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 Any Hardy �eld K is a valued �eld for the valuation ring OK= ff 2K: f 4 1g.

The big dream

Use L-functions (� elements of RLiouville) or a suitable generalization as a universal framework
for the asymptotic analysis of real functions at in�nity.
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vdD�Macintyre�Marker / vdH (1997)

The functional inverse of log x log log x cannot be expanded w.r.t. Hardy L-functions
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For any solution y of

y 00+ y = ex
2
;

there exists a Hardy �eld that contains y. But for two such Hardy �elds K1 and K2 there is
generally no Hardy �eld K that contains both K1 and K2.

Singer (1975)

K: Hardy �eld, y: solution to y 0=�(y), �2K(y). Then K(y) is a Hardy �eld.

How to go beyond �rst order equations?
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1

1¡ x¡1+e¡x
= 1+

1

x
+

1

x2
+ ���+e¡x+2

e¡x

x
+ ���+e¡2x+ ���

¡ex
R e¡x

x
=

1

x
¡ 1

x2
+

2

x3
¡ 6

x4
+

24
x5
¡ 120

x6
+ ���

¡(x) =
2 p

p
ex(log x¡1)

x1/2
+

2 p
p

ex(log x¡1)

12x3/2
+

2 p
p

ex(log x¡1)

288x5/2
+ ���

�(x) = 1+2¡x+3¡x+4¡x+ ���
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3 + ���
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xlog(log(x))¡ x

log(x)¡
x

log(x)2
¡ 2x

log(x)3
+O

�
x

log(x)4

�
¡ log(log(x))

2

240x3 log(x)2
+

O

0@ e
xlog(log(x))¡ x

log(x)¡
x

log(x)2
¡ 2x

log(x)3
+O

�
x

log(x)4

�
¡ log(log(x))

2

x3 log(x)3

1A
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

� C: constant �eld

� (M;4): totally ordered group of monomials

I.e. logM is a value group with m4 n() v(logm)> v(log n)

� C[[M]]: Hahn �eld of f =
P

m2M fmm with well-based support.

m1�m2� ��� with m1;m2; :::2 supp f is impossible

� C[[M]]: �eld of f =
P

m2M fmm with grid-based support.

supp f �m1
N ���mm

N n; m1; :::;mm� 1

� C[[M]]S : �eld of f =
P

m2M fmm with SSSSSSSSS -based support.

S :M!S M2P (M) functor of well behaved supporters with

¡ fmg2S M for all m2M

¡ S M closed under taking subsets, unions and multiplication

¡ S M closed under power products of in�nitesimal sets
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P
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Strong summability

We say that (fi)i2I 2C[[M]]S
I is (strongly) summable if

1.
S
i2I supp fi2S

2. fi2 I:m2 supp fig is �nite for each m2M

Then g=
P
f 2C[[M]]S with gm=

P
i2I fi;m is well-de�ned.

Example

If supp f � 1, then (fn)n2N is summable, allowing to de�ne 1

1¡ f
:=

P
n2N f

n

Properties

�
P
(f�(i))i2I=

P
(fi)i2I

�
P
F qG=

P
F +

P
G

� For F =
`

j2JGj, we have
P

j2J
P
Gj=

P
F ���
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Strong summability

We say that (fi)i2I 2C[[M]]S
I is (strongly) summable if

1.
S
i2I supp fi2S

2. fi2 I:m2 supp fig is �nite for each m2M

Then g=
P
f 2C[[M]]S with gm=

P
i2I fi;m is well-de�ned.

Example

If supp f � 1, then (fn)n2N is summable, allowing to de�ne 1

1¡ f
:=

P
n2N f

n

Properties

�
P
(f�(i))i2I=

P
(fi)i2I

�
P
F qG=

P
F +

P
G

� For F =
`

j2JGj, we have
P

j2J
P
Gj=

P
F ���

Strongly linear map

Linear map �:C[[M]]!C[[N]] that preserves strong summation
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R[[xR eRx]] =� R[[xR]][[eRx]]X
�;�2R

f�;�x
� e�x =

X
�2R

� X
�2R

f�;�x
�
�
e�x
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Example

R[[xR eRx]] =� R[[xR]][[eRx]]X
�;�2R

f�;�x
� e�x =

X
�2R

� X
�2R

f�;�x
�
�
e�x

More generally

Let M[ a convex subgroup of a monomial group M] and assume that we may decompose

M = M[M]

Then

C[[M]] =� C[[M[]][[M]]]
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At the beginning, there was

R[[xR]]S

Adding logarithms
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`k =
¡
log � :::k� � log

�
(x)

For m= `0
�0 ��� `n�n, logm=�0 `1+ ���+�n `n+12Ln+1. For f = cm (1+ �)2Ln�,

log(f)= log(cf df (1+ �f)) = log df + log cf + log (1+ �f):
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

At the beginning, there was

R[[xR]]S

Adding logarithms

Ln = R[[Ln]]S =R[[`0
R ��� `nR]]S

`k =
¡
log � :::k� � log

�
(x)

For m= `0
�0 ��� `n�n, logm=�0 `1+ ���+�n `n+12Ln+1. For f = cm (1+ �)2Ln�,

log(f)= log(cf df (1+ �f)) = log df + log cf + log (1+ �f):

Closing o�

L = L0[L1[L2[ ���
L̂ = R[[L]]S ; L=L0[L1[L2[ ���

Grid-based case: L̂=L
Well-based case: `0+ `1+ `2+ ��� 2 L̂ nL
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

Field of transseries

T � R[[T]]S

log:T ! T�= ff 2T:8m2T;m� 1g

Exponential extension

Texp = exp(T�)�T

Texp = R[[Texp]]S

Example

e
x2+

x2

log x+
x2

log2 x
+���+x+log log x

2Lexp

Closing o�

Texp1 = T[Texp[Texp;exp[ ���
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

Field of transseries

T � R[[T]]S

log:T ! T�= ff 2T:8m2T;m� 1g

Exponential extension

Texp = exp(T�)�T

Texp = R[[Texp]]S

Example

e
x2+

x2

log x+
x2

log2 x
+���+x+log log x

2Lexp

Closing o�

Texp1 = T[Texp[Texp;exp[ ���
T̂exp1 = R[[T̂exp1]]S ; T̂exp1=T[Texp[Texp;exp[ ���

Grid-based case: L̂exp1=Lexp1

Well-based case: 1
x
+

1

ex
+

1

ee
x + ��� 2 L̂exp1 nLexp1
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Alternative construction 17/29

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

First close o� under exponentiation

E0 = R[[E0]]S E0 = xR

En+1 = R[[En]]S En+1 = xR exp ((En)�)
E = E0[E1[E2[ ���

Upward shifting

� � exp : En ¡! En+1

 formal identi�cation of f 2En with (f � exp) � log2En+1 � log2E � log

Closure under logarithm

T = E[E � log[E � log � log[ ���

Grid-based case: same construction
Well-based case: di�erent construction: x+ log x+ log log x+ ��� 2/ T

Our book

T=
S
k2NE � `k �standard �eld of transseries�
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

Totally ordered �eld T=R[[T]]S with a logarithm such that

T1. dom log=T>.

T2. logm2T�, for all m2T, i.e. 8n2 supp (logm); n� 1.

T3. log (1+ ")= "¡ 1

2
"2+

1

3
"3+ ���, for all "2T�.

T4. see Schmeling's PhD.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

Strictly increasing trans�nite sequence of �elds of transseries

T1 = L

T�+1 = (T�)exp

T� = R[[
S
�<�T�]]

Trans�nite sequence of f�2T� with supp f�=�� and f�2/
S
�<�

T�

f1 = x2

f�+1 = f�¡ ef��log x

f� = stat lim
�<�

f�

f1 = x2

f2 = x2¡ elog2x
���

f! = x2¡ elog2x¡ elog2x¡elog log
2 x¡ ���

f!+1 = x2¡ elog2x¡ elog2x¡elog log
2 x¡ ��� ¡ elog2x¡elog log

2 x¡���

���
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Let T be standard or T=T� with (T�) as above

De�nition. Exp-log derivation: derivation with (ef)0= f 0 ef whenever ef is de�ned.

Theorem. There exists a unique strong exp-log di�erentiation on T with x0=1.

This derivation satis�es:

AD1. f � g) f 0� g 0, for all f ; g 2T with g�/ 1.

AD2. f � 1) (f > 0) f 0> 0), for all f 2T.
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Let T be standard or T=
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�<�T�, � stable under multiplication

De�nition. Di�erence operator � is exp-log: �(ef)= e�(f) whenever ef is de�ned.

Theorem. Let g 2T>;�. 9 unique strong exp-log di�erence operator �:T!T with �x= g.

We call � the post-composition operator with g and also write �(f)= f � g. It satis�es:

A�1. f � 1) �(f)� 1, for all f 2T.

A�2. f > 0) �(f)> 0, for all f 2T.
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Let T be standard or T=
S
�<�T�, � stable under multiplication

De�nition. Di�erence operator � is exp-log: �(ef)= e�(f) whenever ef is de�ned.

Theorem. Let g 2T>;�. 9 unique strong exp-log di�erence operator �:T!T with �x= g.

We call � the post-composition operator with g and also write �(f)= f � g. It satis�es:

A�1. f � 1) �(f)� 1, for all f 2T.

A�2. f > 0) �(f)> 0, for all f 2T.

Theorem. Given g 2T>;�, there exists a unique ginv2T>;� with f = ginv � g= g � ginv=x.

Theorem. f ; "2T with ��x and m0 ��m for all m2 supp f. Then

f � (x+ �)= f + f 0 �+
1

2
f 00 �2+ ���
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Theorem. The �eld T=
S
k2N

S
n2NR[[En]] � `k is stable under integration.
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Theorem. The �eld T=
S
k2N

S
n2NR[[En]] � `k is stable under integration.

Fact. The �eld Lexp is not stable under integration. Indeed,
R
g2/ Lexp, where

g =
1

x log x log log x ��� = exp(¡x¡ log x¡ log log x¡ ���)

Remark. Any f 2Lexp with fg=0 admits an integral in Lexp.

Question. Analytic meaning of `!=
R
g?

� Kneser ) 9 real analytic solution to

`! � `1 = `!¡ 1

� Di�erentiate ) g= `!0 indeed a solution to

g � `1
x

= g

� `! grows slowlier than any iterated logarithm
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Z
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Trans�nite iterators of the logarithm

`� =

Z
1Q

�<� `�

Generalized transseries

Schmeling�vdH: generalizated transseries that encompass `�

Fork in the road

Let T be a �eld of transseries with g2T but
R
g2/ T

� Possible to construct extension Th
R
gi in which

R
g� 1

� Also possible to construct extension Th
R
gi in which

R
g� 1
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di�erential polynomial and assume that f < g in T are such that P (f) P (g)< 0. Then there
exists a h2T with f <h< g and P (h)= 0.
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Theorem. Let P 2TS fY g and y 2T be such that P (y)= 0. Then y 2TS .
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Corollary. TS is newtonian and it satis�es the di�erential intermediate value property.
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Theorem. Let P 2TS fY g and y 2T be such that P (y)= 0. Then y 2TS .
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Question. Is x+ log x+ log log x+ ��� di�erentially transcendental over T?
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Accelero-summation

Analyzable functions

Let Taccsum be the subset of T of accelero-summable transseries

Theorem. Taccsum is a Hardy �eld.

Conjecture. Taccsum contains the �eld of all di�erentially algebraic transseries over R.
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De�nition. � A transserial Hardy �eld is a di�erential and truncation closed sub�eld of T
together with an isomorphism with a Hardy �eld.
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Theorem. The sub�eld of T of all di�erentially algebraic transseries over R can be given the
structure of a transserial Hardy �eld.
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Theorem. The sub�eld of T of all di�erentially algebraic transseries over R can be given the
structure of a transserial Hardy �eld.

Corollary. There exists a Hardy �eld K such that

� K is Liouville closed.

� K is newtonian.

� Operators in K[@] can be factored in operators of order one or two.

� K satis�es the di�erential intermediate value property.


