is taken on the straight-line path from 0 to 1. If L is regular singular at 1, then we call
a a reqular singular holonomic constant over IK. We denote by IK5"°! the class of singular
holonomic constants over IK and by IK*™P°! the class of regular singular holonomic constants
over K.

PROPOSITION 4.7.
a) Kl is o subring of C.
b) Kl is a subring of C.

¢) Let L be a linear differential operator of order n in K(2)[0]. Then A € Mat,(IK™°!)
for any regular singular broken-line path v as in section 4.3.2.

d) Let L be a linear differential operator of order n in K(2)[0]. Then A. € Mat,, (Kt

for any singular broken-line path v as in section 4.5.2.

Proof. Several errors slipped into the original proof. We provided an updated proof in
Appendix ?. Note that we only prove A, € Mat, (K" in (c). O

5. BOUNDS FOR THE TRANSITION MATRICES

5.1. Integral formula for transition matrices

Consider a linear differential operator
L=0"+L,_10" '+ + Lo

whose coefficients are analytic functions on an open or closed subset R of C. We will give
an explicit formula for the transition matrix A, = Ag along a path v in R.

Let us first rewrite the equation L f =0 as a first order system and give an alternative
characterization for the transition matrix. Let

0 1 0
M — E ’ * .
0 0 1
—Lo —L1 -+ =Ly
Then the differential equation
' =M (5.1)

admits a unique solution ® with ®({)=1. Given a path {~ (' in R, it is not hard to see
that Ac..¢ coincides with the analytic continuation of ® along (~» (.
Given an analytic function f on R, we will denote by [ ¢ f the unique analytic function

on R given by ,
</<f>(4’)=/;f(£)d§.

Then the system (5.1) with our initial condition admits a natural solution

ACWC/:<I+/CM+/CM/<M+--->(C’). (5.2)
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We will show below that this “integral series” indeed converges when ¢ ~ ¢’ is a straight-line
path. In fact, using a similar technique, one can show that the formula is valid in general,
but we will not need that in what follows.

5.2. Majorants

Let C(R,C) and C(R,R?) denote the spaces of continuous C-valued resp. R”-valued
functions on R. Given matrices A and B of the same sizes and with coefficients in C(R, C)
resp. C(R,R?), we say that A is majored by B, and we write A < B, if

|4; (O] < By (C)
for all i, j. Given majorations A< B and A < B, we clearly have majorations

A+A < B+B (5.3)
AA < BB (5.4)

Assuming that every point in R can be reached by a straight-line path starting at (, we
also have

real

U:ealB)“') :/OCICB“* qode

Assume now that M is bounded on R. Then there exist constants 3y, ..., 8,1 >0 with

where

0 1 0
MQB: E .'.
0 0 1
Bo B1 -+ Broa

and we may assume without loss of generality that B admits pairwise distinct eigenvalues.
From the rules (5.3), (5.4) and (5.5), it follows that

real real real
Agwgrﬂ<l+/c B+/< B/c B+---)(C’).

The right-hand side of this majoration can be rewritten as W(|¢’ — (|), where W is the
unique solution on IRZ to the equation

V=BV,
such that U(0) =1. Now let U and D be matrices with
B=U"'DU,

where

A1 0

D— .

0 Ar
Then we have

M 0

U(z)=U""! U
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This shows in particular that (5.2) converges when ( ~ (' is a straight-line path, since it
suffices to replace R by a compact convex subset which contains a neighbourhood of {— (.

5.3. Bounds for the transition matrices

Given an operator L with coefficients in K(¢{®) which are bounded at infinity, it is not
hard to explicitly compute a sector 39070&7 r with aw < 1t/2 on which the L; have no poles and
a majorating matrix B with coefficients in IK. The aperture o may chosen as close to /2
as desired. Then the results from the previous section yield:

THEOREM 5.1. There exists an algorithm which, given an operator
L=0"+L,_10" '+ -+ Ly K(¢Q)[0)]
with Li=O(1) for alli at infinity, computes a sector S§%, r and constants K, X € R> with
1A ¢l < K Ml
for all straight-line path inside Sgo?m];%.

_ More generally, given an operator L € K(¢®)[6] of growth rate x>0, the operator
L ="Py . L has growth rate one and we have

L _ AL
Al gr=Dgr iy

for all straight-line paths ¢ — ¢’ whose image under ¢ — (" is homotopic to the straight-
line path ¢*— (¢’)*. Moreover, after replacing § by (0 in L and dividing by a suitable
power of (, we observe that L fulfills the conditions of theorem 5.1. We thus obtain:

THEOREM 5.2. There exists an algorithm which, given an operator
L=90"4+L,_10" '+ + Ly K(¢Q)[0)]
with growth rate k>0 at infinity, computes a sector Sé’?a,pb and constants K, € R~ with
1Al < K M=
for all straight-line path inside Sé’fa, R-

Remark 5.3. In fact, the hypothesis that ¢ ~ ¢’ is a straight-line path is not really

necessary in theorem 5.1. With some more work, one may actually consider sectors of C
at infinity with aperture larger than n/2. In theorem 5.2, this allows you to impose the
aperture of « to be as large as desired.

6. EFFECTIVE INTEGRAL TRANSFORMS
Consider an operator
L=L,0"+---+ Lo K[(][9]

with growth rate x>0 at infinity. Let Sg?a, r be a sector of aperture aw < /2 such that L,
does not vanish on S5, g and such that we have a bound

1A ol S K M= (6.1)
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for all ¢, ('€ 8§%, g Let
sin «v

p= 1—-sina

9

so that the ball centered at (R + p) e’ with radius p is just contained in S§%, g (see
figure 6.1), and let v € N 2% be a fixed constant of small bit-size, with 1 <v < pu=1+
p/(R+p).

Figure 6.1. The sector Sé’f’avR and the associated constants R, 0, o and p.

6.1. Uniformly fast approximation of transition matrices

Let ¢, ('€ RZe? with [¢'| > || = R+ p and € >0. Assuming that €', ¢, (', € K, we may
now use the algorithm approx below in order to approximate A¢_ ¢ at precision €. The
computation of A:=Ag+ -+ Ag_1(¢'— )1 is done using the binary splitting algorithm
from [Chudnovsky and Chudnovsky, 1990; Hoeven, 1999].

Algorithm approx(z; 2/; ")
Input: ¢, (’,e €K as above
Output: a matrix A with [|[A — A /| <e
if (/| <v[¢]| then
Let k£ € N be minimal with Ke)‘(“ﬁ_l)mﬁ% < %, where :%
Consider the expansion A¢_¢yi=Ag+ A1t 4+ Ao 24 ...
Compute A:=Ag+ A1 (¢'= )+ -+ Ap_1(¢' = ¢)F~1 at precision ¢ /2
Return A
else
Let My:= K <" (0"
Compute A :=approx(¢,v(, e/ (2 My))
Compute Ag:=approx(v(, ¢’ e/ (2| AL])
Return Ag Al

THEOREM 6.1.
a) The algorithm approx is correct.

b) Let n=max (|('|", —loge) and let s be the sum of the bit-sizes of  and {'. Then the
running time of the algorithm is uniformly bounded by O(M (n)log®n (logn + s)).
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Proof. The correctness of the algorithm in the “single-step case” when || <v || follows
from (6.1) and Cauchy’s formula, since

A=Al < D0 I1AlI¢ ¢

>k
< Y KMol = ¢l
= [l

k
A= B
Ke -3

In the “multi-step case” when |(’| > v ||, we have

1Ay e — Ao Ay < IIAV¢_>¢/(A¢_>5¢—51)II+II(AV<~_></—~AQ) A
< Mo ||Acve = At + [ Avc— ¢ — Ao A,

and the result follows by induction.
As to the complexity analysis, let [ be minimal such that |¢|v!>|¢’| and denote

G o= v (i<l
a = ¢.
Then the recursive application of the algorithm gives rise to [ single-step cases for each
A¢i— ¢y with i <. We have I = O(log|¢’|) = O(log n) and claim that the precision ¢; at
which we approximate each A¢,_,,, satisfies g, >¢ /(2! M), where M = KM =<,
Indeed, using induction over [, this is clear in the case when [ =1. In the multi-step
case, we have My < M and ||A;| < My =K 9" =¢"l. Hence, A, ¢, is approximated at
precision ¢ /(2 M) > ¢ /(2! M). The induction hypothesis also implies that each A¢,_.¢,,, is
approximated at precision ;> ¢’/ (2171 M), where e’ =¢ /(2 M;) and M' = K eM¢" = (O],
We conclude that g, >¢’/ (2! "' M")=¢/(2' My M")=¢ /(2" M).
Having proved our claim, let us now estimate the cost of each single-step approximation
of A¢,—c,,, at precision g;>¢ /(2! M). Since 0< 3< (v —1)/ <1, the minimal k satisfies

9
ko= O<_log(glMeA(M”—l)KiW))

= O(-loge) +O(1) + O(log M) + O(|¢;]%)
= O(n).

Furthermore, the entries of A are O(n)-digit numbers, since
ACi"CiJfl < K MG =<

and the size of (; is bounded by O(s)+ O(i) = O(s + logn). By a similar argument as
in the start of section 4.1 of [Hoeven, 1999], it follows that the e;-approximation of A is
computed in time O(M (n)logn (logn + s)) using binary splitting. Since {=0O(logn), the
overall running time is therefore bounded by O(M (n)log?n (logn + s)). O

6.2. Fast approximation of integral transforms

Consider a second differential operator € IK[(][d] with growth rate x at infinity. Let f
be a solution to 2 f =0 with initial conditions in K at a point ( € K with arg ( =6 and
|| = R+ p. Assume that f satisfies a bound

(&) < K'eIEr (6.2)
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on [¢, €% 00], where K', X' >0. Our aim is to compute

o= /< " hede.

Now the primitive
CI
f(¢) = ) f(&)d¢

satisfies the equation ('Q2)(‘f) =0, where the operator ‘(2:= (M_; Q) 6 € K[(][0] has growth
rate k at infinity. Moreover, ‘f admits initial conditions in K at (.

Assuming that we chose L ='Q and that the bound (6.1) holds for the transition
matrices associated to L, we may now use the following simple algorithm for the approx-
imation of ®.

Algorithm integral_approx(")
Input: ¢ € K~
Output: an approximation ® for ® with |® — ®| < ¢

Let I be the vector of initial conditions for ‘f at ¢, so that ‘f({’) = A€_>C/I
Take ¢’ € K with arg ¢’ =0 such that |f‘°§‘K’e_>‘/tH dt|<e/2
Return approx(¢, ¢',e/(2||1))) 1

In the case when k > 1, we notice that

o0 o0 ! o0 ! !
/ Kle Nt"dt = / %e*”dtg / K -veqp K -vre
T 7w K tLTL/E K

for all T'> 1, so we may take

|¢’] = max <lround ,{\/max (log(2 K"/ (5 Xe)), 0) , 1), (6.3)

)\l

where Iround(x) is the largest number in 2%{0,...,232 — 1} below z. In the case when
k <1, we may use lemma 2.3 to replace the bound (6.2) by a bound of the form

£ <K e NE" < Mg |t-/me NIl
with 0 <A’ < \. Then

o0 14K o0 4K OOK” 1" K” e al
K/ef)\t dtg K/Itlfl/lief)\ t dt< _ef)\ tdt: ef)\ T
T T T K KN

and we may take

\(’\—lround’i/maX(IOg(ZK)i/ﬁ/ (H)\IIS)),O)' (6.4)

For both formulas (6.3) and (6.4), we have |(/| =O(%/—loge). Applying theorem 6.1, it
follows that

THEOREM 6.2. The algorithm integral_approx is correct and its running time s bounded
by O(M (n)log®n), where n=—loge. O
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Example 6.3. Consider the formulas

I'(z) = / " le %dx
0

1 i ezt
I'(z) 2= H( e dt

YM(z) = 5= | (~log(—=t)™ (—t)*e " dt,
TJH
where v(z) =1/T'(z), m €N, and H is a Hankel contour from co around 0 and then back
to 0co. For any z € K, these integrals can be evaluated using our fast algorithm, whenever
they are defined. So the values of these integrals are in IK"°! and they have O(M (n)log?n)-
approximation algorithms. Using Euler’s reflection formula

T
sin (nz)’

rl—-zrTI(z) =

and Proposition 4.7(b), we also see that sin(nz)~! € K and (1 —e~27#)~1 ¢ Kshe! for
all z€ K\ Z. Note that (1 —e~2™%)~! has an O(M (n) log? n)-approximation algorithm.

7. EFFECTIVE ACCELERO-SUMMATION

Let us now show how to put the results from the previous sections together into an accelero-
summation algorithm for holonomic functions. Let f € O be a formal solution with initial
conditions in K at the origin to the equation L f =0 with L € K[z][d]. We will first show
how to determine the critical times k1> --- >k, in @~ and the Stokes directions at each
critical time. Having fixed 61 € R1: =R\ Dx,...,0, € Rp:=R\ D), we next detail the effective
acceleration-procedure and show how to efficiently evaluate f=sumg g f in a sector close
to the origin.

7.1. Setting up the framework

Normalization Without loss of generality, we may assume that the valuation of f at
zero is larger than the degree d of L in z. Indeed, it suffices to replace f by fz" and L by
M, L for a sufficiently large n.

Critical times Let 01 < --- <o}, be the non-horizontal slopes of the Newton polygon
of L at the origin. We take ky=1/01,...,k,=1/0p, so the critical times are z; =271,...,
zp=27?. For example, in figure 3.4, the critical times are z; =./z and 2z =z.

Equations for fl and f; For each critical time z;, let us show how to compute vanishing
operators for f; and f;. Let a,be N7 be relatively prime with k; =a/b. Since b < d, we
notice that the valuation of f; in z; =0 is larger than one.

1. We first compute L® € K[2][d] and P, L®* € K[z][§]. We may reinterpret P, L®* as
an operator in K[z][d] and notice that (P, L®)( f;) =0.

2. Let n be minimal, such that z; " P, L% € K[z, ][6]. We compute the Borel transform
Li=B(z7 " P, LP) e K[¢; Y [0]. Since v%=0(f;) > 1, we formally have L; f;=0. In
fact, since the accelero-summation process preserves differentially algebraic rela-
tions, we will also have f/z fl =0.

3. Compute L; with L; ﬂ =0 using the procedure from section 4.2.5.
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Singular directions For our accelero-summation process to work, it will suffice to avoid
the non-zero singularities of the operator L; at each critical time z. In other words,
denoting by 7; the order of L;, we take D; = {argu: u € K7, L; »,(u) =0}.

Growth rates of ﬁz and L; Given a critical time zi, let us now study the growth rates
of L; and L; at zero and infinity. By corollary 4.5, and with a, b as above, the slopes of
the Newton polygon of P, L® are o1 ki=k;/ki,...,o0pki=ki/ky. By section 3.3 and
formula (4.1), it follows that the non-horizontal slopes of the Newton polygons of L, and L;
at the origin are

ki ok

k1 —k; ki1 —ki’
In particular, if i =1, then L; is regular singular at 0 and [Hoeven, 2001b] shows how to
compute the values of f; in the neighbourhood of 0. We also infer that the non-horizontal
slopes of the Newton polygon of L; and L; at infinity are

ki ki
ki1 —k; ky— ki

and possibly —1. In particular, if i < p, then the growth rate of L; at infinity is k*k—kﬂ
In view of theorem 5.2, we may thus apply .Ak g tO fi (see below for further details).
Also, if = p, then the growth rate of L; at infinity is zero or one and theorem 5.2 shows

that we are allowed to apply Ezg to fp.

The acceleration kernels Given a critical time z; with i < p and A=k;y1/k;, consider
the acceleration kernel
uK/fiinJrl(Cia f)

K6 G1) = 52 [ 53 ae

c+ico u 52&
= d dt
4ﬂ2/c /0 5 Cz+1 §

The choices of (41 and u will be detailed in the next section. In order to compute (2.15),
we need an equation for K in (;, of growth rate 1 /(1 —\)=k;/(k; — ki+1) at infinity. Setting

-1 eft
t
p(t) = 27[1[) E— Gy de,
tu
T4\ — . _:
@'(t) = Cit10(t) CPTUR
whence (t ¢’ — (it1t9)" =u(t @’ — (i+1t ) and

Qo=te" —((Gr1+u)t—=2) "+ (u(it1t — (2 Gr1+u) ' +uiy1 f=0
By looking at the Newton polygon, we observe that ) has growth rate 1 at t =o00. Now

we have

. 1 c+ioco 7<.t>\
Kk¢,k¢+1(§ia Ci—f—l) = 2_Ttl . go(t)e it dt
1 —_ .
— oy L0 et 1)

for a suitable contour C. Applying a suitable ramification, followed by M;_;,) and Q1
to £, we obtain a vanishing operator A; for (—t)"/*~1p((—t)'/*), with growth rate 1/\
at infinity. Although (7.1) is not really a Borel transform (at ¢ =00), it does satisfy the
formal properties of a Borel transform. In other words, A;=BP_; A; is a vanishing operator
for K with respect to (;, of growth rate 1/(1 —\) at ;= o0
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Equations for the integrands We finally need equations for the integrands of (2.14)
and (2.15). If i < p, then we have shown above how to construct a vanishing operator A;
for Ky, 1, ., at infinity. In section 4.2.3, we have also shown how to construct a vanishing
operator (A;)2" for each K,g:nlzwl It follows that Eum = (A" X L; and ézm = (A)P"X L;
are vanishing operators for the first and second integrands in (2.14). Moreover, the operator
(A)I" X L; has growth rate ki / (k; — k;+1) at infinity, by lemma 4.3. Similarly, Ep,m =
(6 + 2;1)m7n X L, and =, = (0 + prl)mm X L, are vanishing operators for the first and

second integrands in (2.15), and (0 + zp_l)mm X L, has growth rate 1 at infinity.

7.2. Calibration

Assume now that 61 € Ry,...,0, € R, are fixed non singular directions with elfr . e K.
In order to approximate f(z) for z close to 0, we first have to precompute a certain number
of parameters for the acceleration process, which do not depend on the precision of the
desired approximation for f(z). In particular, we will compute a suitable sector Sgeom
near the origin, such that the effective accelero-summation procedure will work for every
2 € Sgeom- Besides Sgeom, for each critical time z;, we precompute

e The operators L;, Li, ézm and éum from the previous section, for m < 7;:= order(f/i)
if i <p and m <r:=order(L) if i =p.
e The starting point a; € K for Cp, and Hét, in (2.14) resp. (2.15). If ¢ > 1, then we will
require that arga;=k;_160,_1/k;.
e A sector S; :5601.07% R, Dear infinity as in section 6.
e The point b;= R;e'% /(1 —sin ;) € K, which corresponds to the center of the ball
in figure 6.1.
e A point u;y1 above K such that f(i(Ci, Git1) :“”T(i(gu Ci+1), for i < p.
Let us show more precisely how to do this.
Computing a; If w is the smallest non-zero singularity of L, then we may take a;
arbitrarily with |a;| <w. By construction, L; is (at worst) regular singular at 0, whence so
is L1, as we see from (4.1). Using the algorithms from [Hoeven, 2001b], it follows that the

entries of the transition matrices for L; and L; between 0 and a1 can be approximated in
time O(M (n)log?n); these entries belong to IK"!* using the terminology from Appendix B.

From (2.2), we also see that f) is a K[y™(IK)]-linear combination of the canonical solutions
of Ly at the origin, where I[{['y(N)(IK)] is the smallest IK-algebra that contains all constants
of the form v(™) (o) with y(z)=1/T'(z), me€ N, and ¢ € K. Similarly, using (2.7), we deduce
that f is a K[y™(K), (1 - e*2KiK#)*1]—linear combination of the canonical solutions of L
at the origin. In view of Example 6.3, it follows that flm)(al) has an O(M (n) log?n)-
approximation algorithm for each m € IN. Moreover, fl(m) (a1) € K112 ysing the terminology
from Appendix B.

Computing S;, a;4+1 and u;4+1 Given i < p, and setting x =k; / (k; — kix+1), we use
theorem 5.2 to compute a sector S} = Sg7jpre gere and constants K, A with

HA?—@H <K MG < | AME

for all straight-line paths & — ¢; in S™. By lemmas 2.7 and 2.3, we may compute a
subsector §;=8§7q, r, €S} and small a;11 and u;41 with arga; 1 =argu;+1="Fk;i0;/kis1,
such that we have a bound

|ui+1Kl£7Tk)7i+1(<i7 aiv1)| KK/ NI (V<))
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for all m < 741 and all ¢; € S;. We notice that K ki,kis1( @ig1) is regular singular at the origin

(for the same reason as L above) with initial conditions in K[y™(IK), (1 — e_QT‘HK#) —1]. We

thus have O(M (n)log® n)-approximation algorithms for K /(leziH(Ci’ aiy1) for any ¢; € K#

and m € N.

Computing S, and Sgeom By theorem 5.2, we may also compute a sector S)'° =

SgC pre_grere and constants K, A with
D= p 2 tlp

HALZ | < K M€l < K el
E—p

for all straight-line paths £ — ¢, in §)*°. Choosing Rgeom sufficiently small and R,, suffi-
ciently large, we obtain a subsector S,=85%, p C Sy with

(e~ /%) (M) < KNG

for all m <r, (, €Sy and zpeSgeom:SO

. T .
0, tgeoms Recom® Wit Qgeom as close to 5 as desired.

7.3. Approximation of f(z)

For each i € {1,...,p} and j <7, let @; ; be the unique solution to Li(aﬁi,j) =0 with
gb%)(ai) =0;,m for all m < 7;. Using the analytic continuation algorithm from [Hoeven,
1999], we may efficiently evaluate all derivatives of ¢; ; and its minor ¢; ; at any non-

singular point above K. For each j <r, we also denote by ¢; the unique solution to Ly;=0

with gpj(-m)(zr) =0;,m for all m <r.

Given i < p and m < #;11, there now exist O(M (n) log®n)-approximation algorithms
for the integrals.

Aimj = / ¢i7j(Ci)KlnggiJFl(CivaH-l)dCi;
0.

%

b; o
Ay = / Sbm‘(@)Kxgi,zgiﬂ(@’awl)d@;

%
ei9

g = [ 0O B, (G d.

Indeed, the first two integrals can be approximated using the algorithm from [Hoeven,

1999], applied to the operators 8éi,m and ﬁélm The last one is computed using the
algorithm integral_approx. Notice that the path in the second integral consists of a
circular arc composed with a straight-line segment of constant argument. We regard the
numbers

Aimyj = Al i+ A5 i +AL
= [ e KL (Goen ot [ 0@ KL (Guoce a6
0; 0;

as the entries of a matrix

Aioo - Ajoi—1
A . .

Aiﬁ"i«kl*lvo Ai,ﬁﬂ*lﬁ"i*l
By construction, we thus have

A227ki+1( @i 0 Pie—1 )= Pi41,0 o Pitlra-1 ) Ag (7.2)
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Similarly, if 4= p, then there exist O(M (n)log®n)-approximation algorithms for

Am,j= / Bij(G) ()M A+ / L i(G) (e g,

p Op

and these numbers again form the entries of a matrix A. By construction, we have

'Cep( ¢p70 prvfp*l ):( @Yo - Pr—1 )A (73)

Now we already observed in section 7.2 that we have O(M (n)log®n)-approximation algo-
rithms for the entries of the vector

From (7.2) and (7.3), it follows that

AApfl...Alcblz

and the entries of this vector admit O(M (n)log®n)-approximation algorithms.
7.4. Main results
Summarizing the results from the previous sections, we have proved:

THEOREM 7.1.

a) There exists an algorithm which takes L € K[z][d] with an irregular singularity at

z=0 on input and which computes the critical times z1 = k\l/z, N k% for L,
together with the sets of singular directions Dy, ..., Dy modulo 2. In addition,

given a<kpn/2, 01 €R\Dy,...,0,€ R\ D, with ', el ... % c K, the algorithm
computes a sector S,Spgwm with n € Q~ to be used below.
b) There exists an algorithm which takes the following data on input:
o L,a,b0,...,0, and n as above ;
o A formal solution fe O to szO (determined by initial conditions in K);
o z€ S‘,Spewm above K, meN and e € Q~.

Setting f =sumg g f, the algorithm computes ¢ € K with |f(m)(z) —0|<e. Moreover,
setting n = —log e, this computation takes a time O(M (n)log3n).

COROLLARY 7.2. Singular holonomic constants in IKS"! admit O(M (n)log®n)-approzima-
tion algorithms.

The theorem 7.1 in particular applies to the fast approximation of singular transition
matrices from section 4.3.2. Indeed, let f;= ;2% ¢; with ; € O, 0; € K and ¢; € € be one
of the canonical solutions to L f =0 at the origin. Then ¢; may be accelero-summed by
theorem 7.1 and 2% ¢; may be evaluated at points above K using fast exponentiation and
logarithms. We thus obtain:
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COROLLARY 7.3. There exists an algorithm which takes the following data on input:
e An operator L € K[z][0].
o A singular broken-line path ~y.
e A precision e € Q.
The algorithm computes a matriz A with entries in K and | A — AL|| <e. Moreover, setting

n=—loge, the algorithm takes a time O(M (n)log3n). O

We have summarized the complexities of efficient evaluation algorithms for holonomic
functions in table 7.1 below. In the rightmost column, the complexity bound for divergent
series follows from corollary 7.3, when composing the transition matrix between zero and
a point Z € K close to z with the non singular transition matrix from Z to z.

series of type |evaluation in z € K| evaluation in general z
S I ym O(M(n)logn) | O(M(n)log?nloglogn)

n=0 (nl)»x
S oS O(M(n)log?n) |O(M(n)log?nloglogn)
S o fa ()i 2™ O(M(n)log®n) O(M (n)log3n)

Table 7.1. Summary of the complexities of evaluation of different types of holonomic series. We
assume that k € Q> and that the f, satisfy |f,| < K a™ for certain K, > 0. For the series in the
last row, we assume that “evaluation” is done using an appropriate accelero-summation scheme.
For the rightmost column, we do not count the cost of the approximation of the constant z itself.

Remark 7.4. A mistake slipped into the present remark in the published version of this
paper. In the meantime, Marc Mezzarobba has improved the upper two entries of the right-
most column in Table 7.1, which can now be replaced by O(M (n)log?n); see [Mezzarobba,
2011].

Remark 7.5. In [Hoeven, 1999|, we assumed that K is an algebraic number field (i.e. a
finite dimensional field extension of @) rather than the field Q8 of all algebraic numbers
over Q. Of course, both point of views are equivalent, since given a finite number of
algebraic numbers z1, ..., zr € Q8 there exists an algebraic number field K with z, ...,
i € K.

It is convenient to work w.r.t. a fixed algebraic number field KK in order to have an
algorithm for fast multiplication. For instance, given a basis x1,..., zj of IK, we may assume
without loss of generality that

vizj=ay - +aay,  (a)? €7) (7.4)

after multiplication of the x; by suitable integers. Then we represent elements of K as
non-simplified fractions (pyz1+ -+ + prxk) /g, where p1,..., pr € Z and ¢ € N”. In this
representation, and using (7.4), we see that two fractions of size n can be multiplied in
time O(M (n)).

Remark 7.6. In the case when K is a subfield of € which is not contained in the
field Q8 of algebraic numbers, the algorithms from this paper and [Hoeven, 1999; Hoeven,
2001b] still apply, except that the complexity bounds have to be adjusted. Let us make
this more precise, by using the idea from [Chudnovsky and Chudnovsky, 1990] for the
computation of Taylor series coefficients of holonomic functions. We first observe that the
efficient evaluation of holonomic functions essentially boils down to the efficient evaluation
of matrix products

Mm,1 T M07
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where M, is a matrix with entries in IK[k] (in the regular singular case, one also has a finite
number of exceptional values of k for which Mj, is explicitly given and with entries in K).
Even if K ¢ Q8 then we may still compute the matrix products

Mi1=My41-1--- My,
using dichotomy
M.y 41, = My 41,:0, M,

as polynomials in IK[k] of degree O(1). This requires a time O(M (nl)logl), when working
with a precision of n digits. Assuming for simplicity that m is a perfect square, and taking
l=./m, we next use an efficient evaluation algorithm [Moenck and Borodin, 1972; Borodin
and Moenck, 1974] for the substitution of k={0,l,...,m — 1} in Mj,;. This requires a time
O(M(n+/m)log(m)). We finally compute

MO;m:Mm—l;l T MO;Z

in time O(M (n) /m). Assuming that logn<logm, this yields an algorithm for the n-digit
evaluation of M., of complexity O(M (n/mlogm)). In table 7.1, the complexities in the
three different rows should therefore be replaced by O(M (n*/2) \/logn), O(M (n/?)logn)
resp. O(M(n®/?)log?n). Indeed, for the first two cases, we have m = O(n/logn) resp.
m=0(n). In the last case, we have the usual O(logn) overhead. Notice that there is no
need to distinguish between the columns.

8. CONCLUSION

This last paper in a series [Hoeven, 1999; Hoeven, 2001b] on the efficient evaluation of
holonomic functions deals with the most difficult case of limit computations in irregular
singularities, where the formal solutions are generally divergent. We have not only shown
how to compute such limits and so called singular transition matrices in terms of the
equation and broken-line paths, but we have also shown that the resulting constants are
comprised in the very special class €5t of complex numbers whose digits can be computed
extremely fast.

Since it is quite remarkable for a number to belong to €, an interesting question is
whether there are any other “interesting constants” in Cs* which cannot be obtained using
the currently available systematic techniques: the resolution of implicit equations using
Newton’s method and the evaluation of holonomic functions, including their “evaluation”
in singular points.

Because of the emphasis in this paper on fast approximation algorithms, we have not
yet investigated in detail the most efficient algorithms for obtaining approximations with
limited precision. Indeed, given an initial operator L € K[z][d] of order r and degree d in z,
ramification, the Borel transform and the multiplication with the acceleration kernel lead
to vanishing operators of far larger (although polynomial) size O((dr)3). If only limited
precision is required, one may prefer to use a naive O(n?)-algorithm for computing the
integral transforms, but which avoids the computation of large vanishing operators. In some
cases, one may also use summation up to the least term, as sketched in the appendix below.

In this paper, we have restricted ourselves to the very special context of holonomic
functions, even though Ecalle’s accelero-summation process has a far larger scope. Of
course, the results in our paper are easily generalized to the case of more general alge-
braically closed subfields K of C, except that we only get O(n? logO(l) n)-approximation
algorithms; using improvements from [Chudnovsky and Chudnovsky, 1990], this can be
reduced to O(n3/?10g® M) n). Following [Ecalle, 1987; Braaksma, 1991; Braaksma, 1992], it
should also be possible to give algorithms for the accelero-summation of solutions to non-
linear differential equations.
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APPENDIX A. SUMMATION UP TO THE LEAST TERM

Let L € K(z)[0] and let f be a solution to L f=0 with a formal power series expansion
f=fo+ fiz+---. It is well known [Poincaré, 1886] that the truncated sum

(sumy f)(2) = fo+ -+ fn 2V

up to the term fy 2" for which | vz | is minimal usually provides an exponentially good
approximation for f(z). Even though such truncations do not allow for the computation
of an arbitrarily good approximation of the value f(z) for fixed z, it is well adapted to
the situation in which only a limited precision is required. Indeed, for any N € N, in
order to compute (sumy f)(z), we may directly apply the binary splitting algorithm from
[Chudnovsky and Chudnovsky, 1990; Hoeven, 1999].

In this appendix, we will sketch how summation up to the least term can be made
more precise using the accelero-summation process. We start from a formal solution f =
fo—i—--- —i—flloglze(D to Lf=0. Given N € N, we define

§(2) = (sump f)(z) = Z Z (fi)n 2" log’ z.

0<i<l 0NN

Our aim is to compute an explicit bound for §(z) — (sumy g f)(2) for a suitable non singular
multi-direction 8. Modulo a change of variables z — w z, we may take 8 =0.

Consider a critical time z;. If ¢=1, then le f" is convergent at the origin, so we may
compute a bound of the form

(91— fO(Q)I<BLCN ! (A.1)

on an interval (0, ¢;] at the origin, using [Hoeven, 2001b]. For 7 > p, we assume by induction
that we have a bound

k,
o 2 F(k‘lN) ( k;N—1 Rk )
AN < B ON ks D Foih .

(i — fi)(G)| < Bi € T(kN) \ > +exp (—D; ¢ ) (A.2)
on a sector (0, ¢;] at the origin and for sufficiently large N > N;. Using [Hoeven, 2001b]

a second time, we may also compute bounds for the coefficients of fl as a polynomial in
log (1. At each critical time z;, this leads to further bounds

o s o~ N —1 (k1 N)
|gz(Cz)| < Bz (Cz)N % F(ki N) ) (AS)
for ¢; € [ci, 00).

Assuming that i < p, we now have

(Gi+1— fir1)(Gir1)| < D+ Do+ Is;
L = / gZ(CZ)Kkukzﬁ»l(Cla Ci+1)dgi

Ci

7

)

I, — /Om-(g«i)—f(ci»zekiﬁkiﬂ(gh G dG

I; = /voofi(Ci) Kki,kiﬂ(gia Gi+1)d G
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We may further decompose

Iy < Iy+ 15+ Is;

Ino= B [ BG G ag
CIN— k: N)
— B C’iN kitiN 1 1 . A4
Cz—}—l z+1 N) ( )
~n (k1 N) kiN—1 1 ,
Is = B;C; W Cz Kkiyki+l(cia Ci+1) d Gl
k.
['(ki1N) e
_ . N 1 _D. . ki_1— X R .
I = BN i /0 exp (D1 G ) i (G Gn) )
if ¢ >1 and similarly with Ig=0 if i =1.
By lemmas 2.6 and 2.5, we may compute ¢/ 1, Nit1, 4i 1, Ai2 and A4; 3 with
(ki N) i
k;—k;
k NA1K k‘l,k‘i-l»l(cia Ci+1)dCi gAi,lmAz QQXP( Ai,3 i+1 +1)7
for (jy1 € (O,ci“] and N > N;;1. Using (A.3), we thus get
_ z+1
L+ 1< A1 AYy (B CN + Bl (CHN) Lk V) exp (—A; 3 z+k1_kz+1) (A.5)

[(kiy1 N)
Using the techniques from section 7, we may also compute a bound

z/kz+1

il G < Ajgetints™

for (; € [¢;,00). Using lemma 2.6 and (A.5), we may thus compute ¢;y1, A; 6, Ai,7 and A4; g
with
ki1

exp (—Aig Gy ), (A.6)

N _T(k1N)

11+13+I5+I6<A16A17m
(A

for ¢i+1€(0,¢i+1] and N > N;41. Combining (A.4) and (A.6), we may therefore compute
B;+1 and Cj41 such that (A.2) recursively holds at stage i+ 1.

In the case when ¢ = p, similar computations yield constants B, C', D, Ngeom and a small
sector S = 8y , g With aperture o <n/(2kp), such that

(9= N)I<SBONT (ki N) (2| + exp (=D |2 71/)). (A7)

for all z€ S and all N > Ngeom. The optimal N = Nyt for which this bound is minimal
satisfies

Nopt~ ki ' (C [2[) 7k,
We thus have

—1/ky
)

(g— £)(2)| < B'e~(C 1D
for some explicitly computable B’. This completes the proof of the following:
THEOREM A.l. There exists an algorithm which takes on input

o A differential operator L € IK(z)[d] with an irregular singularity at z=0;

e The critical times k and non singular directions @ with k; 0; =k;1+10;+1 for all 1,
and which computes B,C, R,a>0 and Ngeom € N, such that the bound

\(sume—sumkﬁf)(z)\ <BONT (k1 N) (|z|N +exp (=D ‘z‘*l/kp))
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holds for any z € Sk,0,,a,r and N = Ngeom. In particular, for some computable constant ng
and precisions € = e~ " with

n< (C|z])~ % —ng (A.8)

we may compute an e-approzimation of (sumpg,g f)(z) for z € KN Sk,0,,a,r in time
O(M (n) log?n), where the complexity bound is uniform in z, provided that the bit-size
of z is bounded by O(logn).

Remark A.2. In the published version of the paper, we forgot to mention the restriction
that the bit-size of z should remain bounded by O(logn). In fact, this restriction can
be removed using a bit more work: see [Hoeven, 2016, section 3|. Another afterthought:
if size(z) = O(logn), then the bound can actually be reduced to O(M(n)logn) through
a careful analysis of the binary splitting algorithm in this specific context.

Acknowledgment The author would like to thank the first anonymous referee for several
helpful comments and corrections.

APPENDIX B. ERRATA: NOTES ON HOLONOMIC CONSTANTS

There were several problems with the proofs of proposition 4.7(¢) and (d). In this appendix,
we present corrected proofs (in the case of proposition 4.7(c), we slightly modified the
statement), as well as a theorem that the class I{™! regular singular holonomic constants
is essentially the same as the class of IK"! of ordinary holonomic constants. Until subsec-
tion B.8, we will assume that IK = Q22 is the field of algebraic numbers. In subsection B.8,
we also discuss a few related questions and results from [Fischler and Rivoal, 2011]; we are
grateful to Marc Mezzarobba for this reference.

B.1. Notations

Let £ and £%°! denote for the sets of monic L € IK(2)[9] whose coefficients are respec-
tively defined on 2_)071 and Dy 1. Let £l he the set of L € £ such that L is at worst
regular singular at z=1. We define Fh°l Frhol and Fshol to be the sets of solutions
fe€K{{z}} to an equation L f =0, where L € £\, [ € £L™°! or L € £57°!, respectively, and
such that lim, 1 f(z) exists. We recall that KMl ={ f(1): f € Fhol} Krbol={lim, ,; f(2):
feFol tand Kshol = {lim, . f(z): f € Fshol}.

It will be convenient to also introduce the variants £hel2, £rhola and gshola of phol - prhol
and £ for which we allow L to be at most regular singular at z=0. For instance, £
consists of monic operators L € IK(2)[0] whose coefficients are defined on D1 \ {0} and
such that L is at worst regular singular at z=0. The counterparts Fhol2 Frhola 5y Fshola
are defined in a similar way as before; we still require analytic solutions f € K{{z}} of
Lf=0at z=0. We again set K" ={f(1): f € Fhola} Kbl = lim, ; f(z): f € Fricla},
and K92 = {lim, .1 f(z): f € Fsholal,

B.2. Ring structure
PROPOSITION B.1. IKPol JKrhol fgshol fhola ferhola g g TEshola gre 11 subrings of C.

Proof. This is proved in a similar way as proposition 4.6(a). For instance, in order to
see that IK™°! is closed under multiplication, consider solutions f and g of K f =0 and
L g=0 with initial conditions in K" resp. K", where the coefficients of K and L are
defined on Dy 1, where K and L are regular singular at z =1, and such that the limits
of f and g at z=1 exist. Then corollary 4.4 implies that K X L is defined on Dy ; and
corollary 4.5 implies that K X L is regular singular at z=1. Consequently, lim,_1(fg)(z) =
(lim,—1 f(2)) (lim,—1 g(z)) belongs to KL O
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This proposition also allows us to consider initial conditions in KP! instead of K
in many circumstances. For instance, by definition, the value of a function f & F'! at
a point in Dy 1 NIK lies in Kl Thanks to the proposition, this even holds for solutions
feKMYI21Y to an equation L f =0 with f € £l Indeed, given z € K, we have F(z) =
Ao F(0); since Ag_., and F(0) both have coefficients in IK"! the same holds for F(z).

B.3. Regular singular transition matrices

LEMMA B.2. Let L€ LM% o €K, and consider a solution f € 2% K{{z}}[log 2] of the
equation L f =0. Then f € z% FPllog 2].

Proof. Without loss of generality, we may assume that o =0. Now write f = f;(logz)?+4-- +
fowith fo,..., f1€ K{{z}}. Then f(ze*™)= fy(logz+2ni)?+ -+ fo€ K{{z}}[log z][2ni]
is also annihilated by L. Since 27i is transcendental, each of the coefficients of f(ze*™)
as a polynomial in 2 i is again annihilated by L; these coefficients are

fd7 dfd10g2+fd71, e fd(logz)d+...+f0.
It follows that
fde}—h(ﬂaa fd71€.7:h01a+.7:h01a10g27 RN foefh°1a+... +.7:h01a(logz)d,
whence f € FP2log 2]. 0

PROPOSITION B.3. Let L be a linear differential operator of order n in K(z)[0]. Then
JAWES Mat, (IKP#) for any regular singular broken-line path ~y as in section 4.3.2.

Proof. In view of (4.6), it suffices to prove the result for paths of the form op— o + z and
for paths of the form o + z — gg. Without loss of generality we may assume that c =0. By
what precedes, the entries of Ag,_, as functions in z are all in F1°'%[2X][log 2]. Now values
of functions 2 (log z)* with e € K and k € N at points z € K7 are in K"!. Consequently,

values of entries of Ag,—., at z € K7 are in Khol2, Let hi,...,h, be the canonical basis of
solutions of L f =0 at the origin. Then we recall that
hi(z) -+ he(2)
A09—>z — . .

PTG mTOG)

The determinant W =W, ., of this matrix satisfies the equation W'+ L, _1 W =0 and
its inverse W1 satisfies (W~1)' — L,y W~1=0. Since L is at worst regular singular at
z=0, we have L,_; :%+ Q, where o € K and @ € K(z) is analytic at z=0. It follows

that W=c"1z7% /% and W1=c2%e/? for some c € K, where ([ @Q)(0) =0 (here ce K
follows from the fact that the coefficients of all hZ(J are in K as oscillatory transseries).
Given z € K7 where W is defined, it follows that W~1(z) e K"\ Since K" is a ring,
it follows that the coefficients of

A, _oy= AEBLZ =W1(2) adj(Ag,—-)

are in IKhola, O

COROLLARY B.4. We have IK*Pol C [Khola,
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Proof. Given c€ K™l let L € £ and f € F™°! such that L f =0 and c¢=lim,_,1 f(2).
Let A1,..., A\, € KM% be the entries of Ag_1 F(0). Then f=A;hy+ ---+ A\ h,, where
hi,...,hy is the canonical fundamental system of solutions of L f =0. Since lim,_,; f(z)
exists, we must have h; = O(1) whenever \;#0 and f(1)= Z’i7>\i7£0 A hi(0) € Khola, O

B.4. Alien operators
Given an analytic function f defined on a neighbourhood of the origin on the Riemann sur-
face of the logarithm, we define (V f)(z) = f(2) — f(ze~2™). Setting A = (2wi)~!log z, the
operator f(z) f(ze~2™) acts on C{{z}}[A] by sending A to A — 1, whence V=1—e"% =
On— Y200+ ---. Given d €N, let C{{z}}[A]<q be the set of fe& C{{z}}A] of degree <d
in A. For 0 << j, we note that the operator

78:=(i—AV) - (j—1-AV)
sends C{{z}}[A]<; into C{{z}}[A]<;. We also note that Z#J(A*~1) ~ (i — j)I A~ 1.

For each a €K, let V5 :=2%V 27 and L, :=2* C{{z}}[log z]. Then V,1LgC LLg for
all § and V, acts like multiplication by 1 —e™2™(8=%) on 28 C{{z}}. Moreover, given
¢ €L, of degree <d in log z, we have V& ¢ =0. We define X to be the monoid of power
products (1 —e 2™k, .. (el=2manke with aq,...,ap€ (KNR)\ Q and ki, ..., k€ N.
For 0 <i< j, we also define

Zh) = 20 Zi = (1 — A V) - (j—1—AVa).
We note that 27/ sends z* C{{z}}[A]<; into z* C{{z}}[A]<:.

Let H be the space of holonomic functions f on Dp ;1\ {0} that are regular singular at
the origin and such that F(1)=(f(1),..., f7~(1)) € (K™!)". Such a function f satisfies
an equation L f =0 with L € £°2, We regard F (1) as a column vector, as usual, and recall
that f(ze2™) is another solution of L f =0 with F((e™2™)= A1 F(1) € (K", Indeed,
the monodromy matrix Ajqy; of L around z =0 with end-points at z=1 has coefficients
in IKP°L Tt follows that V f € H. Moreover, H is a ring with 2 C H and log z € H. It follows

that V, f € H and Zgjf €H for all « € K and 0 <¢<j. Note that V, f always satisfies
the same equation as f, contrary to Z;” f.

B.5. Eschewing regular singularities

THEOREM B.5. We have
]Khol C IKrhol C ]Khola C X_l IKhOl.

Proof. The inclusion IKP! C K™l is trivial and we already proved that K™l C Khola go
we focus on the remaining inclusion K2 C x—1Khol,

Consider a monic L € £P°2 of order 7. Then Lh =0 has a canonical fundamental system
of solutions

hi ;€ 2% K{{z}}[log z]<;, hi,j~ 2% (log 2), i=1,....0, j=0,...,1—1.
In particular, we have r =v1+ --- + 1. For each i € {1,...,¢}, let

| PR VR vt Vo e VA

[e5] Qj—1 " G4l ap?
so that II; f € IL,, for any solution f of L f=0. We also define
;= H (1 _ e—2ni(o¢i/—o¢i))ui/7
i'#i
so that II; f =u; f whenever fe 2% C{{z}}.
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Let f be a solution of L f=0 with F(1)=(f(1),..., f7~9(1)) e K*' and let \; j € C
be such that f = Z” i jhij. We need to show that \; ;€ X1 KM! for all ¢ and 7J.
Given i€ {1,...,/}, let us show by induction on j that \; ; € uy VKRl To this effect,
given j €{0,...,v;— 1}, assume that A\; j41,..., A p,—1€ u; VKM and let us show that
Aij € ul-_l IKhel,

Let g:=2ZJ"5" f and let fo=Xi0hio+ -+ Niw—1hipi—1 and go=22"5" f, be the
components of f and g in z* C{{z}}[log z]. By construction, g, has degree at most j in
log z and the coefficient (g); of degree j is of the form

(9a)j=Wi—J7 =N j+cit1Nijt1+ -+ cy—1 Xiy—1+0(1)

for constants ¢j41, ..., cy—1 € K[(2mi)™!] that can be computed explicitly.
We next consider the function ¢ =2z7%1I; V? g. By construction, ¢ € C{{z}} and

=gl (vi—J— 1) N j+cjp1dijr1+ -+ -1 p,—1+0(1)).

Moreover, both g and ¢ belong to H, so the value of the contour integral

p(0) = - f :1“"<Z>dz
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actually lies in Khol, By our assumption that A; j11,...,Aiy,—1€u; ! ]KhOI, it follows that
©(0) — 31U (¢jp1 Nija1+ -+ Cum1 Ai 1) € KPOL
whence u; \; j € KMl By induction on j, this shows that AijEu; LKbol for all ;. O

Remark B.6. In the special case when /=1 or when «o; —a; € Q for all ¢, j, we note that
the numbers u; are all in K. It follows that Age_,, and A, s have coefficients in K"

B.6. Irregular singularities

PROPOSITION B.7. Let L be a linear differential operator of order n in K(z)[0]. Then
JAWES Mat, (IKsP°12) for any singular broken-line path v as in section 4.3.2.

Proof. In view of (4.6), it suffices to prove the result for paths of the form ox ¢ — 0o+ 2
or 0+ z— 0k,e. In fact, it suffices to consider paths of the form ox 9 — o + 2, by using
a similar argument as in the regular singular case, based on the Wronskian. Without loss
of generality we may assume that ¢ =0.

Now, as shown in detail in section 7.3, the matrix Ag,, ,— . can be expressed as a product
of matrices whose entries are either in IK3P°2 or of the form

e19

/b Pi(G) KL (Graign) AG, (B.1)
or '
eiono
A 2p(Go) (75 7) ™ d g, (B.2)

where a;41,b;, 2p €K, m € N and ¢; is holonomic with initial conditions in IKshola, Moreover,

b; and b, may be chosen as large as desired. By the results from section 4.2, the kernels

K IET,L,H(Q, ait1), (€7%/#)(™ and the integrands are all holonomic, with initial conditions

in IKshol2 ot b, Note that the m-th derivatives are taken with respect to a;41 and 2, so
they amount to multiplying the integrands with a polynomial in ¢; or ¢, of degree m.
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Let us focus on the integrals of type (B.1); the integrals of type (B.2) are treated
similarly. The function ¢; satisfies a holonomic equation (i.e. a monic linear differential
equation with coefficients in K((;)) of which all solutions have a growth bounded by

(ki/ (Bi—kiy1)
B eC |Gl

' , for some fixed constant C' >0 and a constant B that depends on the
solution. Likewise, as shown in section 7.1, K ,gmk1+l(Cl, a;+1) satisfies a holonomic equation

Z/ 7, )
of which all solutions are bounded by Be —Cldl " for a fixed constant C > 0 that

can be made arbitrarily large (by taking b; large) By Lemma 4.3(b), it follows that the
same holds for the integrand 1(¢) := ¢;((;) k“ml(g, ait1).

Given such a holonomic equation satisfied by I, consider the canonical fundamental
basis h1,..., hs of solutions to this equation at ¢;=b;. For each j, the function h; has initial
conditions in K at b; and the integral

i0;

Ale Zoohj(@) d G,

converges. Taking b; sufficiently large and applying a change of variables of the form
(¢i/b)¢=(1— &)L, we see that the value of the integral lies in KMl Since I can be

rewritten as a IK*'°linear combination of hi,...,hs, we conclude that (B.1) also takes
a value in [Kshola, O

B.7. Invertible elements

Given an integral domain R, let R* be its subgroup of invertible elements. An inter-
esting question is to determine the sets (KM%, (IK*ho)%  ete. Obviously, K7 C (K0!
and e C (KM%, We also know that % C (IK"!)*, since

T = 4 (arctan%—i—arctan%) e IKho!

_ Z 1103 + 26390 k)
N 9801 43964k

hol
€ Khol,

Al

and 1/2% C (IK*P°) % since

a2

It would be interesting to know whether 1% € (K°)* for other rational numbers
a€Q\ (Y Z). From

I'(z) = / r*le %dx
0

1 _ L _ fzeft
L G

we deduce that I'(K \ Z) C (IK*"°!) %, where H is a Hankel contour from co around 0 and

then back to co. From the above facts and Euler’s reflection formula

T

I'l—2)T = —
(1=2)T(z) sin (nz)’

we also deduce that sin (r (K \ Z)) C (IK®P°") X, This is noteworthy, since sin z is a well known

. . . 1. .
example of a holonomic function whose inverse o 1s not holonomic.
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Apart from the invertible elements that directly follow from the above list of examples,
the author is not aware of any other invertible holonomic constants. In particular, the
precise status of X is unclear. From sin (r (K \ Z)) C K"l it follows that X' ~!C Kshol
whence

]Kshol — lehola

In combination with proposition B.7, this actually provides a correct proof of [Hoeven, 2007b,
proposition 4.7 (d)]. If X~ CIKP°! then this would also imply IKP°! = [Krhel = [ghola — rhola,
It seems plausible though that X NIK"!'= {1} and Kb =Kol = Khola = [Krhola hoth hold.

B.8. Further comments

For simplicity, we have assumed that K = Q2# is the field of algebraic numbers, throughout
our exposition. Most results go through without much change for arbitrary algebraically
closed fields K. Only in the proof of Lemma B.2, we used the assumption that 2 i ¢ K;
if 2ni€ K, then the same conclusion can be obtained by induction on d, by applying the
induction hypothesis on f(ze?™) — f(z), when d > 0.

Another interesting direction of generalization would be to consider holonomic func-
tions that are completely defined over Q€ but to consider values at points in larger
fields IK. Such classes of constants contain numbers like e, sin I'(1/2), etc.

In [Fischler and Rivoal, 2011], the authors consider values of so-called Siegel G-func-
tions, which are a particular type of Fuchsian holonomic functions. They prove an analogue
of theorem B.5 in this setting. Their proof is significantly simpler, thanks to special proper-
ties of G-functions [Fischler and Rivoal, 2011, theorem 3], and based on similar arguments
as our proof of proposition B.3. The paper [Fischler and Rivoal, 2011] also contains several
results about fraction fields of fields of values of G-functions. It would be interesting to
investigate analogues of these results in our setting.

Still in [Fischler and Rivoal, 2011], the authors study the case when K ¢ Q2 is an alge-
braic number field that is strictly contained in ©Q?8. They showed that any real algebraic
number can be obtained as the value at z =1 of a G-function over @ that is defined on Dy ;.
In our setting, this immediately implies that Q& C Q"![i], whence (Q?®)hol = Qbeli].
More generally, for any algebraic number field K, we obtain (Q#&)hol = Khel[i] if K C R
and (Q¥&)hol = Kbl if K ¢ IR.
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