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Proposition
BT and *B| are transbases of levels [ +1 and [ — 1.
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Proposition
Given L=L,0"+ ---+ Lo T[9], there exists a unique L1 € T[9] such that, forall f €T,
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(The coefficients are Stirling numbers of the first kind.) O
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Proposition

IfLeR[BX[3] for B =(by,...,b,) of level 1,
then L1 E]R[[%]R]][B] for B = (e*,011,...,0b,1) of level 1.
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If L,#0, then R; has order max(r—1,0) and degree 7.
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Notation. K{ Y} :=K[Y,Y...] ring of differential polynomials over differential field K.

Proposition

Forany L=L,0"+ .-+ Lo T[9d], there exists a unique R, € T{W} with
LY = YR.(YD.

We call R; the (differential) Riccati polynomial of L.

Proposition
Let PER{Y} and we T with w > 1. Then P(w) <w" for some n € IN.

Proof. Lesson 5 — w, ..., w® < w* for some c € Q>.
If P has degree d, then this yields P(w) < w’l!, since w 3> 1. O




Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = L(gf).




Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,

Lup(f) = L(gf).
Proof. L, is the product of L and ¢ in T[d]. O




Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,

Luo(f) = L(@f).
Proof. L, is the product of L and ¢ in T[d]. O
Note.d-¢p=¢-0+¢"in (T[d],+,-), since (3-9)(V)=(¢y)' =y +¢'y=(¢-9+ ¢ )¥).




Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = Lgf).
Proof. L, is the product of L and ¢ in T[d]. O
Note.d-p=¢-9+¢"in (T[], +,),since (- p)y)=(py) =py'+¢'y=(p- 9+ )W)
If L=L,0"+---+ Lo, thenL,,=L,0,,+---+Lo1

X@*



Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = Lgf).
Proof. L, is the product of L and ¢ in T[d]. O
Note.d-p=¢-9+¢"in (T[], +,),since (- p)y)=(py) =py'+¢'y=(p- 9+ )W)
If L=L,0"+---+ Lo, thenL,,=L,0,,+---+Lo1

1X§,,:q0

X@*



Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = Lgf).
Proof. L, is the product of L and ¢ in T[d]. O
Note.d-p=¢-9+¢"in (T[], +,),since (- p)y)=(py) =py'+¢'y=(p- 9+ )W)
If L=L,0"+---+ Lo, thenL,,=L,0,,+---+Lo1

1o = ¢
Oxpg = @O+’

X@*



Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = Lgf).

Proof. L, is the product of L and ¢ in T[d]. O

Note.d-p=¢-9+¢"in (T[], +,),since (- p)y)=(py) =py'+¢'y=(p- 9+ )W)

If L=L,0"+---+ Lo, thenL,,=L,0,,+---+Lo1

X@*



Multiplicative conjugation 7122

Proposition

Given L e T[d] and ¢ € T, there exists a unique L., €T[J] such that, forall f €T,
L.o(f) = L(gf).
Proof. L, is the product of L and ¢ in T[d]. O
Note.d-¢p=¢-9+¢" in (T[d],+,-), since (3-9)y)=(py) =y '+ ¢ y=(¢-9+ ¢ ) ().
If L=L,0"+---+ Lo, thenL,,=L,0,,+---+Lo1
1o = ¢
Oxpg = @O+’
ai(,, = pd*+2¢'0+¢"
ai(,) = 93°+3¢'0°+3¢""d+¢""’

X@*



Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L € T[0] CIR[J][[Z]].



Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L€ T[d] CIR[J][[¥]].
Given L=L,0"+ --- + Ly T[0]7" and ¢ € T*° with ¢ * 1, we have

O(qu)) +
0 =9




Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L € T[0] CIR[J][[Z]].

Proposition

Given L=L,0"+ --- + Ly T[0]7" and ¢ € T*° with ¢ * 1, we have

O(qu)) +
0 =9

Proof. We have
quo — ¢(L7Rr(q)+) T+t LO R0(§0+))



Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L € T[0] CIR[J][[Z]].

Proposition

Given L=L,0"+ --- + Ly T[0]7" and ¢ € T*° with ¢ * 1, we have

O(qu)) +
0 =9

Proof. We have
quo — ¢(L7Rr(q)+) T+t LO R0(§0+))

For some n €N, we have R (¢") < (¢")" fori=0,...,r.



Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L € T[d] CIR[J][[Z]].

Proposition

Given L=L,9"+ -+ Lo€T[0]*° and ¢ € T*° with ¢ + 1, we have

(L) )
) =9

Proof. We have
Ly = ¢(L,R(¢")+ -+ +LoRo(pM).

For some 1 €N, we have R,(¢") < (¢")" fori=0,...,r. Hence

(Lyp) < QL) (@M.



Multiplicative conjugation — continued

Notation. 0(L) and D(L) := dominant monomial and coefficient of L € T[d] CIR[J][[Z]].

Proposition

Given L=L,9"+ -+ Lo€T[0]*° and ¢ € T*° with ¢ + 1, we have

(L) )
) =9

Proof. We have
Ly = ¢(L,R(¢")+ -+ +LoRo(pM).

For some 1 €N, we have R,(¢") < (¢")" fori=0,...,r. Hence

ALg) < PAL) (PN
o(L) = D(Lxgo,xgo‘l) < ¢_10(Lx¢)(_¢+)n- O



Equalizing o722

Ly = (e7¥9*+0+3)y = e°



Equalizing o722

Ly = (e7¥9°+9+3)y = e°
o(L) := 0o, =1, LeR[J][%]]



Equalizing o722

Ly = (e7¥9*+0+3)y = e°
o(L) := 0o, = 1, y = e u



Equalizing o722

X

Ly = (e"9*°+19+3-1)y = e°
oL) := 0, = 1, y = et u

Ly = Lyt = (e7*(e® 0 +2ee® 0+ (e* +e")e®)+1(e* 0 +e'e®)+3e®)u = e



Equalizing o722

Ly = (e7¥9*+0+3)y = e°
o(L) := 0o, = 1, y = e u

Ly = Lyeeu = (e7° (e® 9% +2ee® 0+ (e +e)e®)+ (e d+e’e®)+3e®)u = e



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0*°+30+2e*+4)u = e°

X



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°

o(L) := 0o, = 1, y = e u

Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e
Lot = e (e*0?°+30+2e*+4)u = e°

WL, .) = e‘e”

X



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0?°+30+2e*+4)u = e°

X

—X

WL, .) = e‘e, u =e’v



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°

o(L) := 0o, = 1, y = e u

Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e
Leewtt == e (e 0% +30+Qe*+4)u = e

WL, .) = e‘e, u =e v

Ly = Lyeiyer0 = €% (e (0°=20+1)+3e @ -1)+ Qe +4)e ™ v = e°



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0*°+30+2e*+4)u = e°

X

—X

WL, .) = e‘e, u =e v

Ly = Lyeiyes0 = € (e (3*=20+1)+3e (0 —-1)+2+4e v = e



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0*°+30+2e*+4)u = e°

X

—X

WL, .) = e‘e, u =e v

Ly = Lyeiyes0 = € (e (3*=20+1)+3e (0 —-1)+2+4e v = e



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0*°+30+2e*+4)u = e°

X

WL,.w) = €%e®, u =¢e™*

(¥
Ly = Lyeiyes0 = € (e (3*=20+1)+3e (0 —-1)+2+4e v = e

Lxeex_xv — eex(e—2x62+(3e—x_2e—2x)a+2+e—x+e—2x)v — ee"



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°
o(L) := 0o, = 1, y = e u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e

Lot = e (e*0*°+30+2e*+4)u = e°

X

WL,.w) = €%e®, u =¢e™*

0
Ly = Lyeiyes0 = € (e (3*=20+1)+3e (0 —-1)+2+4e v = e
Lxeex_xv — eex(e—2x62+(3e—x_2e—2x)a+2+e—x+e—2x)v — ee"

D(L xeex—x) = eex



Equalizing o722

X

Ly = (e7¥9°+9+3)y = €°

X

o(L) := 0o, = 1, y =e"u
Ly = Lyeeu = (e (e® 3%°+2e"e® d+ (e +e e )+ (e d+ee®)+3e*)u = e
Loy = e (e*3%+30+2e*+4)u = e

X

0(Lyoer) = €%e”, u =e’*v

Ly = Lyeiyes0 = € (e (3*=20+1)+3e (0 —-1)+2+4e v = e

X

Lxeex—xv — eex(e—2x82+(3e—x_ze—2x)a+2+e—x+e—2x)v — le®

X

Wlper ) = €, 0= 240, < 1
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Let B be a transbasis of level 1 and L. € R[[B[|[0]. Then we have the increasing bijection

meBR — (L) B

Increase. Let m=b{"--- b% with a;>0, so that m" ~ a; b] < m.
Then 0(L,) /(md(L)) KL m" <« m implies (L) < 0(L ).
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Let B be a transbasis of level 1 and L. € R[[B[|[0]. Then we have the increasing bijection

meBR — (L, B
Increase. Let m=b{"--- b% with a;>0, so that m" ~ a; b] < m.
Then d(L,,)/(md(L)) KX m" <« m implies (L) < 0(L ).
More generally, for any m < n in B%, we have 0(L ) < 0(L s /m) = 0(Ly).

Bijectivity. Given n € BR we must show that 9(L,,,) =n for some m e BX.
Setting v:=n/0(L)=b7"---b;", we use induction on the largest i with v;+0.
If i=0, then v =1 and we take m:=1.



The equalizer lemma 10/22

Let B be a transbasis of level 1 and L. € R[[B[|[0]. Then we have the increasing bijection

meBR — (L, B
Increase. Let m=b{"--- b% with a;>0, so that m" ~ a; b] < m.
Then d(L,,)/(md(L)) KX m" <« m implies (L) < 0(L ).
More generally, for any m < n in B%, we have 0(L ) < 0(L s /m) = 0(Ly).

Bijectivity. Given n € BR we must show that 9(L,,,) =n for some m e BX.
Setting v:=n/0(L)=b7"---b;", we use induction on the largest i with v;+0.
If i=0, then v =1 and we take m:=1.
Otherwise, 1/0(L,,) =00(L)/(L,,) K 0" <k v.
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lemma EQ

Let °5 be a transbasis of level 1 and L & R[BR][9]. Then we have the increasing bijection

meBR — (L, EBX
Increase. Let m=b{"--- b% with #;>0, so that m" ~ a; b7 < m.
Then d(L,,)/(md(L)) KX m" <« m implies (L) < 0(L ).
More generally, for any m < n in B%, we have 0(L ) < 0(L s /m) = 0(Ly).

Bijectivity. Given n € BR we must show that 9(L,,,) =n for some meBX.
Setting v:=n/0(L)=b{"---b;", we use induction on the largest i with v;#0.
If i=0, then v =1 and we take m:=1.
Otherwise, n/0(L,,) =00(L)/0(Ly,) < 0" < 0.
Hence there exists a o € B with 0(Lyy, %) =1, and we take m:=vtv. O
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Note. For L:=9d € R[0] CIR[[e*]|[9], the solutions of Ly =1 live in R[x] CR[[x;e"]].
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has a unique solution y € x’R[x]. If ¢ #0, then degy =deg g +s.
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Lemma CC (constant coefficients)

Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then
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Lemma CC (constant coefficients)

Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then

Ly — Lry(r)+...+Lsy(S) = g,

has a unique solution y € x’R[x]. If ¢ #0, then degy =deg g +s.

177/

2y +y" = 6x+4
y = x4y

27" +3" = 6x+4—(12+6x) = —8
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Note. For L:=9d € R[0] CIR[[e*]|[9], the solutions of Ly =1 live in R[x] CR[[x;e"]].

Lemma CC (constant coefficients)

Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then

Ly — Lry(r)+...+Lsy(S) = g,

has a unique solution y € x’R[x]. If ¢ #0, then degy =deg g +s.

177/

2y +y" = 6x+4
y = x4
27" +3" = 6x+4—(12+6x) = —8

y = x°—4x*
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Uniqueness. Given y € x*R[x]** with e:=deg v >s, we have Ly = L,y,x"~° + O(x* =),
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Note. For L:=9d € R[0] CIR[[e*]|[9], the solutions of Ly =1 live in R[x] CR[[x;e"]].

Lemma CC (constant coefficients)

Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then

Ly — Lry(7)+..._|_LSy(S) = g,

has a unique solution y € x’R[x]. If ¢ #0, then degy =deg g +s.

Uniqueness. Given y € x*R[x]** with e:=deg v >s, we have Ly = L,y,x"~° + O(x* =),

Existence. By induction on d:=deg g.
If ¢=0, then y =0 works, so assume that d > 0.
Let ¢p:=(g4/L;) x%*. Then Lo= gdxd +O0(x*H eR[x].



Dominant equation after equalizing

Note. For L:=9d € R[0] CIR[[e*]|[9], the solutions of Ly =1 live in R[x] CR[[x;e"]].
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Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then
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Dominant equation atter equalizing

Note. For L:=9d € R[0] CIR[[e*]|[9], the solutions of Ly =1 live in R[x] CR[[x;e"]].

Lemma CC (constant coefficients)

Let L=L,0"+:--+L;0°€R[d] and g € R[x] be such that L,#0, L;+0, and r >s. Then

Ly — Lry(7)+..._|_LSy(S) = g,

has a unique solution y € x’R[x]. If ¢ #0, then degy =deg g +s.

Uniqueness. Given y € x*R[x]** with e:=deg v >s, we have Ly = L,y,x"~° + O(x* =),

Existence. By induction on d:=deg g.

If ¢=0, then y =0 works, so assume that d > 0.

Let ¢ :=(gs/Ly)x"™. Then Lo =g x"+ O(x"~!) e R[x].

Induction hypothesis = 7 €x*R[x] with Lj=¢—Lo=0(x""") and deg 7 <d +s—1.
Now y=¢+ 1 ex*IR[x] satisfies Ly=¢ and degy=d +s. O



Operator support

Let 0 be a totally ordered group and let L: R[] — R[[DT]] be strongly linear. Then
supp.L = | | m™'supp L(m)

meMN

is called the operator support of L. For all y € R[[P)]], we have

supp Ly C (supp.L)(suppy).
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Operator support 12/

Let 0 be a totally ordered group and let L: R[] — R[[DT]] be strongly linear. Then
supp. L := U m~supp L(m)

meMN

is called the operator support of L. For all y € R[[P)]], we have

supp Ly C (supp.L)(suppy).

Proposition

Let Le R[[BR][0], where B has level one, so that L: R[BX] - R[BX].
Then supp. L is grid-based.

Proof. Let ® :=supp b U - - - Usupp b},. Then we have seen that supp, 0 C &.
Now if L=L,0"+---+ L, then supp. LC(suppL,)&"U - Usupp Ly. O
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Twisting 1322

From now on: 8 =(by,...,b,) a transbasis of level 1 and L=L,9" + -+ Lo R[BX][9].

Twisting. Given ¢ € R[[B"]], the twist L,, of L by ¢ is defined as
Ly, := ga_leqp.
supp.L C U,,cpurSUPP Lum.
Assume K, L e R[B*]|[9]. In the ring (R[B ]3], +,-), we have
(K-L)wy = p ' K-L-¢p = 97" K997 L-@ = Kyp+ Lip-
Thus L+ L,, is a skew endomorphism with 9., =9+ ¢":

Ly = LO+¢" = L,(@+¢") +---+L1(d+¢") +L,.



Transseries with parameterized coefficients 14/22

supp.L C U supp Lum

meBR

Lygh..pn = L@+ (67" b))
= LO+A 63+ +A,06))
= L,@+A 060+ 2,060y +-- +L,
e R[Ay, ..., A JIBR]O]



Transseries with parameterized coefficients 14/22

(@*—B)e® + (@*—1e* + 3@’ —1x° + (a+1*x®> + (@+B)x* + ax + ---

n=2,=4
3e' + 9x° + 81x° + 4x% + 2x + ---

n=1,6=2
—e® + 16x° + 2x* + x + .-

n=1,=0

16x° + 2x2 + x + .-
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(@*—B)e® + (@*—1e* + 3@’ —1x° + (a+1*x®> + (@+B)x* + ax + ---

p=a?

(@*—1e" + 3(@*—Dx> + (a+1)*x> + @ +a)x*> + ax + -

a*=1,=1



Transseries with parameterized coefficients 14/22

(@*—B)e® + (@*—1e* + 3@’ —1x° + (a+1*x®> + (@+B)x* + ax + ---

p=a?

(@*—1e" + 3(@*—Dx> + (a+1)*x> + @ +a)x*> + ax + -

a*=1,=1
(a+1)*x° + (@+Dx* + ax + ---



Transseries with parameterized coefficients 14/22

(@*—B)e® + (@*—1e* + 3@’ —1x° + (a+1*x®> + (@+B)x* + ax + ---

p=a’
(@*—1e" + 3(@*—Dx> + (a+1)*x> + @ +a)x*> + ax + -
a*=1,=1
(a+1)*x° + (@+Dx* + ax + ---
n=-1,=1

—X _|_ o o
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A finiteness lemma 1522
The set § := {0(Lym): mEBRY is finite. |

Proof. Given A4,...,A, €IR, we have
Liw = L,(Q+A674+--- 4+ A, 6D +---+L, € R[Ay,...,A,J[BR].

Given v €B%, the following sets are Zariski closed:
Zy = (A A) ERTO( Ly o) S0
Zy = {(A,.0,A) ER"O(Lpy...pm) <0},
If €T, then 0(L,p...p0) =0 for some (Ay,...,A,) EZ,\ Z;.
Clearly, v<w=2,27Z;27Z, 2 Zy.



A finiteness lemma

LLemma
The set § := {0(Lym): mEBRY is finite.

Proof. Given A4,...,A, €IR, we have
Liw = L,(Q+A674+--- 4+ A, 6D +---+L, € R[Ay,...,A,J[BR].

Given v €B%, the following sets are Zariski closed:
Zy = {(Ay, ., A) ER™MID(Lypr...p) S0}
Zy = {(A,.0,A) ER"O(Lpy...pm) <0},
If €T, then 0(L,p...p0) =0 for some (Ay,...,A,) EZ,\ Z;.
Clearly, v<w=2,27Z;27Z, 2 Zy.
Since R[A4,...,A,] is noetherian, the set of v with Z, 2 Z; is finite. O
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Recall: R[0] 2 D(L) := dominant coefficient of L.
Let u(L) := smallest index s with D(L),# 0

9 = {x'mexNBRui<u(Lom)}

Given g € R[[xNBR], there is a unique y € R[x™ BX\ ] with Ly =g.
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Let u(L) := smallest index s with D(L),# 0
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O 3 et e™

y = lhxe* — 1 — Yhxe™ + e ™ + Yge + ...
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We will show that suppy C S :=020"* & \ §;, where & :=supp ¢ and
Y = x N, imeBR)

o supp Lum \ {0(Lxm) }
W = N | ST < 1.

meMn

We compute v~ and ys,, by transfinite induction on m € G%:= (U 2* & NBX).
IHu: Yom= D5y Yo b is known, supp Ly n C0* 6, and 0(Lxw) > § — LY 3.
Given m € &%, assume that IH, holds for all v € &% with v >m.
Theny,,=) . V.0 isknown, supp Ly.,C20" 6, and 0(L,,) > ¢ — LY., for v >m.
Let m € B with 9(L.s) = ¢ — Lysn. We have shown above that m e &%, so m > .
If m>m, then 0(Lyp) > 0(Lxi) =g —LYsm SO Ysm=Ysy satisfies IH,,.
If m =m, then taking f:=v.,, above, we obtain y,,:= f that satisfies TH.,,. O
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For any me x™ B, we have shown that supp L' m CU27* m.

Consider a grid-based subset ® Cx™B" and let v €U 2" &.

Then {(m,v/m):m € &,v Esupp L' m} is a finite antichain of & x U *.

Hence (L™' m),ce is a grid-based family and ®:m € x™ B"+— L~' m is grid-based.
Let @: R[xNBR] - RIxANBR\ 6, ] be the extension of ® by strong linearity.

For any ¢ € R[xNBX], we have L &(g)=L CiD(Zm gum)=) ¢nLP(m)=g.

Hence ®( ¢) coincides with the unique solution y=L"" ¢ of Ly =g in R[[x™B"\ $,]].
We conclude that L~! = & is strongly linear. O
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Let H={heR[[xNBX]:Lh=0)}. For hy,...,h,eH, Wr(hy,...,h,+1) =0, so dimr H< 7.

Corollary

For any b € 1, the equation Lh =0 has a unique solution in h + R[x™ BEN\ 9, [, namely
Wl = p—L71Ly.
We have h'" ~ b and the h'™ with b € $ form a basis of H.

Uniqueness. Consider any other he h+RIxNBEN H, ] with L h=0.
Then i — "M e R[xNBR\ 6,1 and L — 1Y) =0, whence 1 = 1",
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Homogeneous linear differential equations

Let H={heR[[xNBX]:Lh=0)}. For hy,...,h,eH, Wr(hy,...,h,+1) =0, so dimr H< 7.
For any b € ), the equation Lh =0 has a unique solution in b+ R[[x™ B5\ §, ]|, namely
Wl = p—L71Ly.

We have h'" ~ b and the h'™ with b € $ form a basis of H.

Uniqueness. Consider any other he h+RIxNBEN H, ] with L h=0.

Then i — "M e R[xNBR\ 6,1 and L — 1Y) =0, whence 1 = 1",

Exercise. L' Lh < b, so that h!" ~p.

Independence. If h=3, . A, h" =0 with Ay €R, then hiy=A, =0 for all h € ;.
Basis. Since dimy H <7, it follows that || <7.

GivenheH,leth=Y _ hyh!". Then HSh—heR[xN B\ ., so h=h. 0



Complement — Newton polygon method 21722

Ry(W) = 1
Ri(W) = W

R(W) = W24+ W'’

Ry(W) = W34+3WW' + W’
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Ro(W) = 1 =~ 1

Ry(W) = W ~ W

Ry(W) = W2+ W ~ W2
~ W3

Ry(W) = W34+3WW' + W’

Ry(W) = L,R(W)+---+LoRo(W) ~ LW +---+L
— Possible to deform the Newton polygon method in order to solve R; (W) =0.

Theorem

Let Le T[i][0] = C[ZN[0]. Then Ry (y") =0 has a solution y* € T[il.
If L€ T[0] has odd order, then R;(y") =0 has a solution y" €T.




Complement — Newton polygon method 2122

Ro(W) = 1 =~ 1

Ry(W) = W ~ W

Ry(W) = W2+ W ~ W2
~ W3

Ry(W) = W34+3WW' + W’

Ry(W) = L,R(W)+---+LoRo(W) ~ LW +---+L
— Possible to deform the Newton polygon method in order to solve R; (W) =0.

Theorem

Let Le T[i][0] = C[ZN[0]. Then Ry (y") =0 has a solution y* € T[il.
If L€ T[0] has odd order, then R;(y") =0 has a solution y" €T.

Any L € T[i][9] has a fundamental system of solutions in T[i][e"-"]. |
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a) Any L € T[i][0] splits into order one factors.
b) Any LeT|[9d] factors into irreducibles of order one or two.




Complement — factorization 2220

The skew ring T[d] is an Euclidean ring.

Solutions and divisibility. Given L€ T[i][d] and h € T[i]”°, we have
Lh =0 < O-=-hYH]L.

Proposition

a) Any L € T[i][0] splits into order one factors.
b) Any LeT|[9d] factors into irreducibles of order one or two.

Application
The following equation has a non-zero solution in T:

xy"" — ('@ +3)y" — (logloglogx—1)y = 0.
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