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Generalized polylogarithms

Polylogarithms

s = (s1, 82,...,5): multiindex of positive integers.

ni

. z
LIS(Z): Z ns1 SZ"'sz.

n
ny>ne>->nE>0 12

Converges for || < 1.

Generalized (-function

At z = 1, we have convergence if s; > 1:
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¢ = Liy(1) = > ey T
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ni>ng>-->np>0 12 k

In particular, {(p) = ¢, for all p > 1.



Iterated integrals

Definition of Li, for w € X* = {x¢, z,}*

1 n
Loy (z) = ﬁlog (2);

Lunl) = [ Lu(0%;
Ly ow(z) = /OZLw(t)%.

Convergence at 0 if w € X*z;.

Convergence at 1 if w € zog X ™.

Combinatorial encoding

L(z) = ) Ly(2)w

weX*

Differential equation for L:

diiL(z) - (”3—0 ;M )L(z).

z 1 — 2z

Indeed:

L(z)=1+ Z Lyyu(2)zou + Z’U € X Ly, »(2)z10,
ueX=



Main results
. L(z) is a Lie exponential

. Asymptotic expansions of L

. Monodromy of L around 1

. Fast computations

. Linear independence of the L,



L(z) is a Lie exponential

Shuftle product

Vwe X', 1lmw =wml=w,

Vu,v € X*) zumyv =z(umyv)+ y(zumov).
Exanuﬂel$0$1HI$1::$1$0$1ﬁ—2$0$%.

o I1 Lo 1 o X1

1 1 1

R(X): non commutative polynomials in X over ring R.

Shuffle algebra Shg(X): R(X) with m (extended linearly).

Lyndon words
Let < be the lexicographical ordering on X*.
A Lyndon word is a non empty word [ € X*, such that

Vuyv e Xt l=uw=1<v
Lyndon words up till length 5:

4 3 3 .2 2 2 2 2

2.3 2 2 3 4
$0$1,$0$1,$0$1$0$1,$0$1,$0$1,$0$1,$1}.

Radford: The Lyndon words form a transcendence basis for Shg (X).



Lie exponentials

R{X): non commutative series in X over ring R.
Liep (X)) C R{(X)): Lie series generated from X by |].
(S|u) = Su: coefficient of u in S € R{X)).

S € R{(X)) Lie exponential if

1. There exists a Lie series L € Lier (X)) with S = e’.
2. YVu,v € X*) (Slumv) = (S|u)(S|v).

3. A(S) = S® S, where A denotes the usual coproduct A :
R{X) — R{X) @ R{(X)), which is defined on letters z € X
by A(z) =2z 1+1Q .

L(z) is a Lie exponential

Suffices to prove this for a particular z.
Observation: L(g) = e®0 08¢ 1+ O( /).
Indeed, Ly, (c) = O(¢" log!!* €), by induction.

Consequence: L(x) “is a Lie exponential at the limit”.



Rigorous proof
Claim: let T'(z) = AL(z) — L(2) ® L(z). Then
T'(z) = (AV(2)) T(2),
lim T'(e) = 0,

e—=0t

where V(z) = (% + leZ)

Consequence: T'(z) = 0 for all z by induction and integration.

Formula for 7"’
Clearly A(L") = (AL)’, whence

T = A

V)A(L) — (AV)(L © L)
A(L) = (Lo L)]

Limit condition
L(g) = e8¢ 4 O(/2) for € — 0T and

xo loge

e is a Lie exponential. Therefore,

T(e) = AL(e)— L(e) ® L(e),

= AO(VE)) - O(vE) @ emnse
—e™ %8¢ @ O(ve) — O(Ve) @ O(Ve).



Asymptotic expansions of L at 1

The claim
L, (1 —¢) is a convergent series in C'[log &]),,|[[£]]-

In view of the shuffle relation
Lomw(z) = Ly(2)Ly(2).

we only need to treat the case when w 1s a Lyndon word.

Proof by induction on |w|

For xg and z1:

960(
961(

For longer Lyndon words w = xgv € xg X *x1:

Lo(l—¢) = /01_5 L(2),,

L, (1—¢) = —5—%52—%53—---;
L, (1—¢) = loge.

= Cu-— /1 1_ L”sz) dz
= (o — /06 —Lvl(l__zz) dz.

Induction hypothesis = convergent expansion for L, (1 — z).

: : L,(1—2)
Integrate convergent asymptotic expansion of g



Expansion of L, ,2(1 —¢)
Using the program xtaylor, we find

1
w = 5’305’3% — T M x0T + 5330111:13?”.

We have
on(l —8) — —E — %82 _0(85/2);
L, (1—¢) = loge;
 log 2
i (1=2) cm/ol_zz
= o —llog=— 1)e— (Floge 17~
61 2
L$0$2(1_8) — Cmon _/ °8 ZdZ
' 1 0 1 — Z

— Cmox% — (10g25 — 2loge + 2)5 _ (%10g28 _
let D) —0(°?).

Hence

Lx%xo(l — &) = C(ppu, loge + (xox%
— (Slog’c —3loge +2)e
— (glogze— %10g8—|—%)52

— 0(55/2).



Monodromy of L

Chen series
v: differentiable path [0,1] — C\{0,1} between a and b.

SV: evaluation in b of solution to

d%S(z) _ (%HEZ)S(Z);

S(a) = 1.

S, € C(X)): Chen series.

Properties

S~ 1s a Lie exponential, determined by the homotopy class of ~.

S’Yl’)/z — S’YzS’Yl;
S.-1 = S,Y_l

Also
L(z) =S.yw2L(20)-

10



Estimations for Chen series around 0 and 1
Yo(R): circular path around 0 of radius R.
v1(R): circular path around 1 of radius R.

By induction over |w|, assuming R < 1/2:

1
(Spuimlw) < = (2m) "l 2R) Ve

jw!
For ¢ — 0T, this estimate yields

— 2T o O(e),
— eT2mE 4 O(e).

Monodromy
M L: analytic continuation of L around 0.

M L: analytic continuation of L around 1.

M;L(t) = S’yi(t)L(t) for 2 =0, 1.

We will show how to compute Lie exponentials My, M; € C(X),
which do not depend on t, such that V¢ €]0,1]

M;L(t) = L(t)M;, fori=0,1.

11



Monodromy around 0

./\/l()L(t) = Sgth,YO(g) Stng(t),

= L(t) L7 (e) S, o) L(e).

This yields

My = lim L7(g)S,, () L(e) = ™.

e—=0t

Indeed, for ¢ — 0, we have commutation of

Snotey = €70+ 0(e) and

L(e) = els)2 L O(/z).

Monodromy around 1

MIL(t) — Sl—gth'yl (¢) StWI—gL(t)v
= L(t) L_l(l — 8)571(5)[/(1 — 8),

whence

My = lim L7H1 —¢g)e ™1 L(1 — &).

e—0T

By abstract nonsense, this limit exists.

Algorithm: using that L(1 — ¢) € Rllog ¢][[e]](X)).

12



Efficient algoritm

Factorization of a Lie exponential S

S=> (Swyw ][  SIFOPO,

weEX* leLyndon(X) N\

Example at order 4

Lﬂﬁl (Z)xl eLmoﬂﬁl xq (Z)[[xovxl]vxl]eLﬂﬁoﬂﬁl (Z)[xoaxl]

Logaegry (2)[To,[T0,21]] eLxO (z)xo .

Formula for M,

Ml — Z—16—2i7TaC1Z
J = H eSp=n P(l)
IZ€{zo,x1}

Here P*(l) € 2¢Z{X )z for | & {zg,x1}.
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Bracket form

| € Lyndon(X): Lyndon word.

| = uv with v as long as possible and u,v € Lyndon(X).
bracket form P(l) of I:

P() = [P(u), P(v)]
P(z) = « for each letter z € X,

By ={P(l); | € Lyndon(X)}: basis for the free Lie algebra.

Bases for the free Lie algebra

w=0"057.000 h>h>->1l, k>0

unique factorization of w € X™* as a \, product of Lyndon words.

P(w) = P(l1)"P(la)* ... P(ly)"",
P*(w) = CP*(I)"™* m...mP*(l;)™ >,
where C' = (aqlag!...ap!) ™!
P*(l) = zP*(w), VIe Lyndon(X),

where | = zw, x € X, w € X*.

B = {P(w); w € X*}: Poincaré—Birkoff-Witt basis.
B* = {P*(w); w € X*}: dual basis.

14



l P(1) P* (1)
zQ zQ zQ
xq xq xq
Ty [zg, =1] Ty
zo2ay [zg, [zo, =1]] zo2ay
zgay? [[zg, 1], =1] zgay?
2oy [zo0, [z0, [0, =1]]] 2oy
zgay? [zo, [[zo, 1], =1]] zgay?
zgx3 ([[zg, =1], =1], =1l zgry®
zotay [z0, [z0, [#0, [0, z1]]]] zotay
wgdaqg? [zg, [zo, [[zo, x1], =1]]] wgdaqg?
wglrqrgay [[zo, [zg, =11, [=zg, =1]] 2293212 + 292z zgay
wg?aqg3 [zg, [[[zg, z1], =1], =1]] wg?aqg3
worywgry? [[zo, =1], [[zg, =1], =11l 3292213 + agayegey 2
wowy? [([[[zo, =11, 1], =1], 1] wowy?
20° [0, [z0, [z0, [z0, [0, @111l | zo®e1
wotaqg? [20, [z0, [xg, [[wg, =11, =1]1]] | =g%wq?
woleqwgay [z0, [[zo, [z0, =111, [zg, =11]] | 22¢%212 + 2g3aqwgay
wg3aqg3 [z0, [zo, [[[zo, =11, 1], =111 | zo3xy3
zolzyzgrr? | [z, [[zo, =11, [[zo, =1], =1]1] | 320°21% + 2g?wyagay?
zo?z12zgey | [z, [[zo, =1], =111, [zg, =1]] | 629321 + 3292 z1wgey? + zg?zy2zgay
w2y ® [z0, [l[zo, =11, =1], =1], =1]] | o2z ?
zgwyrgey [[zo, =1], [[zo, =1], 1], «1]] | 4wg?e1® + 2gzyagey?
zgay® [[[[[zo, =1], 1], =1], 1], =1] | zgzy®

Table 1:

Lyndon words, bracket forms and the dual basis
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Some results

A classical result

Computational results

Mlel
MiLy,,,

] k—1
M Liy,(2) = Lig(2) — 2ix ‘Zi - 1()"‘;), k>0
L., —2my;
Lyyw2 — 207 Lyymy — 22 Ly, + 207 oy
onxlacoxi’ T QiWonxlxox% +

Mleoaclacoaci’

2 8im> 2712
4w Lm%x% T3 Lm%xl - onxl +

4ir® - 2
( 3 on —|_ 2Z7T<$0$% —|_ 27 <960961> onxl —|_

. i3
<_8,L7T<xoaci’ T 47T2 xox% + 4T<£IZ0£E1> LiEo +

2 8im> - 2 -2
—4m Cm%x% + 3 Cm%xl + 217‘-(3}03@13@0%% -7 oL ®
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Linear independence

Given n > 0, assume that we have a C-linear relation

(1) Z )\wLw — O, )\w € C

|w|<n

Induction on n: A, = 0 for all w. Rewrite (1) as

(2) )\1 + Z )\uxoLuaco + Z )\uxl Luacl = 0.
|lu|<n lu|<n
Now
My = 14 2imxzg+ words of length > 1
My = 1-—2imxzy+ words of length > 1

Applying (Mg — Id) and (Id — Mj) on (2),

20T Z Auzg L + Z pol, = 0,

|u|=n—1 |lu|<n—1
20T g Auz, Lo + g vyL, = 0,
|u|=n—1 |lu|<n—1

for certain coefficients u, and v,,.

Induction hypothesis = A,,, and A,,, vanish for |u| =n — 1.

> AwLw =0,

jw]<n—1

Consequently,

whence \,, = 0 for all w, again by the induction hypothesis.
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