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Why study the asymptotic behaviour of M(N)?

Division. O(M(N))
Gced. O(M(N) log N)
Computing e, 7. O(M(N) log N)

Base conversion. O(M(N) b;%)

FFT. O(M(np)), length n, bit-precision p=logn

M(N) = speed of basic arithmetic

Also

« Asymptotic complexity abstracts from concrete machines
often
« Better theoretical techniques —— faster practical implementations
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Short history o2

1962 Karatsuba O(N'og3/log2)

1963 Toom o( N2Vl lee?)

1966 Schénhage O(NZVZIOgN“OgZ(IogN)3/2>

1969 Knuth O( N2 og N )

1971 Pollard O(Nlog Nloglog Nlogloglog N ---)
1971 Schonhage-Strassen O(Nlog Nloglog N)

2007 Fiirer O(Nlog N20Ues'N)y

2014 Harvey-vdH-Lecerf O(Nlog N8Ny

2017 Harvey O(Nlog N6'°&Ny

2017 Harvey-vdH O(Nlog N (4,/2)"& ™)

2018 Harvey-vdH O(Nlog N4'og'Ny
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Complexity

Karatsuba multiplication

1302 2020 x 3141 5926
a c

(ax+b)-(cx+d) = a-cx*+(a-d+b-c)x+

a-d+b-c = (a+b)-(c+d)-a-c-

M(n) < 3M(n/2)+Cn
< 9M(n/4) +-Cn
< 27M(n/8)+ Cn
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Karatsuba multiplication o

1302 2020 x 3141 5926
a c

(ax+b)-(cx+d) = a-cx*+(a-d+b-c)x+
a-d+b-c = (a+b)-(c+d)-a-c-

Complexity

YA\

M(n) < 3M(n/2)+Cn
9M(n/4) +%Cn

27M(n/8)++ Cn

log3
< O ( n'os? )
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Kronecker segmentation
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Integers versus polynomials

Kronecker segmentation

4627579679788114 x 4519170871966234

X

(4627 x>+ 5796 x>+ 7978 x + 8114) x (4519 x>+ 1708 x>+ 7196 x + 6234)

X

Kronecker substitution

(4627 x> +5796 x>+ 7978 x +8114) x (4519 x>+ 1708 x>+ 7196 x + 6234)

X

4627000005796000007978000008114 = 4519000001708000007196000006234

X
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Integers versus polynomials

Kronecker segmentation

4627579679788114 x 4519170871966234

X
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X

004003 x 2001005 = 20090150230
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Cyclic polynomials

[K: a field (or a suitable ring)
n: cycle length
[K[x]/(x"-1):ring of cyclic polynomials of length n

bijection _

P € K[x], degP <n «—— P € K[x]/(x"-1)
P,Q € K[x], deg(PQ) < n, Compute PQ < Compute PQ

Summary so far

Kronecker Encode
2 — K[x] —— K[x]/(x"-1)
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P € K[x]/(x"-1) Q € K[x]/(x"-1)
lDFT lDFT
Pe @ Kx]/(x-wk Qe P K[x]/(x-wh
O<k<n N y 0O<k<n
PQ € 0@ K[x]/(x - &)
lDFT-1

PQ € K[x]/(x"-1)



FFT multiplication 2

P € K[x]/(x"-1) Q € K[x]/(x"-1)
lDFT lDFT
Pe @ Kx]/(x-wk Qe P K[x]/(x-wh
0<k<n N p 0<k<n
PQ € Ogn K[x]/(x - ")

lDFT“

PQ € K[x]/(x"-1)

Summary so far

Kronecker Embed DFT
7— K[x] — K[x]/(x"-1) — K"















K[x]/(x*"-1)



K[x]/(x*"-1) = K[x|/(x"-1) & K[x]/(x"+1)



K[x]/ (x*"-1)

IR

IK[x]/(x"=1) & K[x]/(x"+1)
IK[x]/(x"=1) @ I!([x]/(f(”—1)
X = WX
" = -1
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Fi(2n) < 2Fk(n) +naddk+nsubg +nmul

Vv

f\_/

K[x]/(x*"-1)

o~

K[x]/(x"-1)e K[x]/(x"+1)



Fi(2n) < 2F(n)+naddk+nsuby+nmul,w

-~ N
IK[x]/ (x*"=1) IK[x]/(x"+1)
K[x]/(x"-1)e K[x]/(x"+1) K[x]/(x"-1)



Complexity analysis 1512

Fx(2n) < 2Fk(n)+naddx+nsubk+nmul

P —
K[x]/(x*"-1) K[x]/(x"+1)
K[x]/(x"-1)e K[x]/(x"+1) K[x]/(x"-1)

n = 28" — Fyg(n) < nlgn(addu(+%mu|wm)
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How to choose IK?

2mi

. K=Cj, with bxlogN, nx w=en

N
log N’

Il K=PF, with p=s2'+1, IgpxlogN, n=2'< LN, w exists..
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How to choose K?

271t

. K=C, with bxlogN, nx%, w=ern

Il. K=IF, with p=s2'+1, IgpxlogN, n=2’x%, w exists...

. K=Z/(2"+1)Z with m=2'< /N, nx /N, w=2

Complexity analysis

I. M(N) = O(NM(logN)) M(N)=0O(NlogNloglogN---)
Il. M(N) = O(NM(logN)) M(N)=0O(NlogNloglogN---)
1. M°(N)<2/[NM®({/N) + O(NlogN) M(N) =O(Nlog Nloglog N)

Me(N): cost of multiplication in Z/ (2N +1)Z
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Note about Schonhage—-Strassen multiplication 1512

A careful construction yields

Me(n) < Cnlogn+2n1/2/\/\e(”1/2)
< Cnlogn+Cnlogn+4n™M®(n")
< Cnlogn+Cnlogn+Cnlogn+8n"M®(n*)



Note about Schonhage—Strassen multiplication

A careful construction yields

M®(n)

<

<

<

Cnlogn+2n"M°(n")
Cnlogn+ Cnlogn+4n3/4Me<n‘/4)

Cnlogn+Cnlogn+Cnlogn+8n"M®(n*)

Cnlogn+

loglogn x

+ Cnlogn+ O(nlogn)
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What if...
M®(n) < Cnlogn+1.98n"M®(n")
< Cnlogn+0.99Cnlogn+1.98 n"M°(n"
< Cnlogn+0.99 Cnlogn+0.992Cnlogn+1.983n"M°(n'%)
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Note about Schonhage—-Strassen multiplication 1512

What if...
M®(n) < Cnlogn+1.98n"M®(n")
< Cnlogn+0.99Cnlogn+1.98 n"M°(n"
< Cnlogn+0.99 Cnlogn+0.992Cnlogn+1.983n"M°(n'%)
< O(nlogn)
Next aim

M(n) < Cnlogn+(d-¢e)n"""“M(n") or

n‘ d d-1
M(d—e) < Cn%logn+n? " M(n)



L = K[u]/(u"-1)



L = K[u]/(u"-1)

Schonhage-Strassen

DFT
Lix]/(x"-1) == "

mulpx/(xm-1) < n mulg+0(n?logn)



Nussbaumer Polynomial Transforms

L := K[u]/(u"-1)

Schonhage-Strassen

DFT
Lix]/(x"-1) = L"

mulp [/ xn-1y < n mulp+O0(n*logn)

Nussbaumer

DFT
Lluy,...,uq]l/(u5-1,...,u5-1) = "

d

-1 d
mulgpu,.  ul/(us-1,..u-1y < 0N mulp+O(n?logn)
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Nussbaumer Polynomial Transforms

L := K[u]/(u"-1)

Schonhage-Strassen

DFT
Lix]/(x"-1) = L"

mulp [/ xn-1y < n mulp+O0(n*logn)

Nussbaumer
DFT .
L[t .., g/ (=1, - 1) = I
d-1 d
mulgpu,.  ul/(us-1,..u-1y < 0N mulp+O(n?logn)
Next goal
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2/(s1:+-8q72) = 2|17 +---+ Z/sqZ
XZssil) o 29T chI/SdZ
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S1,...,84 pairwise coprime

IR

2/(s1:-5q72) = 2|17 +---+ Z/sqZ
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DFT, < Permutation

CS N N s
o E
Ct DFT; R ; Permutatnon) Ct

220k _J\2
-1 - s (5=
(Su)k = a E e () uj
jez
_nath(ﬁ_i)z
(T u)y := E e ©sh
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The resampling matrices

Matrix for & when s=10, t=13, and o =2

0.3142
0.0779
0.0076
2.9e-4
4.4e-6
2.7e-8
2.7e-8
4.4e-6
2.9e-4
0.0076
0.0779
| 0.3142

0.2280

0.3982
0.1305
0.0169
8.6e-4
1.7e-5
1.3e-7
5.3e-9
1.0e-6
9.2e-5
0.0032
0.0428

0.0216
0.1522
0.4230

0.2011
0.0344
0.0023
6.1e-5
6.5e-7
3.5e-9
2.3e-7
2.6e-5
0.0012

4.2e-4 1.7e-6
0.0100 1.3e-4
0.0934 0.0043
0.3432 0.0527
0.2561
0.2849
0.0644 0.3714
0.0057 0.1109
2.0e-4 0.0131
2.8e-6 6.0e-4
1.5e-8 1.1e-5
4.7e-8 8.1e-8
7.1e-6 8.9e-9

2.9e-9
3.9e-7
4.0e-5
0.0017
0.0274
0.1757

0.1757
0.0274
0.0017
4.0e-5
3.9e-7

1.7e-6
8.9e-9
8.1e-8
1.1e-5
6.0e-4
0.0131
0.1109
0.3714

0.2561
0.0527
0.0043
1.3e-4

4.2e-4
7.1e-6
4.7e-8
1.5e-8
2.8e-6
2.0e-4
0.0057
0.0644
0.2849

0.3432
0.0934
0.0100

0.0216
0.0012
2.6e-5
2.3e-7
3.5e-9
6.5e-7
6.1e-5
0.0023
0.0344
0.2011

0.4230
0.1522

0.2280
0.0428
0.0032
9.2e-5
1.0e-6
5.3e-9
1.3e-7
1.7e-5
8.6e-4
0.0169
0.1305
0.3982
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The resampling matrices

Matrix for 9 when s=10, t=13, and o =2

5.9e-10
3.4e-6
1.4e-22
7.6e-50 1.6e-16
4.7e-88 1.6e-40
3.6e-137 1.9e-75
3.3e-197 2.7e-121
3.3e-197 4.8e-178
3.6e-137 2.4e-217
4.7e-88 4.9e-154
7.6e-50 1.2e-101

0.0021

3.4e-6 1.3e-29

1.2e-37 9.8e-84 2.6e-148 5.2e-231

1.0e-14
0.0108 1.9e-20
3.7e-5
2.0e-11

3.6e-32  2.4e-7
8.1e-64 8.5e-25
2.2e-106 3.5e-53

7.2e-160 1.8e-92

2.8e-224 1.1e-142

1.2e-46 5.3e-97 8.1e-166

1.3e-56 3.0e-111
3.8e-27 1.3e-67
1.3e-8 7.7e-35
5.2e-13

3.2e-4

2.0e-18
1.6e-43 5.2e-13
1.5e-79 7.7e-35

7.1e-172 8.4e-204 1.8e-126 1.3e-67
1.4e-22 3.6e-60 3.3e-116 1.0e-190 2.5e-184 3.0e-111
1.8e-71 9.2e-132 1.6e-210 8.1e-166

2.6e-148 9.8e-84

1.2e-37

1.6e-210 9.2e-132 1.8e-71
2.5e-184 1.0e-190 3.3e-116 3.6e-60

1.8e-126 8.4e-204 7.1e-172 1.2e-101
1.1e-142 2.8e-224 4.9e-154
1.8e-92 7.2e-160 2.4e-217
3.5e-53 2.2e-106 4.8e-178

1.5e-79

1.6e-43

2.0e-18

3.2e-4 8.5e-25
2.4e-7

1.3e-8

3.8e-27 3.7e-5

1.3e-56 1.9e-20

5.3e-97 1.2e-46

8.1e-64
3.6e-32
2.0e-11

0.0108
1.0e-14

5.9e-10
1.3e-29

2.7e-121
1.9e-75
1.6e-40
1.6e-16
0.0021
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The resampling matrices

Matrix for 9 when s=10, t=13, and o =2

t
—z21+—
S o4

5.9e-10
3.4e-6
1.4e-22
7.6e-50 1.6e-16
4.7e-88 1.6e-40
3.6e-137 1.9e-75
3.3e-197 2.7e-121
3.3e-197 4.8e-178
3.6e-137 2.4e-217
4.7e-88 4.9e-154
7.6e-50 1.2e-101

0.0021

3.4e-6 1.3e-29

—— accurate DFT; through C°*— C!

1.2e-37 9.8e-84 2.6e-148 5.2e-231

1.0e-14
0.0108 1.9e-20
3.7e-5
2.0e-11

3.6e-32  2.4e-7
8.1e-64 8.5e-25
2.2e-106 3.5e-53
7.2e-160 1.8e-92

2.8e-224 1.1e-142

1.2e-46 5.3e-97 8.1e-166

1.3e-56 3.0e-111
3.8e-27 1.3e-67
1.3e-8 7.7e-35
5.2e-13

3.2e-4

2.0e-18
1.6e-43 5.2e-13
1.5e-79 7.7e-35

7.1e-172 8.4e-204 1.8e-126 1.3e-67
1.4e-22 3.6e-60 3.3e-116 1.0e-190 2.5e-184 3.0e-111
1.8e-71 9.2e-132 1.6e-210 8.1e-166

S DFT;

2.6e-148 9.8e-84

1.6e-210 9.2e-132 1.8e-71

1.2e-37 5.9e-10
1.3e-29

2.5e-184 1.0e-190 3.3e-116 3.6e-60
1.8e-126 8.4e-204 7.1e-172 1.2e-101

1.5e-79
1.6e-43

2.0e-18
3.2e-4

1.8e-92
3.5e-53
8.5e-25
2.4e-7
1.3e-8
3.8e-27
1.3e-56
5.3e-97

3.7e-5
1.9e-20
1.2e-46

M g-1

1.1e-142 2.8e-224 4.9e-154

7.2e-160 2.4e-217
2.2e-106 4.8e-178
8.1e-64 2.7e-121
3.6e-32 1.9e-75
2.0e-11 1.6e-40

1.6e-16
0.0108  0.0021

1.0e-14

n

Ct— ! > C*S

> C*
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4

Clx]/ (e 5-1)

Cluy,...,uq)/(uy' =1,...,uf-1)

A4

DFT(sy,...,s4) over C

v

DFT(¢t, dx t) over C

l

DFT(t,("V"t) over C[u]/(ut-1)

Embed

Chinese remaindering a la Good

FFT-multiplication

Gaussian resampling

Bluestein reduction



Thank you !

http://www.texmacs.org



