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Polynomial system solving More general system solving
?

xX>+y?+ 2 -5xy+72z-11 = 0 ——  sinsinx’-log (1-y>Z) =0

X%~ y>+2025 =0 erf (xP eV 2etan?y 4 (x)y223 = 0

Question: what do log (1-y”z’) and arctan z mean ?

Approach in this talk
« Work with power series at x=y=2z=0
« Restrict attention to differentially algebraic power series

« Note: other “base points” through analytic continuation
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K : effective field of characteristic zero
y€K][[z,...,zk]] is D-algebraic (over K) <
vie{1,...k}, IPeK| V.5 oy [\, Piy) -0

, , ,.‘.
0Zz; aziz

DART 2024

« Representation of computable D-algebraic power series through non-degen-
erate annihilators and finite number of initial conditions.

« Zero-tests for D-algebraic power series.
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Problem: the remainder f rem g is not even D-algebraic!
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LycK[[z,...,2k]] set of D-algebraic power series in zy,..., z,
1. Ly is a differential [K-subalgebra.

2. Ly is closed under restricted division.
E.g., sinz;€IL; and 22 €K[[z]] = ZZ€l,.

Zq Zq

3. (ILg)ken is closed under composition:
if 1€l and gy,...,8m€L, then fo(g1,...,8m) €L,

4. (ILy) ken satisfies the implicit function theorem.

5. (ILg) ke is closed under restricted monomial transformations.
E.g., f:=e22zsin(z1 7)€, and g:=f<Z—JZ_12, Jz_2> €K[[z,zn]] == g€,

We say that (ILy)en forms a tribe. It is effective if all these operations can be
carried out algorithmically and if we have a zero-test.
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Let (ILy)ren be an effective tribe.

Weierstrass preparation theorem

Let f €Ly be in Weierstrass position of degree d in zy:

d-
F0)=2L @)=

1f(O) 0, but df(O)#O
zf az{

Then we may compute a unit u€IL, with uf = zk + Py 1zd i .+ Pe L, +[z].

Weierstrass division theorem

In addition, if g€ Ly, then we may compute (the unique) Q€L and R€ [Ly_1[ z]
with g=Qf + R and deg, R<d.
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Any fEIK[[M]] has a Cartesian representation f=f(m;,...,m)n,
where fEK[[zy,...,z]] and my,..., m n €M with m,,..., my<1.

Example. If f€K[[zZ xjex 27 ]], then f=f<z1,§> zI" z22 for some i1, i,€ N and
n=0.

Example. Znewz{”lzfe K[[ 2% xex 27 1].

We say that f is [L-based if we can take f €L,
The set IK[[ Mt ]] 1 of such series is a ring (a field if M is a totally ordered group).

Newton polygon method

If f €Ly is in Weierstrass position of degree d in z,, then we can compute the
d infinitesimal roots a,. .., a4 € [K[[z,& Xlox * X]eXZP‘]] L of fin z.
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Weierstrass preparation and division o6

Let aq,...,a4€ l]([[z,‘?‘_1 Xex * ** x|eXzP]][L be the infinitesimal roots of f in z.

If f=uP isthe Weierstrass preparation with unit u, then

P = (zi-ar) (21 p) € K[[z1.0, 2] 1 IKIL 28 xiex e 2 0.

J

u =",

Actually, P,u€lLy, since IL is closed under restricted monomial transformations.

For a Weierstrass division with remainder L;3g=Q f + R,
we have R(a;)=g(«a;) fori=1,...,d, so
_ Li(zi) | La(z) N
R = gla) L) " +8(ad) La(aq)’ Lize) =
g-R
Q -
f

Again, Q, REIL,, for the same reason as above.

P(z)

Zi— X
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Questions
« Given a finite subset .% cIL;, can we compute a “basis” for (%) ?
« Given in addition g€lLy, can we test whether g€ (%) ?
« Can we compute the Hilbert function of (.%#)?

« Can we compute a standard basis for (%) ?

Some ingredients
« Recursive approach based on Weierstrass division.
« Also drawing inspiration from Janet-Riquier theory.

« Also use general position using generic linear change of coordinates.
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Very special case of divisibility 1116

Question: if f,g€ll, and .# ={f}, can we check whether g€ (%#)?

Consider generic linear forms Aq,...,Ak€IL, with Aj=A;1z1+ -+ + Az
Then we have a computable isomorphism
AL, — Ly
@ —— @°(Ay,..., Ap).
In particular: g€ (f) == A(g) € (A(f)).

A(f) is in Weierstrass position of some degree d>0 in z, by genericity of A.
Then ge(f) <= A(g)remA(f)=0.

Let ay,..., g4 be the roots of A(f).
Then ge(f) &= A(g)(a;)=0fori=1,...,d.



fi = 11z A(f)

2123+ 23
3.3, .22 ) 3
fh = 215~z -z + 271 7 Af) = z120+25-71-372120-32122 -2 25

+z12222+221 z§’+z§1



fi
/2

212

Z122—Z13—

3
2

The bivariate example revisited

+71 73

A(SH)
A(f)

= Z1Zz+222

z1zz+z§—z13—321222—321222—2223

+z12222+221 223+z§1

be := A(f)) = Z+212

12/16



The bivariate example revisited

fh = 21 A(fr) = Z1zz+222
3

3 22
fh = n1n-5-z+ 212 Af) = z1z20+25-21-32120-32123-2 2

+z12222+221 z§+z§l

/] ‘ ‘ ‘ ‘ ‘ ‘ ‘ B be .
N I by := A(fy) rem b,

A(f1) = 2+ 717y

—213 2727,

12/16



fi = 11z A(f)

2123+ 23
3.3, .22
fh = 215~z -z + 271 7 Af) = z1z20+25-21-32120-32123-2 2

+z1222 +2 71 z§’+z§1

be = /\(ﬁ) = Z%+Z1Zz
B I by := A(fy)remb. = —-z7 -2z} 2,
b := (boz)remb, = -z z,




fi = 11z A(f)

2123+ 23
3.3, .22 ) 3
fh = 215~z -z + 271 7 Af) = z120+25-71-372120-32122 -2 25

+z12222+221 z§’+z§1

be := A(fi) = z3+ 212,

B I by := A(fy)remb. = —-z7 -2z} 2,
b := (boz)remb, = -z z,

N I (biz))remb, = -2z,

i I (-ziz)remb; = 0




\ B ={be, b1, by, b1, bo2, bo,1}
\ be = Z§+”' (Z1,ZZ,Z3)

1 by = zyz3+--- (z1,22)
Z3 \ by = z5+--- (z1,22)
b1’0 = Z?Z3+"° (21)
by, = Z1Z5+ (z1)
b0,1 = Z?Zz+°°° (Z])

b1 z3, by z3, b1,0 23, bo 2 23, by, 1 23— 0

b0 22, bo 2 23, by 1 zZ2—> 0




Hilbert function Hg). Just count boxes below staircase, as usual!
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Wanted: standard basis for a graded monomial ordering,.
Let m:=(zy,...,2z) be the maximal ideal.



Standard bases 14716

Hilbert function H ). Just count boxes below staircase, as usual !

Wanted: standard basis for a graded monomial ordering.
Let m:=(zy,...,zx) be the maximal ideal.

For v:=0,1,2,3,... do:
Compute B, < (%) such that B, is a standard basis for (.%) modulo m"*'
Compute the Hilbert function H,:= Hn(s,)) for the initial ideal (In(B,))
If H,=H(#), then B, is the desired standard basis for (%)



fi = 2z v = 0,1
f = 1 H-Zi-Z3+ 723 72 B, = @
H(g) = (1,3,5,6,6,6,..,) H(ln(Bv)) = (1,3,6,10,15,...)
15
10 | 15
b, 6 | 10 | 15
3 5 6 3 6 | 10 | 15
1 3 5 1 3 6 | 10 | 15




fi = 18 vV =2
L = azn-z-zn+7z5 B, = {7123}
H) = (1,3,5,6,6,6,...) Hinesy) = (1,3,5,7,9,11,...)
9
7
be 5
315 |6 3
11 3] 5 1135 7109




ﬁ = Z12y 1% = 3
f = WZH-Zi-+ 2 73 Bs = {2120, Z1 + 23}
H gy = (1,3,5,6,6,6,...) Hnsy)) = (1,3,5,6,7,8,...)
7
6
b, 5
3156 3
1 3|5 1 3




f = 212 v =4
f = 1 H-Zi-Z3+ 723 72 B, = {2120, Z1 + 3, 73}
H gy = (1,3,5,6,6,6,...) Hns,)) = (1,3,5,6,6,6,...)
6
b, 5
3 5 6 3
1 35 1 3




Thank you!

http://www. TeXMmacs.org



