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Definitions

¢: effective field of constants
f="rfo+ fiz+ faz? +--- € €[2]
g=go+ g1z +g22" + -+ € [z]
h="fg

Static multiplication algorithms

Given fo,---, fn and gg, - , g,, we compute hg, -, h,_1.
Time complexity: M (n) = O(nlogn).

Space complexity: O(n).

Lazy multiplication algorithms

h; is output as soon as fy,---,f; and g¢gg,---,g; are known,
where ¢ goes from 0 to n.

Time complexity: L(n) = O(M(n)logn).

Space complexity: O(n).



Applications

Functional equations
Lazy multiplication algorithms allow the coefficients of f and g to

depend on the result h; i.e. f,, and g,, dependon fo, - -, fu—_1,90, " , Gn—
and h(), s 7hn—1-

Example: exponentiation
If o =124 ps22 + -+, then ¥ = exp ¢ satisfies

W'=Y (po=1).

Taking f = ¢’,g = ¢ and h = ¢, we get

¢:/n

Here g, = ¢, = %hn_l indeed only depends on hqg,--- , h,_1.
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More applications

Algebraic differential equations

Compute f,,, where f solution of
S Py, o (f1) =0,

with suitable initial conditions.
Our result = solution in time O(M (n)logn).

Extension to systems of algebraic differential equations.

Brent and Kung: a statical O(M (n)) algorithm.
Time and space complexities depend badly on 7.

Harder to implement the general case.

Difference equations

s(2)° + 2s(z°)
3 ?

sn can be computed in time O(M (n)logn).

s(z) =14z

Combinatorial interpretation: s,, is the number of stereoisomeres

of alcohols of the form C), Ho, 1 1OH.



Partial differential equations

of 0°f
or  Oy?

with f(0,y) = siny. We have

+e” f2,

f=foo+ froz+ fory+ fr0z” + frizy+ -

The coefficients f; ; with 0 < 4,7 < n can be computed in time

O(M(n)*logn) (even in time O(M (n?)logn)).

Jooo | Jio | foo | fao | fao | [5.9 | Jeo | fro | [fao

Jog | Jis | fos | fas | fas | [o.8 | Jos | frs | fas

Jor | fir | for | far | far | oo | for | frr | far

Joo | Jis | foo | fa6 | fao | J5.6 | Joo | Jre | fae

Jos | Jis | fos | fas | Jas | Js.5 | Jes | Jr5 | fss

Joa | Jia | foa | foa | Jaa | [oa | foa | fra | foa

Jos | fia | fos | fas | fas | fss | fes | frs | [s3

Joo | iz | fao | fao | Jao | [o2 | foo | fr2 | fae

Joa | fia | faa | faa | Jax | s | fea | fra | fsa

Jooo | Jio | fo0 | f3.0 | fao | J5.0 | Jeo | Jro | fs0




Related results

Functional composition and reversion
Brent and Kung:

— Static O(M (n)y/nlog n) composition and reversion algorithms

in characteristic zero.

— O(M(n)) algorithm for static left composition with differen-

tial algebraic function.

van der Hoeven:

— Static O(M (n)logn) right composition with algebraic power

series.

— Lazy O(L(n)logn) right composition with algebraic power

series.

— Lazy O(L(n)y/nlogn) composition and reversion algorithms

in characteristic zero.



Premature computations
If the first 2PT! coefficients of f and ¢ are known, then the mul-

tiplication

+1_
Hzp,zp = (fzp Zzp + -4 f2p+1_122p 1)

+1_
(gzpzzp _|_ . e —|— 92p+1_1Z2p 1)

can be performed prematurely.

If the first n = (k 4 1)2P coefficients of f and g are known, with
ke{2,3,---} and p > 1, then the multiplications

2P+1—1)

Hzp,kzp = (f2p22p+“°‘|‘f2p+1—12

(ghoe 22" 4 -+ 4 grgny2e 12T

and

Hk2p72p = (szp Zk2p _|_ .o _|_ f(k—|—]_)2p_]_z(k+1)2p_1)

+1_
(92p22p _|_ . e —|— 92p+1_1Z2p 1)

can be performed prematurely.



Algorithm C. Input n € N. Output h,,.

A: extendable array which contains hg, hq,--- whose entries are
initialized by 0. We assume that hq,---,h,_1 have been com-
puted.

C1. [Border]
If n =0, then set A[0] := fyg0-
Otherwise, set A[n] := A[n] + fogn + frngo-

C2. [Diagonal]
If n = 2PT! for some p > 0, then compute I3, 9» and set
Ali] := Ali] + ap 20 ; for all 2P L4 L 2PF2 — 2.

C3. [Main]
For each k > 2 and p > 0 such that n = (k + 1)2P, do the

following:

— Compute s por and set Afi] := Ali] + Hap por; for all
(B+1)2F <@ < (k+3)2F —2.

— Compute Ijor 2r and set Afi] := A[i] 4+ ;20 20 ; for all
(B+1)2F <@ < (k+3)2F —2.



