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� C constant �eld

� M divisible monomial group

� P 2C[[M]]S [Y ]

Lemma. Assume that ndeg�vP = d> 1 and that 0=/ � � v satis�es deg��P+� = d.

Then there is a unique '� � with P (d¡1)(')= 0, and we have deg�'P+'= d.

Moreover, for any  � ' with  =/ 0, we have

ndeg� P+'+ < d:

Theorem.

� If C is algebraically closed, then so is C[[M]]S .

� If C is real closed, then so is C[[M]]S .
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Problems to be tackled

� How to determine the starting monomials?

� How to characterize starting monomials?

� How to compute the algebraic starting monomials?

� How to compute the di�erential starting monomials?

Strategy

� m starting monomial for P (y)=0; y�v() 1 starting monomial for P�m(y)=0; y� vm

� Su�ces to characterize when 1 is a starting monomial

� Algebraic case: 1 is a starting monomial () NP admits a non zero root in R

� What is the di�erential analogue of NP?
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x2 log x log log x ��� near constants instead of being close to 1



Upward shifting 12/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

x  ex~

y(x)  y~(x~)

y 0(x)  y~0(x~)

ex~

y 00(x)  y~00(x~)¡ y~0(x~)
e2x~

y 000(x)  y~000(x~)¡ 3 y~00(x~)+ 2 y~0(x~)

e3x~

���



Upward shifting 12/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

x  ex~

y(x)  y~(x~)

y 0(x)  y~0(x~)

ex~

y 00(x)  y~00(x~)¡ y~0(x~)
e2x~

y 000(x)  y~000(x~)¡ 3 y~00(x~)+ 2 y~0(x~)

e3x~

���

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

 

P~(y~) =
1

e2x~
y~3+

2

e3x~
(y~0)2¡

� 4

e3x~
+

1

e4x~

�
(y~00¡ y~0)+ e¡e

x~



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���

Theorem. 8 P 2TfY g=/ , 9 n02N, 9 Q(Y )2R[Y ], 9 � 2N, 8n>n0

DP "n = Q(Y ) (Y 0)�



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���

Theorem. 8 P 2TfY g=/ , 9 n02N, 9 Q(Y )2R[Y ], 9 � 2N, 8n>n0

DP "n = Q(Y ) (Y 0)�

NP(Y ) = Q(Y ) (Y 0)�



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���

Theorem. 8 P 2TfY g=/ , 9 n02N, 9 Q(Y )2R[Y ], 9 � 2N, 8n>n0

DP "n = Q(Y ) (Y 0)�

NP(Y ) = Q(Y ) (Y 0)�

m starting monomial , 9c2R=/ ; NP�m(c)= 0



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���

Theorem. 8 P 2TfY g=/ , 9 n02N, 9 Q(Y )2R[Y ], 9 � 2N, 8n>n0

DP "n = Q(Y ) (Y 0)�

NP(Y ) = Q(Y ) (Y 0)�

m starting monomial , 9c2R=/ ; NP�m(c)= 0

m algebraic starting monomial , NP�m not homogeneous
m di�erential starting monomial , NP�m homogeneous



Back to Newton polynomials 13/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

P (y) =
1
x2
y3+

2
x
(y 0)2¡

� 4
x
+

1
x2

�
y 00+e¡x

(P ")(y) =
1
e2x

y3+
2
e3x

(y 0)2¡
� 4
e3x

+
1
e4x

�
(y 00¡ y 0)+ e¡e

x

(P "")(y) =
1
e2e

x y3+
2

e3x e3e
x (y 0)2+

� 4
e3e

x +
1
e4e

x

�� y 0
ex
+
y 00¡ y 0
e2x

�
+e¡e

ex

���

Theorem. 8 P 2TfY g=/ , 9 n02N, 9 Q(Y )2R[Y ], 9 � 2N, 8n>n0

DP "n = Q(Y ) (Y 0)�

NP(Y ) = Q(Y ) (Y 0)�

m starting monomial , 9c2R=/ ; NP�m(c)= 0

m algebraic starting monomial , NP�m not homogeneous
m di�erential starting monomial , NP�m homogeneous

ndeg�vP = mulNP�v
ndeg4vP = degNP�v



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x

� Idea: �%g¡1



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x

� Idea: �%g¡1

� Study eventual behaviour: � as large as possible such that @~ is small (f � 1) @~f � 1)



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x

� Idea: �%g¡1

� Study eventual behaviour: � as large as possible such that @~ is small (f � 1) @~f � 1)

Problematic case (w= 1

`0
2 +

1

`0
2 `1
2 +

1

`0
2 `1
2 `2
2 + ���)

P (y)=2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2

(P ")(y)= (2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2) e¡4x



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x

� Idea: �%g¡1

� Study eventual behaviour: � as large as possible such that @~ is small (f � 1) @~f � 1)

Problematic case (w= 1

`0
2 +

1

`0
2 `1
2 +

1

`0
2 `1
2 `2
2 + ���)

P (y)=2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2

(P ")(y)= (2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2) e¡4x

� Obtaining NP requires an in�nite number of upward shiftings, i.e. taking �= g¡1



Newton polynomials in the H-�eld setting 14/23

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Upward shifting  compositional conjugation

� Compositional conjugation: @ @~= �@

� Upward shifting: �=x

� Two upward shiftings: �=x log x

� Idea: �%g¡1

� Study eventual behaviour: � as large as possible such that @~ is small (f � 1) @~f � 1)

Problematic case (w= 1

`0
2 +

1

`0
2 `1
2 +

1

`0
2 `1
2 `2
2 + ���)

P (y)=2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2

(P ")(y)= (2 y 0 y 000¡ 3 (y 00)2¡w (y 0)2) e¡4x

� Obtaining NP requires an in�nite number of upward shiftings, i.e. taking �= g¡1

� But it could be that w2K whereas g2/K
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Moreover, if K is w-free, then N 2C[Y ] (Y 0)N.
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w-free, then there exists a unique equalizer e2M for which N(P+Q)�e is not homogeneous.
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P (y)= (y 0)2¡ y y 00=((yy)2¡ ((yy)2+ yy0)) y2=¡yy0 y2=RP(yy) y2
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De�nition. K is newtonion if any asymptotic di�erential equation of Newton degree one admits
at least one solution.

Theorem. T is newtonian.

Remark. Solution not necessarily unique (e.g. y 0=0). If P 2TfY g and ndeg�vP =1, then
P (y) = 0; y � v admits a unique �distinguished� solution y: whenever P (y~) = 0; y~ � v and
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De�nition. K is newtonion if any asymptotic di�erential equation of Newton degree one admits
at least one solution.

Theorem. T is newtonian.

Remark. Solution not necessarily unique (e.g. y 0=0). If P 2TfY g and ndeg�vP =1, then
P (y) = 0; y � v admits a unique �distinguished� solution y: whenever P (y~) = 0; y~ � v and
y~¡ y�m, then ym=0.

Theorem. Let K be a d-valued �eld of H-type that is stable under integration. Assume that K
is the directed union of spherically complete grounded d-valued sub�elds. Then K is newtonian.

Example. T=E[E � log[E � log � log[ ���

Theorem. LetK be an H-asymptotic �eld with asymptotic integration and divisible value group.
Then there exists an immediate asymptotic extension of K that is spherically complete.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Di�erential Tschirnhaus re�nements

P 2KfY g; ndeg�vP = d

NP =DP =(Y ¡ c)d¡� (Y 0)�

Q=

8><>:
@d¡1P

@Y d¡1 @ (Y 0)�
if � <d

@d¡1P

@ (Y 0)d¡1
otherwise

Q(�)= 0; �� v

Theorem. If K is w-free, newtonian, and with divisible value group, then we may �unravel�
d-fold starts of solutions using a �nite number of di�erential Tschirnhaus re�nements.
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y2+2 y 0+w=0; y� 1

Compositional conjugation @= g @~

y2+2g @~y+w=0; y� 1

Multiplicative conjugation y¡! g y

g2 y2+2g2 @~y¡ 2 lg y+w=0; y� g¡1

Di�erentiate

2 g2 �¡ 2 lg=0; ��g¡1

Re�ne original equation

y= g �+ y~= l+y~; y~� l
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Potential in�nite loops during unravelling
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Automorphisms

P 7¡! P "
P 7¡! P�e¡x

P 7¡! P+1
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Theorem. For P 2KfY g, we have
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Corollary. If K is w-free, then P 2KfY g admits a di�erential polynomial NP 2C[Y ] (Y 0)N.
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Theorem. Let P 2RfY g nR and l= 1

`0
+

1

`0 `1
+

1

`0 `1 `2
+ ���. Then either

P (l) � cm l

P (l) � cmw

for some c2R=/ and m2L.

Theorem. If K is w-free, newtonian, and with divisible value group, then we may �unravel�
d-fold starts of solutions using a �nite number of di�erential Tschirnhaus re�nements.

Corollary. If K is w-free, newtonian, and with divisible value group, then K is asymptotically
d-algebraically maximal.

Corollary. In particular, if C is also algebraically closed, then any asymptotic di�erential equation
of Newton degree d admits at least d solutions in K (counted with multiplicities).


