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Let𝔅= (𝔟1, . . . , 𝔟n) be a transbasis of level l∈Z, i.e. 𝔟1=expl x.
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⋅⋅⋅
(The coefficients are Stirling numbers of the first kind.) □



GettingGettingGetting ridridrid ofofof logarithmslogarithmslogarithms 444///222222

1↑ = 1
∂↑ = e−x∂
∂2↑ = e−2x (∂2−∂)

⋅⋅⋅

L = (log x)∂2+xx∂−ex

L↑ = xe−2x (∂2−∂)+exexe−x∂−eex

= xe−2x∂2+ (exex−x−xe−2x)∂−eex
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If expl x, expl+1 x, . . . ,x∈R[[𝔅R]] and L∈R[[𝔅R]][∂] for 𝔅 of level l⩽0,
then expl+1 x, . . . ,x∈R[[𝔅↑R]] and L↑∈R[[𝔅↑R]][∂] for 𝔅↑ of level l+1.
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If L∈R[[𝔅R]][∂] for 𝔅= (𝔟1, . . . , 𝔟n) of level 1,
then L↑∈R[[𝔅̂R]][∂] for 𝔅̂= (ex, 𝔟1↑, . . . , 𝔟n↑) of level 1.
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Y = Y R0 = 1
Y′ = YY† R1 = W
Y′′ = Y ((Y†)2+ (Y†)′) R2 = W2+W ′
Y′′′ = Y ((Y†)3+3Y† (Y†)′+ (Y†)′′) R3 = W3+3WW ′+W ′′

Y(k) = YRk(Y†) Rk = WRk−1+Rk−1′ □
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NotationNotationNotation...K{Y}≔K[Y,Y′,...] ring of differential polynomials over differential fieldK.

For any L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂], there exists a unique RL∈T{W} with

LY = YRL(Y†).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... We have RL=LrRr+ ⋅ ⋅ ⋅ +L0R0, with Rk≔R∂k∈Q{W} as follows:

Y = Y R0 = 1
Y′ = YY† R1 = W
Y′′ = Y ((Y†)2+ (Y†)′) R2 = W2+W ′
Y′′′ = Y ((Y†)3+3Y† (Y†)′+ (Y†)′′) R3 = W3+3WW ′+W ′′

Y(k) = YRk(Y†) Rk = WRk−1+Rk−1′ □

If Lr≠0, then RL has order max (r−1,0) and degree r.
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NotationNotationNotation...K{Y}≔K[Y,Y′,...] ring of differential polynomials over differential fieldK.

For any L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂], there exists a unique RL∈T{W} with

LY = YRL(Y†).

PropositionPropositionPropositionPropositionProposition

We call RL the (differential) RiccatiRiccatiRiccati polynomialpolynomialpolynomial of L.
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NotationNotationNotation...K{Y}≔K[Y,Y′,...] ring of differential polynomials over differential fieldK.

For any L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂], there exists a unique RL∈T{W} with

LY = YRL(Y†).

PropositionPropositionPropositionPropositionProposition

We call RL the (differential) RiccatiRiccatiRiccati polynomialpolynomialpolynomial of L.

Let P∈R{Y} and w∈T with w≽1. Then P(w)≼wn for some n∈N.
PropositionPropositionPropositionPropositionProposition
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NotationNotationNotation...K{Y}≔K[Y,Y′,...] ring of differential polynomials over differential fieldK.

For any L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂], there exists a unique RL∈T{W} with

LY = YRL(Y†).

PropositionPropositionPropositionPropositionProposition

We call RL the (differential) RiccatiRiccatiRiccati polynomialpolynomialpolynomial of L.

Let P∈R{Y} and w∈T with w≽1. Then P(w)≼wn for some n∈N.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... Lesson 5 ⟶ w, . . . ,w(k)≼wc for some c∈Q>0.
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NotationNotationNotation...K{Y}≔K[Y,Y′,...] ring of differential polynomials over differential fieldK.

For any L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂], there exists a unique RL∈T{W} with

LY = YRL(Y†).

PropositionPropositionPropositionPropositionProposition

We call RL the (differential) RiccatiRiccatiRiccati polynomialpolynomialpolynomial of L.

Let P∈R{Y} and w∈T with w≽1. Then P(w)≼wn for some n∈N.
PropositionPropositionPropositionPropositionProposition

ProofProofProof... Lesson 5 ⟶ w, . . . ,w(k)≼wc for some c∈Q>0.
If P has degree d, then this yields P(w)≼wd[[c]], since w≽1. □
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Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition
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Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... L×𝜑 is the product of L and 𝜑 in T[∂]. □
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Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... L×𝜑 is the product of L and 𝜑 in T[∂]. □
NoteNoteNote... ∂⋅𝜑=𝜑⋅∂+𝜑′ in (T[∂],+, ⋅), since (∂⋅𝜑)(y)=(𝜑y)′=𝜑y′+𝜑′y=(𝜑⋅∂+𝜑′)(y).
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NoteNoteNote... ∂⋅𝜑=𝜑⋅∂+𝜑′ in (T[∂],+, ⋅), since (∂⋅𝜑)(y)=(𝜑y)′=𝜑y′+𝜑′y=(𝜑⋅∂+𝜑′)(y).

If L=Lr∂r+ ⋅ ⋅ ⋅ +L0, then L×𝜑=Lr∂×𝜑
r + ⋅ ⋅ ⋅ +L01×𝜑.



MultiplicativeMultiplicativeMultiplicative conjugationconjugationconjugation 777///222222

Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... L×𝜑 is the product of L and 𝜑 in T[∂]. □
NoteNoteNote... ∂⋅𝜑=𝜑⋅∂+𝜑′ in (T[∂],+, ⋅), since (∂⋅𝜑)(y)=(𝜑y)′=𝜑y′+𝜑′y=(𝜑⋅∂+𝜑′)(y).

If L=Lr∂r+ ⋅ ⋅ ⋅ +L0, then L×𝜑=Lr∂×𝜑
r + ⋅ ⋅ ⋅ +L01×𝜑.

1×𝜑 = 𝜑
∂×𝜑 = 𝜑∂+𝜑′
∂×𝜑
2 = 𝜑∂2+2𝜑′∂+𝜑′′

∂×𝜑
3 = 𝜑∂3+3𝜑′∂2+3𝜑′′∂+𝜑′′′

⋅⋅⋅



MultiplicativeMultiplicativeMultiplicative conjugationconjugationconjugation 777///222222

Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... L×𝜑 is the product of L and 𝜑 in T[∂]. □
NoteNoteNote... ∂⋅𝜑=𝜑⋅∂+𝜑′ in (T[∂],+, ⋅), since (∂⋅𝜑)(y)=(𝜑y)′=𝜑y′+𝜑′y=(𝜑⋅∂+𝜑′)(y).

If L=Lr∂r+ ⋅ ⋅ ⋅ +L0, then L×𝜑=Lr∂×𝜑
r + ⋅ ⋅ ⋅ +L01×𝜑.

1×𝜑 = 𝜑
∂×𝜑 = 𝜑∂+𝜑′
∂×𝜑
2 = 𝜑∂2+2𝜑′∂+𝜑′′

∂×𝜑
3 = 𝜑∂3+3𝜑′∂2+3𝜑′′∂+𝜑′′′

⋅⋅⋅



MultiplicativeMultiplicativeMultiplicative conjugationconjugationconjugation 777///222222

Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition
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Given L∈T[∂] and 𝜑∈T≠0, there exists a unique L×𝜑∈T[∂] such that, for all f ∈T,
L×𝜑( f ) = L(𝜑 f ).

PropositionPropositionPropositionPropositionProposition

ProofProofProof... L×𝜑 is the product of L and 𝜑 in T[∂]. □
NoteNoteNote... ∂⋅𝜑=𝜑⋅∂+𝜑′ in (T[∂],+, ⋅), since (∂⋅𝜑)(y)=(𝜑y)′=𝜑y′+𝜑′y=(𝜑⋅∂+𝜑′)(y).
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].

Given L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂]≠0 and 𝜑∈T≠0 with 𝜑≭1, we have

𝔡(L×𝜑)
𝜑𝔡(L) ⪯⪯ 𝜑†.

PropositionPropositionPropositionPropositionProposition
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].

Given L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂]≠0 and 𝜑∈T≠0 with 𝜑≭1, we have

𝔡(L×𝜑)
𝜑𝔡(L) ⪯⪯ 𝜑†.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... We have
L×𝜑 = 𝜑 (LrRr(𝜑†)+ ⋅ ⋅ ⋅ +L0R0(𝜑†)).
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].

Given L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂]≠0 and 𝜑∈T≠0 with 𝜑≭1, we have

𝔡(L×𝜑)
𝜑𝔡(L) ⪯⪯ 𝜑†.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... We have
L×𝜑 = 𝜑 (LrRr(𝜑†)+ ⋅ ⋅ ⋅ +L0R0(𝜑†)).

For some n∈N, we have Ri(𝜑†)≼ (𝜑†)n for i=0, . . . , r.
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].

Given L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂]≠0 and 𝜑∈T≠0 with 𝜑≭1, we have

𝔡(L×𝜑)
𝜑𝔡(L) ⪯⪯ 𝜑†.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... We have
L×𝜑 = 𝜑 (LrRr(𝜑†)+ ⋅ ⋅ ⋅ +L0R0(𝜑†)).

For some n∈N, we have Ri(𝜑†)≼ (𝜑†)n for i=0, . . . , r. Hence
𝔡(L×𝜑) ≼ 𝜑𝔡(L) (𝜑†)n.
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NotationNotationNotation... 픡(L) andD(L)≔ dominant monomial and coefficient of L∈T[∂]⊆R[∂][[픗]].

Given L=Lr∂r+ ⋅ ⋅ ⋅ +L0∈T[∂]≠0 and 𝜑∈T≠0 with 𝜑≭1, we have

𝔡(L×𝜑)
𝜑𝔡(L) ⪯⪯ 𝜑†.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... We have
L×𝜑 = 𝜑 (LrRr(𝜑†)+ ⋅ ⋅ ⋅ +L0R0(𝜑†)).

For some n∈N, we have Ri(𝜑†)≼ (𝜑†)n for i=0, . . . , r. Hence
𝔡(L×𝜑) ≼ 𝜑𝔡(L) (𝜑†)n.

𝔡(L) = 𝔡(L×𝜑,×𝜑−1) ≼ 𝜑−1𝔡(L×𝜑) (−𝜑†)n. □
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, L∈R[∂][[𝔗]]
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu
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Ly = (e−x∂2+1∂+3 ⋅1) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+1 (eex∂+exeex)+3eex) u = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+2ex+4) u = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+2ex+4) u = eex

𝔡(L×eex) = exeex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+2ex+4) u = eex

𝔡(L×eex) = exeex, u = e−xv
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+ (2ex+4)1) u = eex

𝔡(L×eex) = exeex, u = e−xv

Ly = L×eex,×e−x v = eex (e−xe−x (∂2−2∂+1)+3e−x (∂−1)+ (2ex+4)e−x) v = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu
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Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex
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Ly = L×eex,×e−x v = eex (e−2x (∂2−2∂+1)+3e−x (∂−1)+2+4e−x) v = eex

L×eex−x v = eex (e−2x∂2+ (3e−x−2e−2x)∂+2+e−x+e−2x) v = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+2ex+4) u = eex

𝔡(L×eex) = exeex, u = e−xv

Ly = L×eex,×e−x v = eex (e−2x (∂2−2∂+1)+3e−x (∂−1)+2+4e−x) v = eex

L×eex−x v = eex (e−2x∂2+ (3e−x−2e−2x)∂+2+e−x+e−2x) v = eex

𝔡(L×eex−x) = eex
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Ly = (e−x∂2+∂+3) y = eex

𝔡(L) ≔ 𝔡L = 1, y = eexu

Ly = L×eex u = (e−x (eex∂2+2exeex∂+ (e2x+ex)eex)+ (eex∂+exeex)+3eex) u = eex

L×eex u ≔ eex (e−x∂2+3∂+2ex+4) u = eex

𝔡(L×eex) = exeex, u = e−xv

Ly = L×eex,×e−x v = eex (e−2x (∂2−2∂+1)+3e−x (∂−1)+2+4e−x) v = eex

L×eex−x v = eex (e−2x∂2+ (3e−x−2e−2x)∂+2+e−x+e−2x) v = 1eex

𝔡(L×eex−x) = eex, v ≔ 1
2 + ṽ, ṽ ≺ 1.
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If L∈R[[𝔅R]][∂] and 𝜑∈R[[𝔐R]] for 𝔅 of level 1, then L×𝜑∈R[[𝔅R]][∂].
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If L∈R[[𝔅R]][∂] and 𝜑∈R[[𝔐R]] for 𝔅 of level 1, then L×𝜑∈R[[𝔅R]][∂].

Let𝔅 be a transbasis of level 1 and L∈R[[𝔅R]][∂]. Then we have the increasing bijection

𝔪∈𝔅R ⟼ 𝔡(L×𝔪)∈𝔅R.

PropositionPropositionPropositionPropositionProposition
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Let𝔅 be a transbasis of level 1 and L∈R[[𝔅R]][∂]. Then we have the increasing bijection

𝔪∈𝔅R ⟼ 𝔡(L×𝔪)∈𝔅R.

LemmaLemmaLemmaLemmaLemma EQEQEQEQEQ
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Let𝔅 be a transbasis of level 1 and L∈R[[𝔅R]][∂]. Then we have the increasing bijection

𝔪∈𝔅R ⟼ 𝔡(L×𝔪)∈𝔅R.

LemmaLemmaLemmaLemmaLemma EQEQEQEQEQ

IncreaseIncreaseIncrease... Let 𝔪=𝔟1𝛼1 ⋅ ⋅ ⋅ 𝔟i𝛼i with 𝛼i>0, so that 𝔪†∼𝛼i𝔟i†≺≺𝔪.
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Then 𝔡(L×𝔪)/(𝔪𝔡(L))⪯⪯𝔪†≺≺𝔪 implies 𝔡(L)≺𝔡(L×𝔪).
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Then 𝔡(L×𝔪)/(𝔪𝔡(L))⪯⪯𝔪†≺≺𝔪 implies 𝔡(L)≺𝔡(L×𝔪).
More generally, for any 𝔪≺𝔫 in 𝔅R, we have 𝔡(L×𝔪)≺𝔡(L×𝔪,×𝔫/𝔪)=𝔡(L𝔫).



TheTheThe equalizerequalizerequalizer lemmalemmalemma 101010///222222
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More generally, for any 𝔪≺𝔫 in 𝔅R, we have 𝔡(L×𝔪)≺𝔡(L×𝔪,×𝔫/𝔪)=𝔡(L𝔫).

BijectivityBijectivityBijectivity... Given 𝔫∈𝔅R, we must show that 𝔡(L×𝔪)=𝔫 for some 𝔪∈𝔅R.
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BijectivityBijectivityBijectivity... Given 𝔫∈𝔅R, we must show that 𝔡(L×𝔪)=𝔫 for some 𝔪∈𝔅R.
Setting 𝔳≔𝔫/𝔡(L)=𝔟1𝜈1 ⋅ ⋅ ⋅ 𝔟n𝜈n, we use induction on the largest i with 𝜈i≠0.
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BijectivityBijectivityBijectivity... Given 𝔫∈𝔅R, we must show that 𝔡(L×𝔪)=𝔫 for some 𝔪∈𝔅R.
Setting 𝔳≔𝔫/𝔡(L)=𝔟1𝜈1 ⋅ ⋅ ⋅ 𝔟n𝜈n, we use induction on the largest i with 𝜈i≠0.

If i=0, then 𝔳=1 and we take 𝔪≔1.
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Setting 𝔳≔𝔫/𝔡(L)=𝔟1𝜈1 ⋅ ⋅ ⋅ 𝔟n𝜈n, we use induction on the largest i with 𝜈i≠0.

If i=0, then 𝔳=1 and we take 𝔪≔1.
Otherwise, 𝔫/𝔡(L×𝔳)=𝔳𝔡(L)/𝔡(L×𝔳)⪯⪯𝔳†≺≺𝔳.
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Let𝔅 be a transbasis of level 1 and L∈R[[𝔅R]][∂]. Then we have the increasing bijection

𝔪∈𝔅R ⟼ 𝔡(L×𝔪)∈𝔅R.

LemmaLemmaLemmaLemmaLemma EQEQEQEQEQ

IncreaseIncreaseIncrease... Let 𝔪=𝔟1𝛼1 ⋅ ⋅ ⋅ 𝔟i𝛼i with 𝛼i>0, so that 𝔪†∼𝛼i𝔟i†≺≺𝔪.
Then 𝔡(L×𝔪)/(𝔪𝔡(L))⪯⪯𝔪†≺≺𝔪 implies 𝔡(L)≺𝔡(L×𝔪).
More generally, for any 𝔪≺𝔫 in 𝔅R, we have 𝔡(L×𝔪)≺𝔡(L×𝔪,×𝔫/𝔪)=𝔡(L𝔫).

BijectivityBijectivityBijectivity... Given 𝔫∈𝔅R, we must show that 𝔡(L×𝔪)=𝔫 for some 𝔪∈𝔅R.
Setting 𝔳≔𝔫/𝔡(L)=𝔟1𝜈1 ⋅ ⋅ ⋅ 𝔟n𝜈n, we use induction on the largest i with 𝜈i≠0.

If i=0, then 𝔳=1 and we take 𝔪≔1.
Otherwise, 𝔫/𝔡(L×𝔳)=𝔳𝔡(L)/𝔡(L×𝔳)⪯⪯𝔳†≺≺𝔳.

Hence there exists a 𝔴∈𝔅R with 𝔡(L×𝔳,×𝔴)=𝔫, and we take 𝔪≔𝔳𝔴. □
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NoteNoteNote... For L≔∂∈R[∂]⊆R[[ex]][∂], the solutions of Ly=1 live in R[x]⊆R[[x; ex]].
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NoteNoteNote... For L≔∂∈R[∂]⊆R[[ex]][∂], the solutions of Ly=1 live in R[x]⊆R[[x; ex]].

Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))
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Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))

2y′′′+y′′ = 6x+4
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Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))

2y′′′+y′′ = 6x+4

y = x3+ ỹ
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2y′′′+y′′ = 6x+4

y = x3+ ỹ

2 ỹ′′′+ ỹ′′ = 6x+4− (12+6x) = −8
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2y′′′+y′′ = 6x+4

y = x3+ ỹ

2 ỹ′′′+ ỹ′′ = 6x+4− (12+6x) = −8

y = x3−4x2
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Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))

UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).
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UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).

ExistenceExistenceExistence... By induction on d≔deg g.
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UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).

ExistenceExistenceExistence... By induction on d≔deg g.
If g=0, then y=0 works, so assume that d⩾0.
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UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).

ExistenceExistenceExistence... By induction on d≔deg g.
If g=0, then y=0 works, so assume that d⩾0.
Let 𝜑≔ (gd/Ls)xd+s. Then L𝜑= gdxd+O(xd−1)∈R[x].
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NoteNoteNote... For L≔∂∈R[∂]⊆R[[ex]][∂], the solutions of Ly=1 live in R[x]⊆R[[x; ex]].

Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))

UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).

ExistenceExistenceExistence... By induction on d≔deg g.
If g=0, then y=0 works, so assume that d⩾0.
Let 𝜑≔ (gd/Ls)xd+s. Then L𝜑= gdxd+O(xd−1)∈R[x].
Induction hypothesis⟹ ỹ∈xsR[x] with L ỹ=g−L𝜑=O(xd−1) and deg ỹ⩽d+s−1.
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NoteNoteNote... For L≔∂∈R[∂]⊆R[[ex]][∂], the solutions of Ly=1 live in R[x]⊆R[[x; ex]].

Let L=Lr∂r+ ⋅⋅ ⋅+Ls∂s∈R[∂] and g∈R[x] be such that Lr≠0, Ls≠0, and r> s. Then

Ly = Lry(r)+ ⋅ ⋅ ⋅ +Ls y(s) = g,

has a unique solution y∈xsR[x]. If g≠0, then deg y=deg g+ s.

LemmaLemmaLemmaLemmaLemma CCCCCCCCCC (((((constantconstantconstantconstantconstant coefficientscoefficientscoefficientscoefficientscoefficients)))))

UniquenessUniquenessUniqueness...Given y∈xs
R[x]≠0with e≔deg y⩾s, we have Ly=Lsyexd−s+O(xd−s−1).

ExistenceExistenceExistence... By induction on d≔deg g.
If g=0, then y=0 works, so assume that d⩾0.
Let 𝜑≔ (gd/Ls)xd+s. Then L𝜑= gdxd+O(xd−1)∈R[x].
Induction hypothesis⟹ ỹ∈xsR[x] with L ỹ=g−L𝜑=O(xd−1) and deg ỹ⩽d+s−1.
Now y=𝜑+ ỹ∈xsR[x] satisfies Ly= g and deg y=d+ s. □
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Let 𝔐 be a totally ordered group and let L:R[[𝔐]]→R[[𝔐]] be strongly linear. Then
supp∗ L ≔ �

𝔪∈𝔐
𝔪−1supp L(𝔪)

is called the operatoroperatoroperator supportsupportsupport of L. For all y∈R[[𝔐]], we have

supp Ly ⊆ (supp∗ L) (supp y).

DefinitionDefinitionDefinitionDefinitionDefinition
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Let 𝔐 be a totally ordered group and let L:R[[𝔐]]→R[[𝔐]] be strongly linear. Then
supp∗ L ≔ �

𝔪∈𝔐
𝔪−1supp L(𝔪)

is called the operatoroperatoroperator supportsupportsupport of L. For all y∈R[[𝔐]], we have

supp Ly ⊆ (supp∗ L) (supp y).

DefinitionDefinitionDefinitionDefinitionDefinition

Let L∈R[[𝔅R]][∂], where 𝔅 has level one, so that L:R[[𝔅R]]→R[[𝔅R]].
Then supp∗ L is grid-based.

PropositionPropositionPropositionPropositionProposition
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Let 𝔐 be a totally ordered group and let L:R[[𝔐]]→R[[𝔐]] be strongly linear. Then
supp∗ L ≔ �

𝔪∈𝔐
𝔪−1supp L(𝔪)

is called the operatoroperatoroperator supportsupportsupport of L. For all y∈R[[𝔐]], we have

supp Ly ⊆ (supp∗ L) (supp y).

DefinitionDefinitionDefinitionDefinitionDefinition

Let L∈R[[𝔅R]][∂], where 𝔅 has level one, so that L:R[[𝔅R]]→R[[𝔅R]].
Then supp∗ L is grid-based.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... Let 𝔊≔supp 𝔟1†∪ ⋅ ⋅ ⋅ ∪supp 𝔟n†. Then we have seen that supp∗ ∂⊆𝔊.
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Let 𝔐 be a totally ordered group and let L:R[[𝔐]]→R[[𝔐]] be strongly linear. Then
supp∗ L ≔ �

𝔪∈𝔐
𝔪−1supp L(𝔪)

is called the operatoroperatoroperator supportsupportsupport of L. For all y∈R[[𝔐]], we have

supp Ly ⊆ (supp∗ L) (supp y).

DefinitionDefinitionDefinitionDefinitionDefinition

Let L∈R[[𝔅R]][∂], where 𝔅 has level one, so that L:R[[𝔅R]]→R[[𝔅R]].
Then supp∗ L is grid-based.

PropositionPropositionPropositionPropositionProposition

ProofProofProof... Let 𝔊≔supp 𝔟1†∪ ⋅ ⋅ ⋅ ∪supp 𝔟n†. Then we have seen that supp∗ ∂⊆𝔊.
Now if L=Lr∂r+ ⋅ ⋅ ⋅ +L0, then supp∗ L⊆ (supp Lr)𝔊r∪ ⋅ ⋅ ⋅ ∪supp L0. □
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Fromnow on:𝔅=(𝔟1,...,𝔟n) a transbasis of level 1 and L=Lr∂r+⋅⋅⋅+L0∈R[[𝔅R]][∂].
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Fromnow on:𝔅=(𝔟1,...,𝔟n) a transbasis of level 1 and L=Lr∂r+⋅⋅⋅+L0∈R[[𝔅R]][∂].

TwistingTwistingTwisting... Given 𝜑∈R[[𝔅R]], the twisttwisttwist L⋉𝜑 of L by 𝜑 is defined as

L⋉𝜑 ≔ 𝜑−1L×𝜑.
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Since R[𝜆1, . . . , 𝜆n] is noetherian, the set of 𝔳with Z𝔳⊇/ Z𝔳

∗ is finite. □
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Recall: R[∂]∋D(L) ≔ dominant coefficient of L.
Let 𝜇(L) ≔ smallest index s with D(L)s≠0

ℌL ≔ {x i𝔪∈xN𝔅R : i<𝜇(L⋉𝔪)}.

Given g∈R[[xN𝔅R]], there is a unique y∈R[[xN𝔅R∖ℌL]] with Ly= g.
The map L−1 which sends g to this element y is strongly linear.

TheoremTheoremTheoremTheoremTheorem

y′′−y = ex+1+e−x+e−2x+e−3x+ ⋅ ⋅ ⋅

ℌL ∋ ex , e−x

y = /1 2xex − 1 − /1 2xe−x + /1 3e−2x + /1 8e−3x + ⋅ ⋅ ⋅
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Hence f̃ ≔ f + c𝔪, h̃≔ g−L f̃ =h−L (c𝔪) satisfy supp f̃ ⊆𝔖, supp L h̃⊆𝔚∗𝔊.
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We will show that supp y⊆𝔖≔𝔙𝔚∗𝔊∖ℌL, where 𝔊≔supp g and
𝔙 ≔ xr−N{𝔡(L⋉𝔪)−1 :𝔪∈𝔅R}

𝔚 ≔ xr−N �
𝔪∈𝔐

supp L⋉𝔪∖{𝔡(L⋉𝔪)}
𝔡(L⋉𝔪) ≺ 1.

We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
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We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
IHIHIH𝔪: y≽𝔪=∑𝔳≽𝔪 y𝔳𝔳 is known, supp Ly≽𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔪)≻ g−Ly≽𝔪.
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supp L⋉𝔪∖{𝔡(L⋉𝔪)}
𝔡(L⋉𝔪) ≺ 1.

We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
IHIHIH𝔪: y≽𝔪=∑𝔳≽𝔪 y𝔳𝔳 is known, supp Ly≽𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔪)≻ g−Ly≽𝔪.
Given 𝔪∈𝔖♯, assume that IHIHIH𝔳 holds for all 𝔳∈𝔖♯ with 𝔳≻𝔪.
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We will show that supp y⊆𝔖≔𝔙𝔚∗𝔊∖ℌL, where 𝔊≔supp g and
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𝔪∈𝔐

supp L⋉𝔪∖{𝔡(L⋉𝔪)}
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ProofProofProof ofofof existenceexistenceexistence——— continuedcontinuedcontinued 181818///222222

We will show that supp y⊆𝔖≔𝔙𝔚∗𝔊∖ℌL, where 𝔊≔supp g and
𝔙 ≔ xr−N{𝔡(L⋉𝔪)−1 :𝔪∈𝔅R}

𝔚 ≔ xr−N �
𝔪∈𝔐

supp L⋉𝔪∖{𝔡(L⋉𝔪)}
𝔡(L⋉𝔪) ≺ 1.

We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
IHIHIH𝔪: y≽𝔪=∑𝔳≽𝔪 y𝔳𝔳 is known, supp Ly≽𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔪)≻ g−Ly≽𝔪.
Given 𝔪∈𝔖♯, assume that IHIHIH𝔳 holds for all 𝔳∈𝔖♯ with 𝔳≻𝔪.
Then y≻𝔪=∑𝔳≻𝔪 y𝔳𝔳 is known, supp Ly≻𝔪⊆𝔚∗𝔊, and for all 𝔳∈𝔖♯ with 𝔳≻𝔪:



ProofProofProof ofofof existenceexistenceexistence——— continuedcontinuedcontinued 181818///222222

We will show that supp y⊆𝔖≔𝔙𝔚∗𝔊∖ℌL, where 𝔊≔supp g and
𝔙 ≔ xr−N{𝔡(L⋉𝔪)−1 :𝔪∈𝔅R}

𝔚 ≔ xr−N �
𝔪∈𝔐

supp L⋉𝔪∖{𝔡(L⋉𝔪)}
𝔡(L⋉𝔪) ≺ 1.

We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
IHIHIH𝔪: y≽𝔪=∑𝔳≽𝔪 y𝔳𝔳 is known, supp Ly≽𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔪)≻ g−Ly≽𝔪.
Given 𝔪∈𝔖♯, assume that IHIHIH𝔳 holds for all 𝔳∈𝔖♯ with 𝔳≻𝔪.
Then y≻𝔪=∑𝔳≻𝔪 y𝔳𝔳 is known, supp Ly≻𝔪⊆𝔚∗𝔊, and for all 𝔳∈𝔖♯ with 𝔳≻𝔪:

y≻𝔪−y≽𝔳≺𝔳 implies L(y≻𝔪−y≽𝔳)≺𝔡(L×𝔳).
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Let 𝔪̃∈𝔅R with 𝔡(L×𝔪̃)≍ g−Ly≻𝔪. We have shown above that 𝔪̃∈𝔖♯, so 𝔪≽𝔪̃.



ProofProofProof ofofof existenceexistenceexistence——— continuedcontinuedcontinued 181818///222222

We will show that supp y⊆𝔖≔𝔙𝔚∗𝔊∖ℌL, where 𝔊≔supp g and
𝔙 ≔ xr−N{𝔡(L⋉𝔪)−1 :𝔪∈𝔅R}

𝔚 ≔ xr−N �
𝔪∈𝔐

supp L⋉𝔪∖{𝔡(L⋉𝔪)}
𝔡(L⋉𝔪) ≺ 1.

We compute y≻xN𝔪 and y≽𝔪 by transfinite induction on 𝔪∈𝔖♯≔ (𝔙𝔚∗𝔊∩𝔅R).
IHIHIH𝔪: y≽𝔪=∑𝔳≽𝔪 y𝔳𝔳 is known, supp Ly≽𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔪)≻ g−Ly≽𝔪.
Given 𝔪∈𝔖♯, assume that IHIHIH𝔳 holds for all 𝔳∈𝔖♯ with 𝔳≻𝔪.
Then y≻𝔪=∑𝔳≻𝔪 y𝔳𝔳 is known, supp Ly≻𝔪⊆𝔚∗𝔊, and 𝔡(L×𝔳)≻ g−Ly≻𝔪 for 𝔳≻𝔪.
Let 𝔪̃∈𝔅R with 𝔡(L×𝔪̃)≍ g−Ly≻𝔪. We have shown above that 𝔪̃∈𝔖♯, so 𝔪≽𝔪̃.

If 𝔪≽𝔪̃, then 𝔡(L×𝔪)≻𝔡(L×𝔪̃)≍ g−Ly≻𝔪, so y≽𝔪≔y≻𝔪 satisfies IHIHIH𝔪.
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Given 𝔪∈𝔖♯, assume that IHIHIH𝔳 holds for all 𝔳∈𝔖♯ with 𝔳≻𝔪.
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Let 𝔪̃∈𝔅R with 𝔡(L×𝔪̃)≍ g−Ly≻𝔪. We have shown above that 𝔪̃∈𝔖♯, so 𝔪≽𝔪̃.

If 𝔪≽𝔪̃, then 𝔡(L×𝔪)≻𝔡(L×𝔪̃)≍ g−Ly≻𝔪, so y≽𝔪≔y≻𝔪 satisfies IHIHIH𝔪.
If 𝔪=𝔪̃, then taking f≔y≻𝔪 above, we obtain y≽𝔪≔ f̃ that satisfies IHIHIH𝔪. □
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
Then {(𝔪,𝔳/𝔪) :𝔪∈𝔊,𝔳∈supp L−1𝔪} is a finite antichain of 𝔊×𝔙𝔚∗.
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
Then {(𝔪,𝔳/𝔪) :𝔪∈𝔊,𝔳∈supp L−1𝔪} is a finite antichain of 𝔊×𝔙𝔚∗.
Hence (L−1𝔪)𝔪∈𝔊 is a grid-based family and Φ:𝔪∈xN𝔅R⟼L−1𝔪 is grid-based.
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Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
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Hence (L−1𝔪)𝔪∈𝔊 is a grid-based family and Φ:𝔪∈xN𝔅R⟼L−1𝔪 is grid-based.
Let Φ̂:R[[xN𝔅R]]→R[[xN𝔅R∖ℌL]] be the extension of Φ by strong linearity.
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Let Φ̂:R[[xN𝔅R]]→R[[xN𝔅R∖ℌL]] be the extension of Φ by strong linearity.
For any g∈R[[xN𝔅R]], we have L Φ̂(g)=L Φ̂(∑𝔪 g𝔪𝔪)=∑𝔪 g𝔪LΦ(𝔪)= g.
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
Then {(𝔪,𝔳/𝔪) :𝔪∈𝔊,𝔳∈supp L−1𝔪} is a finite antichain of 𝔊×𝔙𝔚∗.
Hence (L−1𝔪)𝔪∈𝔊 is a grid-based family and Φ:𝔪∈xN𝔅R⟼L−1𝔪 is grid-based.
Let Φ̂:R[[xN𝔅R]]→R[[xN𝔅R∖ℌL]] be the extension of Φ by strong linearity.
For any g∈R[[xN𝔅R]], we have L Φ̂(g)=L Φ̂(∑𝔪 g𝔪𝔪)=∑𝔪 g𝔪LΦ(𝔪)= g.
Hence Φ̂(g) coincides with the unique solution y=L−1 g of Ly=g inR[[xN𝔅R∖ℌL]].
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For any 𝔪∈xN𝔅R, we have shown that supp L−1𝔪⊆𝔙𝔚∗𝔪.
Consider a grid-based subset 𝔊⊆xN𝔅R and let 𝔳∈𝔙𝔚∗𝔊.
Then {(𝔪,𝔳/𝔪) :𝔪∈𝔊,𝔳∈supp L−1𝔪} is a finite antichain of 𝔊×𝔙𝔚∗.
Hence (L−1𝔪)𝔪∈𝔊 is a grid-based family and Φ:𝔪∈xN𝔅R⟼L−1𝔪 is grid-based.
Let Φ̂:R[[xN𝔅R]]→R[[xN𝔅R∖ℌL]] be the extension of Φ by strong linearity.
For any g∈R[[xN𝔅R]], we have L Φ̂(g)=L Φ̂(∑𝔪 g𝔪𝔪)=∑𝔪 g𝔪LΦ(𝔪)= g.
Hence Φ̂(g) coincides with the unique solution y=L−1 g of Ly=g inR[[xN𝔅R∖ℌL]].
We conclude that L−1=Φ̂ is strongly linear. □
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Let H={h∈R[[xN𝔅R]] :Lh=0}.
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LetH={h∈R[[xN𝔅R]] :Lh=0}. For h0, . . . ,hr∈H,Wr(h0, . . . ,hr+1)=0, so dimRH⩽ r.
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LetH={h∈R[[xN𝔅R]] :Lh=0}. For h0, . . . ,hr∈H,Wr(h0, . . . ,hr+1)=0, so dimRH⩽ r.

For any 𝔥∈ℌL, the equation Lh=0 has a unique solution in 𝔥+R[[xN𝔅R∖ℌL]], namely

h[𝔥] ≔ 𝔥−L−1 L𝔥.
We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.

CorollaryCorollaryCorollaryCorollaryCorollary
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h[𝔥] ≔ 𝔥−L−1 L𝔥.
We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.

CorollaryCorollaryCorollaryCorollaryCorollary

UniquenessUniquenessUniqueness... Consider any other h̃∈𝔥+R[[xN𝔅R∖ℌL]] with L h̃=0.



HomogeneousHomogeneousHomogeneous linearlinearlinear differentialdifferentialdifferential equationsequationsequations 202020///222222

LetH={h∈R[[xN𝔅R]] :Lh=0}. For h0, . . . ,hr∈H,Wr(h0, . . . ,hr+1)=0, so dimRH⩽ r.

For any 𝔥∈ℌL, the equation Lh=0 has a unique solution in 𝔥+R[[xN𝔅R∖ℌL]], namely

h[𝔥] ≔ 𝔥−L−1 L𝔥.
We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.

CorollaryCorollaryCorollaryCorollaryCorollary

UniquenessUniquenessUniqueness... Consider any other h̃∈𝔥+R[[xN𝔅R∖ℌL]] with L h̃=0.
Then h̃−h[𝔥]∈R[[xN𝔅R∖ℌL]] and L(h̃−h[𝔥])=0, whence h̃=h[𝔥].
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For any 𝔥∈ℌL, the equation Lh=0 has a unique solution in 𝔥+R[[xN𝔅R∖ℌL]], namely

h[𝔥] ≔ 𝔥−L−1 L𝔥.
We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.

CorollaryCorollaryCorollaryCorollaryCorollary

UniquenessUniquenessUniqueness... Consider any other h̃∈𝔥+R[[xN𝔅R∖ℌL]] with L h̃=0.
Then h̃−h[𝔥]∈R[[xN𝔅R∖ℌL]] and L(h̃−h[𝔥])=0, whence h̃=h[𝔥].
ExerciseExerciseExercise... L−1 L𝔥≺𝔥, so that h[𝔥]∼𝔥.
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h[𝔥] ≔ 𝔥−L−1 L𝔥.
We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.

CorollaryCorollaryCorollaryCorollaryCorollary

UniquenessUniquenessUniqueness... Consider any other h̃∈𝔥+R[[xN𝔅R∖ℌL]] with L h̃=0.
Then h̃−h[𝔥]∈R[[xN𝔅R∖ℌL]] and L(h̃−h[𝔥])=0, whence h̃=h[𝔥].
ExerciseExerciseExercise... L−1 L𝔥≺𝔥, so that h[𝔥]∼𝔥.
IndependenceIndependenceIndependence... If h=∑𝔥∈ℌL

𝜆𝔥h[𝔥]=0 with 𝜆𝔥∈R, then h𝔥=𝜆𝔥=0 for all 𝔥∈ℌL.
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BasisBasisBasis... Since dimRH⩽ r, it follows that |ℌL|⩽ r.
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We have h[𝔥]∼𝔥 and the h[𝔥] with 𝔥∈ℌ form a basis of H.
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UniquenessUniquenessUniqueness... Consider any other h̃∈𝔥+R[[xN𝔅R∖ℌL]] with L h̃=0.
Then h̃−h[𝔥]∈R[[xN𝔅R∖ℌL]] and L(h̃−h[𝔥])=0, whence h̃=h[𝔥].
ExerciseExerciseExercise... L−1 L𝔥≺𝔥, so that h[𝔥]∼𝔥.
IndependenceIndependenceIndependence... If h=∑𝔥∈ℌL

𝜆𝔥h[𝔥]=0 with 𝜆𝔥∈R, then h𝔥=𝜆𝔥=0 for all 𝔥∈ℌL.
BasisBasisBasis... Since dimRH⩽ r, it follows that |ℌL|⩽ r.
Given h∈H, let h̃=∑𝔥∈ℌ h𝔥h

[𝔥]. Then H∋ h̃−h∈R[[xN𝔅R∖ℌL]], so h̃=h. □
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R0(W) = 1 ≈ 1
R1(W) = W ≈ W
R2(W) = W2+W ′ ≈ W2

R3(W) = W3+3WW ′+W ′′ ≈ W3

⋅⋅⋅ ⋅⋅⋅
RL(W) = LrRr(W)+ ⋅ ⋅ ⋅ +L0R0(W) ≈ LrW r+ ⋅ ⋅ ⋅ +L0

⟶ Possible to deform the Newton polygon method in order to solve RL(W)=0.
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R1(W) = W ≈ W
R2(W) = W2+W ′ ≈ W2

R3(W) = W3+3WW ′+W ′′ ≈ W3

⋅⋅⋅ ⋅⋅⋅
RL(W) = LrRr(W)+ ⋅ ⋅ ⋅ +L0R0(W) ≈ LrW r+ ⋅ ⋅ ⋅ +L0

⟶ Possible to deform the Newton polygon method in order to solve RL(W)=0.

Let L∈T[i][∂]=C[[𝔗]][∂]. Then RL(y†)=0 has a solution y†∈T[i].
If L∈T[∂] has odd order, then RL(y†)=0 has a solution y†∈T.

TheoremTheoremTheoremTheoremTheorem
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R0(W) = 1 ≈ 1
R1(W) = W ≈ W
R2(W) = W2+W ′ ≈ W2

R3(W) = W3+3WW ′+W ′′ ≈ W3

⋅⋅⋅ ⋅⋅⋅
RL(W) = LrRr(W)+ ⋅ ⋅ ⋅ +L0R0(W) ≈ LrW r+ ⋅ ⋅ ⋅ +L0

⟶ Possible to deform the Newton polygon method in order to solve RL(W)=0.

Let L∈T[i][∂]=C[[𝔗]][∂]. Then RL(y†)=0 has a solution y†∈T[i].
If L∈T[∂] has odd order, then RL(y†)=0 has a solution y†∈T.

TheoremTheoremTheoremTheoremTheorem

Any L∈T[i][∂] has a fundamental system of solutions in T[i][eT≻[i]].
CorollaryCorollaryCorollaryCorollaryCorollary
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The skew ring T[∂] is an Euclidean ring.
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The skew ring T[∂] is an Euclidean ring.

SolutionsSolutionsSolutions andandand divisibilitydivisibilitydivisibility... Given L∈T[i][∂] and h∈T[i]≠0, we have

Lh = 0 ⟺ (∂−h†) | L.



ComplementComplementComplement——— factorizationfactorizationfactorization 222222///222222

The skew ring T[∂] is an Euclidean ring.

SolutionsSolutionsSolutions andandand divisibilitydivisibilitydivisibility... Given L∈T[i][∂] and h∈T[i]≠0, we have

Lh = 0 ⟺ (∂−h†) | L.

a) Any L∈T[i][∂] splits into order one factors.
b) Any L∈T[∂] factors into irreducibles of order one or two.

PropositionPropositionPropositionPropositionProposition
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SolutionsSolutionsSolutions andandand divisibilitydivisibilitydivisibility... Given L∈T[i][∂] and h∈T[i]≠0, we have

Lh = 0 ⟺ (∂−h†) | L.

a) Any L∈T[i][∂] splits into order one factors.
b) Any L∈T[∂] factors into irreducibles of order one or two.

PropositionPropositionPropositionPropositionProposition

ApplicationApplicationApplication
The following equation has a non-zero solution in T:

xxxy′′′− (xΓ(x)+3)y′− (log log log x−1)y = 0.


	Twisting.
	Twisting.
	Twisting.
	Twisting.

