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Why study the asymptotic behaviour of M(N) ?
Division. O(M(N))

Gcd. O(M(N)log N)

Computing e, 1. O(M(N) log N)

Base conversion. O(M(N) lolgi/gv,\,)

FFT. O(M(np)), length n, bit-precision p=logn

M(N) = speed of basic arithmetic

often
Also « Better theoretical techniques —— faster practical implementations

« Asymptotic complexity abstracts from concrete machines
« Mechanizing multiplication is a historically fascinating problem
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I(N)=O(N?) [(N) = O(N'"*&%)
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Short history 5122

1962 Karatsuba O(N'°83/l0s2)

1963 Toom o(N2°VioeMies?)

1966 Schonhage O(NZVzIOgN“ng(IogN)3/2>

1969 Knuth O N2V jog N)

1971 Pollard O(Nlog Nloglog Nlogloglog N ---)
1971 Schonhage-Strassen O(Nlog Nloglog N)

2007 Fiirer O(Nlog N 20Ues'N)y

2014 Harvey-vdH-Lecerf O(Nlog N85 N)

2017 Harvey O(Nlog N6'°&'N)

2017 Harvey-vdH O(Nlog N (4,/2)'8 N

2018 Harvey-vdH O(Nlog N4'°g'Ny
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Complexity

Karatsuba multiplication

1302 2020 x 3141 5926
a C

(ax+b)-(cx+d) = a-cx?*+(a-d+b-c)x+

a-d+b-c = (a+b)-(c+d)-a-c-

J/A\

M(n) < 3M(n/2)+Cn
9M(n/4) +%Cn

27M(n/8) +?Cn
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Kronecker segmentation

4627579679788114 4519170871966234

X

(4627 x> +5796 x>+ 7978 x + 8114) (4519 x3+ 1708 x>+ 7196 x + 6234)

X

Kronecker substitution

(4627 x>+ 5796 x>+ 7978 x +8114) x (4519 x>+ 1708 x>+ 7196 x + 6234)

X

4627000005796000007978000008114 4519000001708000007196000006234

X
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Kronecker segmentation
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Cyclic polynomials

[K: a field (or a suitable ring)
n: cycle length
K[x]/(x™-1): ring of cyclic polynomials of length n

bijection

P € K[x], degP <n «——— P € K[x]/(x"-1)
P,Q € K[x], deg(PQ) < n, Compute PQ < Compute PQ

Summary so far

Kronecker Encode
7— K[x] — K[ x]/(x"-1)
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2mi

@ : primitive n-th root of unity in K, say w=e
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P € K[x]/(x"-1) Q € K[x]/(x"-1)
lDFT DFT
Pe @ Kx]/(x-wh Qe P K[x]/(x-wk)
0<k<n N p 0<k<n
PQ € P K[x]/(x-wk)
0<k<n

lDFT“

PQ € K[x]/(x"-1)
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P € K[x]/(x"-1) Q € K[x]/(x"-1)
DFT lDFT
Pe @ Kx]/(x-wh Qe P Kx]/(x-w")
0<k<n N p 0<k<n
PQ € Oin K[x]/(x- ")

lDFT1

PQ € K[x]/(x"-1)

Summary so far

Kronecker Embed DFT
7— K[x] — K[x]/(x"-1) —> K"
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K[x]/(x*"-1) = K[x]|/(x"-1) @ K[x]/(x"+1)



K[x]/(x2"-1)

IR

IR

K[x]/(x"=1) & K[x]/(x"+1)
K[x]/(x"=1) & K[x]/(x"-1)

~

X = wX

w" = -1
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Fk(2n) < 2Fk(n)+naddk+nsubk+nmul

Vv

K\_/

K[x]/(x*"-1)

=~

K[x]/(x"-1) e K[x]/(x"+1)



Fx(2n) < 2Fk(n)+naddyk+ nsuby+nmul

-~ ~~

VY

K[x]/(x*"-1) K{x]/(x"+1)

=~

K[x]/(x"=1) e K[x]/(x"+1) K{x]/(x"-1)
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Fx(2n) < 2Fk(n)+naddk+ nsubyg+nmul,n~

-~

A

K[x]/(x*"-1) K{x]/(x"+1)

= =~

K[x]/(x"-1) e K[x]/(x"+1) K[x]/(x"-1)

n = 28" — Fy(n) < nlgn(addu(+%mulww)
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N
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How to choose K?

2mi

I. K=Cj, with bxlogN, nx%, w=en

Il. K=TF, with p=s2'+1, IgpxlogN, n=2’x%, w exists...

. K=2Z/(2"+1)Z with m=2!<\/N, n<\/N, w=2

Complexity analysis

l. M(N) = O(NM(log N)) M(N)=O(NlogNloglog N ---)
Il. M(N) = O(NM(log N)) M(N)=0O(NlogNloglogN---)
1. M®(N) <2 /NM®°({/N)+O(NlogN) M(N) = O(Nlog Nloglog N)

Me(N): cost of multiplication in Z/(2N+1) Z
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A careful construction yields

Me(n) < Cnlogn+2n1/2M9(n1/2)
< Cnlogn+Cnlogn+4n"Me(n")
< Cnlogn+Cnlogn+Cnlogn+8n7/8Me(”1/8>

loglogn x

< Cnlogn+ + Cnlogn+ O(nlogn)
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Note about Schonhage-Strassen multiplication 14722

What if...

M®(n) < Cnlogn+1.98n"M®(n")
< Cnlogn+0.99Cnlogn+1.982n"M°(n")
Cnlogn+0.99 Cnlogn+0.99%Cnlogn+1.98*n®M®°(n%)

/A

. O(nlogn)

N
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What if...
M®(n) < Cnlogn+1.98n"M®(n")
< Cnlogn+0.99Cnlogn+1.982n"M°(n")
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Note about Schonhage—Strassen multiplication

What if...
M®(n) < Cnlogn+1.98n"M®(n")
< Cnlogn+0.99Cnlogn+1.982n"M°(n")
< Cnlogn+0.99 Cnlogn+0.99%Cnlogn+1.98>n®M®°(n’)
< O(nlogn)
Next aim

M(n) < Cnlogn+(d-e€)n""""M(n") or

M(n?) < Cdn?logn+(d-e€)n?"M(n)
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Schonhage-Strassen

DFT
Lix]/(x"-1) == L"

mulgx/(xn-1) < n mulg + O(n*log n)



Nussbaumer Polynomial Transforms

L = K[u]/(u"-1)

Schonhage-Strassen

DFT
L{x]/(x"-1) == L"

mulp [/ xn-1y < n mulg + O(n*log n)

Nussbaumer

DFT .
Llug,...,uq]/(u3-1,...,uj-1) == L"

..........

d-1 d
ul/(ui-1,..un-1y < n? 'mulp+O0(dn?logn)
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Nussbaumer Polynomial Transforms

L = K[u]/(u"-1)

Schonhage-Strassen

DFT
L{x]/(x"-1) == L"

mulp [/ xn-1y < n mulg + O(n*log n)

Nussbaumer
DFT .
Llug,...,uq]/(u3-1,...,uj-1) == L"
mulpu, . ul/us-1,..un-1) S n?"mulg + O(dn?log n)
What if...

K[x]/(x™ - 1) Kluq,...,uq]/(ui-1,...,ug-1)
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S1,...,84 pairwise coprime

Z]S1Z +---+ 2L]sqZ

IR

Z](s1---Sq47.)

XEvsiZ) w2 T
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S1,...,54 pairwise coprime

2](s1:--842) = Z]/s1Z +---+ Z]sq4Z
XZ/(ST"SdZ) ~ u1Z/S1Z X e x udZ/SdZ

K[x]/ (x5 1)

IR

l]([u1]/(u§1_1) R+ ® [K[ud]/(ucsjd—1)
K[us,.. ug)/ (0 =T,y = 1)

IR

Conclusion
Achieved: sq,...,s4 pairwise coprime

K[x]/(x* % =1) —— K[us,...,uqg]/(ui'=1,...,uf = 1) .
Required: s1=---=s4=n

What if... possible to slightly change s4,...,547
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(A Y (11 1 1 1 \(a)
A(w") 1 o' 0w ot @ || a
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DFT of length p=5

Yo (aﬂ a)za)“a)?’\(uo\
vi| | 0o @ ! U
v || 0 w0 e w? u,
V3 \ @’ w0 0 0]\ us

2 3

Vo+ Vi X+ Vo X +V3X 2 2

(w'+ 0 x+ w0 x?+ 03 x3) (ug+ urx + uy x>+ u3x3)

modulo x%-1
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Rader reduction i

DFT of length p=5

Vo (0! @ 0t 03[ u)
vi| | 0o @ ! Uy
vl | 0t 0 o @ || w
V3 \ @’ w0 0 0]\ us

o+ ViXx+Vux?+13x® = (0'+ 0’ x+ 0 x?+@?x®) (ug+ uy x + uy x>+ uz x°)

modulo x*-1

F(p) < M fixea(p—1) +2p-addi
< 2Fk(p-1)+2p-addk

ik (n) : cost of one multiplication in K[x]/(x"-1)
MK fixed (1) : When one argument is fixed



Multivariate Rader reduction

Univariate reduction
FFTin K[x]/(xP-1) —— multiplication in Ke K[x]/(x""'-1)

Multivariate reduction

FFTin X)) K[x;]/(xP'-1) —— multiplicationin &) (KeK[x;]/(x"

1<isd 1<isd

Essentially

K[x]/(xP"Pi-1) —— K[uy,...,uq]/(ud" - ,...,uZd1 1)

1)
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How to choose our primes 19/22

pi = qi2'+1, qi < 2!, q; odd prime, i=1,...,d

OK with “probability” [~! for “random” prime with g; <2
Note: we assumed g; prime for convenience, but this is not really essential

[ =38 qg = 3,13,31,37,157,163,181,193,...

[ = 16 qg = 37,103,307,313,397,421,487,541,...

[ = 32 qg = 43,73,157,181,211,433,571,601,...

[ = 64 qg = 163,337,487,907,1051,1297,1453,1567,...

[ = 128 qg = 1171,2551,3607,3907,4021,4483,4567,4603,...

[ = 256 g = 607,1567,1783,2683,2797,4993,6577,6871,...

[ = 512 qg = 223,2083,2803,3853,4783,9403,9781,10303,...

[ = 1024 qg = 1987,4447,15031,22807,26713,46153,46507,47653,...



pi = q,-2’+1, qi < 2! q; odd prime, i=1,...,d

OK with “probability” ["! for “random” prime with g; <2
Note: we assumed q; prime for convenience, but this is not really essential

K[x1,...,xq]/ (xP"=1,...,xP 1= 1)
K[us,..., ugva,...,va)/( ?‘—1,...,Udd—T,V%I—T,---,le—w

K[y, vz,...,vd]/(ym”'qdzl— 1,v§l— 1,...,v3[— 1)

IR

IR



How to choose our primes 19/22

pi = qi2'+1, qi < 2!, q; odd prime, i=1,...,d

OK with “probability” [~! for “random” prime with g; <2
Note: we assumed g; prime for convenience, but this is not really essential

I]([x1,...,xd]/(xf1_1—1 xc’,’d 1—1)

d 2! 2!
I]([u1,...,ud,v1,...,vd]/(u§71—1,...,u3 -1vi=1,...,v] —1)

IR

IR

[I([y’Vz’.“,vd]/<yq1-.-qd21_1,‘/22[_1, Vd_1)
Conclusion
ﬂ([x]/(xplpd_ ‘]) —_ ﬂ([y’ Vz’...’vd]/(yqr.-qdzl_ 1,‘/22[_ 1, Vd 3 1)

M&(pr---ps) < 29 VIME(gr---qq2) +0(d 2'log 2l add)
N — N ——’
22(d+e)l 2(1+e)l



Summary 202

Z
> Embed
> C[x]/(xPPi-1)
> Chinese remaindering a la Good
Clu,...,uq]/(uh"=1,...,uh"-1)
> FFT-multiplication
DFT(p1,...,p4) over C
> Multivariate Rader transform

cheap DFT(2,"V" 21) over C[X]/(Xq1---qd2’_1)

200D multiplications in C[x]/(x% %2 - 1)

Reencode and recurse

A\




Linnik constants

P(a, k) min {ck+a: c€N, ck+a is prime}
P(k) max {P(a, k) : 0<a<k, ank=1}
L is a Linnik constant :< P(k) = O(k!)



Linnik constants

P(a, k) min {ck+a: c€N, ck+a is prime}
P(k) max {P(a, k) : 0<a<k, ank=1}
L is a Linnik constant :< P(k) = O(k!)

If there exists a Linnik constant L <1+ — 303, then

I(N) = O(NlogN).




Linnik constants

P(a, k) min {ck+a: c€N, ck+a is prime}
P(k) max {P(a, k) : 0<a<k, ank=1}
L is a Linnik constant :< P(k) = O(k!)

If there exists a Linnik constant L <1+ — 303, then

I(N) = O(NlogN).

If there exists a Linnik constant L<1+27""%2, then

Mg, (n) = O(nlogqlog(nlogq)),

_uniformly in q.




Thank you'!
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