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e ( constant field
e ‘N divisible monomial group

o PeC[M]-[Y]

Lemma. Assume that ndeg., P=d > 1 and that 0 7 < v satisfies deg_, P, =d.
Then there is a unique o~ with P~V (o) =0, and we have deg_, P\, =d.

Moreover, for any 1) < ¢ with 1) #+0, we have
ndeg<¢ P—H,D—f—w < .
Theorem.

e If C is algebraically closed, then so is C'[[]] .
e If C is real closed, then so is C[[N]] »~.
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Problems to be tackled

e How to determine the starting monomials?

e How to characterize starting monomials?

e How to compute the algebraic starting monomials?

e How to compute the differential starting monomials?

Strategy

e m starting monomial for P(y) =0,y <v <= 1 starting monomial for Py (y) =0,y <vom
e Suffices to characterize when 1 is a starting monomial

e Algebraic case: 1 is a starting monomial <= Np admits a non zero root in R

e What is the differential analogue of Np?
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Upward shifting ~~ compositional conjugation
e Compositional conjugation: 9~ 0= ¢ 0

e Upward shifting: o ==«

e Two upward shiftings: o =z logx

o Idea: ¢ "y~ !

e Study eventual behaviour: ¢ as large as possible such that  is small (f<1= df < 1)

Problematic case (0= — + —— + ——=—+ -+

—B e T BEa
Ply)=2y"y" -3 (y")*—o(y)?
(PD()=2y"y" =3(y")? o (y)?) e

e Obtaining Np requires an infinite number of upward shiftings, i.e. taking ¢ =y !

e But it could be that w € K whereas vy ¢ K
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K: d-valued field of H-type with asymptotic integration and small derivation
2T multiplicative subgroup of K that is isomorphic to 'k

Theorem. Given P € K{Y }7, there exists an N € C{Y'} such that, eventually, D po = N.
Moreover, if K is w-free, then N € C[Y] (YN,

Theorem. Let P, Q € K{Y'}7 be homogeneous, of degrees i < j. If M is divisible if K is
w-free, then there exists a unique equalizer ¢ € 9l for which N(p ), . is not homogeneous.

Theorem. Let P € K{Y }7 be homogeneous. If K is w-free, then

m s a starting monomial for P <= ndeg_y (Rp)_ gyt >0

3 /
L) -y — L5 e

eCE

xX

=0

Ply)=w)?—yy" =y = (v +y") y*=—y" y*=Rp(y") v*
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Quasi-linear differential equations

Definition. K is newtonion if any asymptotic differential equation of Newton degree one admits
at least one solution.

Theorem. T is newtonian.

Remark. Solution not necessarily unique (e.g. ' =0). If P T{Y } and ndeg_, P =1, then
P(y) =0, y < v admits a unique “distinguished” solution ¥: whenever P(7y) =0, y < v and
y —y=m, then y, =0.

Theorem. Let K be a d-valued field of H-type that is stable under integration. Assume that K
is the directed union of spherically complete grounded d-valued subfields. Then K is newtonian.

Example. T=EUIEologUEologologU---

Theorem. Let K be an H-asymptotic field with asymptotic integration and divisible value group.
Then there exists an immediate asymptotic extension of K that is spherically complete.
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Almost multiple solutions 17/23

Differential Tschirnhaus refinements

Pe K{Y}, ndeg., P=d
Np:Dp: (Y — C)d_y (Y’)V

od—1p

0= YTy if v<d
N oi—1p .
ST otherwise
Q(¢)=0,  ¢=<v

Theorem. If K is w-free, newtonian, and with divisible value group, then we may “unravel”
d-fold starts of solutions using a finite number of differential Tschirnhaus refinements.
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v 42y +w=0, y=<1

1 1 1
x2log?2xr  x2log? xlog?log x

Upward shift

2 1
y2+e_wy/+e7(1+w)’ y=<1

xT

T

Multiplicative conjugation y — ye™
2 +2y —2y+1+ o, y<e’
2¢p—2=0, O <e”
Refine y — 1419y, y=<1
7>+2y +w=0, y=<1
Infinite number of steps ~~
1 1 1

:)\:—
Y x+a:10gx x log x log log x
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v +2y +0=0, y=<1
Compositional conjugation &=+ 0
Y2 +2y 0y +w=0, y=<1

Multiplicative conjugation y — v ¥y
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The chief problematic equation when y € K

y?+ 2y +w=0, y=<1

Compositional conjugation &=+ 0
y2+2y5y+w:0,

Multiplicative conjugation y — v ¥y

VY2427 0y =20y y + 0 =0,

Differentiate

y<1

y=x

2v?¢—2hy=0, =<y

Refine original equation

Y=Yyo+y=rty, Yy<A

—1
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Triangular automorphisms: motivation

Shape of differential Newton polynomials
P~ PTas P as -
Potential infinite loops during unravelling

PWPTWPTxe_mWPTXe_CC,—FlWPTXe_m,—leWPTxe_f’?,—lexe_mW"'

Automorphisms

P — P?
P v+— Py,
P +— P+1
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V&) 1 1 Y
(V) (L (", \( )
Y e 2 -1 1 Y
Y///T — e—3:c 3 -2 1 Yy !
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1
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Y///T
Y////T
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V =log
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e

e

—2x

e

—3x

3 =2 1
—6 11 —6 1

e

—4x

)\

[0

\

~1 1
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—6 11 —6 1
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-1 0
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(v
Y’
Y///]\
Y///T
Y////T

\

V =log

(.

e
e—2x

e—3x

)\

[0

\

~1 1
3 -2 1

—6 11 —6 1

0

-1 0

1/2 -2 0

~1/2 2 -6 0

(

0
1/2

3')

Upward shifting 21/23

\( \( X

Y/

Y//
Y///
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Note: infinite lower triangular matrices naturally act on K{Y'}

Theorem. For P € K{Y }, we have
ViP=VyP=0 «<— PEK[Y] (Y’)N

Decomposition into isobaric parts

P = Y"4+Y?Y"=(Y)24+3Y3Y'=YO43Y = ) Py

welN
Y _3Y" 19V Y2 Y”—Y2 Y/ _(Y! 2 3y3 Y/
PT - 36333 - + e2:c ( ) + e’ _Y6+3Y
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Eventual compositional conjugation 22/23

Note: infinite lower triangular matrices naturally act on K{Y'}

Theorem. For P € K{Y }, we have
ViP=VyP=0 «<— PEK[Y] (Y’)N

Decomposition into isobaric parts

P = Y"4+Y?Y"=(Y)24+3Y3Y'=YO43Y = ) Py

welN
Y _3Y" 19V Y2 Y”—Y2 Y/ _(Y! 2 3y3 Y/
PT - 36333 - + e2:c ( ) + e’ _Y6+3Y

Eventual behaviour

For p=v—v, A=—7T =k w=—(A?+2X) and P = Py,

(P)w) = ¢ Py
(P)fw—1) = ¢ (Py—1)+ A V1 Pyy)
_ 1
(PO w—z) = ¢“ 2(Pu—2+AV1Pu_1+ (W Va+3AV3) Py

Corollary. If K is w-free, then P € K{Y } admits a differential polynomial Np € C[Y] (Y")N.
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1 1

Theorem. Let Pc R{Y }\ R and k:% + +

e T + ... Then either

P(\) =~ cmA\
PA) =~ cmw

for some c€ R7 and m € £.

Theorem. [If K is w-free, newtonian, and with divisible value group, then we may “unravel”
d-fold starts of solutions using a finite number of differential Tschirnhaus refinements.

Corollary. If K is w-free, newtonian, and with divisible value group, then K is asymptotically
d-algebraically maximal.

Corollary. In particular, if C'is also algebraically closed, then any asymptotic differential equation
of Newton degree d admits at least d solutions in K (counted with multiplicities).



