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U Newton’s method

Logarithm:

i = [ 4

Multiplication at order n: M(n) = O(nlognloglogn)
Division at order n: O(M(n))

Logarithm at order n: O(M(n))

Exponentiation: [Brent & Kung 78]

log f = g+0(z"/?)
f= f(l—log f+g)
log f = g+0(2")

Exponentiation at order n: O(M(n))



& Lazy power series

Exponentation

g = epr J1'g
gn = _Z 7?,—|—1—Z)fn 1 9i

Example f=2+ 22+ 23+ .-
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Exponentation
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Lazy power series

Exponentation

Example f=2+ 22+ 23+ .-
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Relaxed power series

Anticipation ~ acceleration
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& Relaxed power series

Anticipation ~ acceleration
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Relaxed power series

Anticipation ~ acceleration

4
gde
5
e
9 H
Hel3]3 5[0 2
1lgi| 112 3[4 5
1igo| 12345
o | J1| fo|f3| fa| f5| fs
112|3[4(5]|6]|7




@

Relaxed power series

Anticipation ~ acceleration
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Relaxed power series

Anticipation ~ acceleration

4051 40514051 4051{4051 4051 4051 28357
720 96 7201360 240(190 144 120 720
167 1671167 5011167 167 501 1169
40 g5 40 | 20 40 10 8 20 40
78 [ 78 [78 73|73 365 73 5lI
794|227 |12 3|6 24 1
13 13 13 13 | 26 65 91
5 1B|ls|ls 2|3 5 1° %
3 3 9 15 21
5192053 5|6 5|9 %
1|la|1|2 3|4 5[6 7
1lgol1|2]3]4]|5]|6]7

/ / / / / / /

0 fl f2 3 4 5 f6

1121345617




& Relaxed power series

Anticipation ~ acceleration
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R(n) = O2M(n/2)+4M(n/4)+8M(n/8)+ )
= O(M(n)logn).



& Solving differential equations & ‘

Algebraic dynamical system
F = Fo—i—/ O(F), ¢ c K[F|", F e K[[z]]", s = size(P)

Relaxed resolution

T(n) = sR(n)

R(n) = O(M(n)logn) [vdH 97]
R(n) = O(M(n)e?vVieeloen) pice K [vdH 03]
R(n) = M(n), naive or Karatsuba model [vdH 97|

Also works for functional equations and partial differential equations.

Newton’s method

8 4 :
T(n) = M(n)(sr+zritgr)+- [Sedoglavic 01]
T(n) = M(n) (s+§r)—i—---, if r=0(logn), nice K [vdH 06]



Uy Implicit equations

Algebraic differential equation
O(F) =0, DeK[F,..,FM¢ FecK[z]

Assume unique solution for given Fy, ..., F}, € K¢

Assume ultimate linearity

oP

B(F+0F) = 22

I2(F)§F + -+ -2 (F) (6 F)",

F(T)

o .
Assume Fy=ei) + 0 for some j.

Extraction of coefficients

(I)(F)n - ]K[n]—HK[n]Fn_U—F—|—IK[n]Fn_,U_(z_1)
v : shift

7 : index

for sufficiently large n, say n > k.



U Series with undetermined coefficients

The IK-vector space of “tangent numbers” ID

¢ = (fo,ne,ic,c*, 0. clie=D)
fe @ pointer to relaxed solution of ®(F)=0
Ne,te € N

c*, c(o), e cie=D) ¢ KK

o o @ k@ Ao ded TR,

One step substitution

D; = {CEIDZicg’L'}
Dy &£ K
TZ]DZ'+1 — ]D@
7(e) ~ [+ fad + OB+ +ETVF, oy



Substitution product

a*;+1 b

SN S D

a *

a0b0+ao(b—b0)—I—(a,—ao)bo—i—d*ib,

7(a — aop)
T(b — bo)
ab



U Relaxed resolution of implicit equations %ﬁ‘

Successive systems of coefficients

Yn = {P®(F);=0:5<n}
trigonalization X, ~» Fy,...,F,_, and system X,, in F}, _y11,...,
trigonalization Y, < trigonalization ¥, U {®(F), =0}

Complexity analysis

Substitution product in D,[[2]]: O(R(n) +irn)
Trigonalization linear systems X,,;: O(i*r°n)

Total cost: O(sR(n) + (s+ir?)irn)

Algebraic case

Coefficients af,bj) do not depend on n

Total cost: O(sR(n)+ (s+r)irn)
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"5 Example in MATHEMAGIX

Mmx] use "algebramix";

Mmx] z: Series Rational == series (0, 1);



Mmx] Z: Series Unknown Rational == z;
Mmx] eq (f) ==z + £ - £ x f + derive (273 * £);

Mmx] sol == implicit_series (eq, 1 :> Rational)
1+2+2224+624—122°+422%—13227 + 438 28 — 15242° + O(210)
Mmx] eq (sol)

O(219)

Mmx] sol[1000]

158700931238507678768695916634285922367254936435424567597326925362324191377370993748225\
752302806011373370547390942001902086046952417009728503614897124750353438193535622914794 \
985433134383615742119214309247506551911993574900366429600826445169579676906043232896295\
192957832977501728701233395442853966415405096174676638893194315852110967341351362957131\
266739871379874989338576566555127734823009222624990542218354832316876278456762165030345\
783458236852851936513638048958366237422843952980130068921563593243831912530997188494224 \
533966620011964497964918761693328209773885809121481412854137652096321572224274886363385\
641977500804439714915057954158607127060285980309374758358348371982672316421808597084520\
972719903383977121904894902390163731508018623219984767728833162330200562536487232865407\
054481917941748450701031991246140526353860382120253524627570716741122120652286905335044 \
218288558638089635815525027500678080807225858028783479754270437668876893465660905297529\
277685461062275340956141111413811613729928938421477454774175997575181166913179150694335\
114240529947984624124745945398417230482587349623374964258132088497324865597414690137469\
493664920572190779326465554745836858093043885376226513112803154321071901368103759357239\
8569314519815363421447147103081726100724638149282966186610662140354530473918141497450\
4438






