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Qi? Classical results

Fast multiplication in C[.X].

e Cooley-Tuckey, Gauss.

e Complexity: O(nlogn) operations in C.

Fast multiplication in Z and R[X].

e Shonhage-Stralen, Cantor-Kaltofen.

o Rlz]/(x™ +1)=(Ry]/(y"£1)[x]/(z" - y)
o Complexity: O(nlognlog®n) operations in R.
Fast « sparse » multiplication in Rz, ..., z4].

e Canny-Kaltofen-Lakshman.

o Complexity: O(slog?sloglogs).

e Formal power series: Lecerf-Schost, VdH.
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%? Classical drawbacks

e Unefficiency in higher dimensions.

o Let P,QeClz,..., 24 with deg P, deg @ < n.

n?

e Input size: s=0(—).

e Naive complexity: O(dnlogn)>> O(slog s).



< Notations

e Notations.
e R> %: effective constant ring.
o n=2P
e wE R primitive n-th root of unity.

e Definition F.F.T.

R" — R"
FFT . A
(ao,...,an_l) — (ao,...,an_l)

with

n—1
a; = Z a; wij:A(wi)
j=0
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The cross relation

i],: bitwise mirror of i at length p

o [3]5=[00011]5 = [TT000]5 = 24
o [26]5=[11010]5=[01011]5

Cross relation

(

Direct formulas

Ls img+j
Ls (i+1)ms+j

=11




@3} The Truncated Fourier Transform @

e Transformation at length [ <n =2P

A

(ag,at,...,ar—1) < (djo),, ap),» -+ d—1p,)

e Computation

|
b

S S
% 2

e Complexity

Theorem. The T.F.T. of (ag,...,a;_1) w.r.t. w can be computed using | p+ n additions-
subtractions and [(Ip+ n) /2| multiplications with powers of w.
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Inverse transformation

Observation on the cross relation

()-( =) ()

Ve, 0 €{0,1}: (xc, ys) determines (z1_., y1—5s)

ro=11+w'y et yo=x1 —w'iy

Lo
(zo+ yo) et y1=5w™" (zo — Yo)

N -

r1=

To=2x1— Yo et y1 =w " (z1 — yo)

azlzazo—wiyl et yozxo—Qwiyl



Inverse transformation

The inverse T.F.T.

Complexity

from its T.F.T. w.r.t. w using | p+n additions-

multiplications with powers of w and 2n shifts.

1)

ap—

)

Theorem. One may recover (ay, ...

subtractions, [(Ip+n)

]

/2



< Inverse transformation o

e Theinverse T.F.T.
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< Remarks

e Compatibility with Schénhage-Strassen

e All multiplications are by powers of w.

e Generalization to the case %% R

For j with j2 =1, study:
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Multivariate case

o T.F.T.of (fir, i), ines with finite S C N?

fos

fo,a | fi,a

Jos | fis | fas

fo2 | fi2 | fa2 | fso

Jor | fia | for | fsa | fan

Joo | fio | faeo | fso | fao | fso

Complexity if S=1{(iy,...,iq) EN%iy+ - +ig<n}

Theorem. Assume that R admits « sufficiently many » primitive 2P-th roots of unity.

Let [, g€ R|z1, ..., zq] be polynomials with deg f + deg g <r and s = <
the product fg can be computed using O(slog s) operations in R.

r+d-—1

r

). Then



e Complexity in general
O(|Slog [S[+[0S][0S])

e Formal power series

e Additional O(log s) overhead.
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