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k: field of characteristic zero

IC k|[x,y]: radical zero-dimensional ideal
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k: field of characteristic zero
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y—Q(x) €l, where y1=0(x1),...,¥a=Q(x;) and deg Q< d
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k: field of characteristic zero

IC k|[x,y]: radical zero-dimensional ideal

T 400
Yo $-==——=-=-=--- R
Rkl * | |
e
L,
X1 X»o X4 x/
[=(P(x),y—Q(x))
P(x)=(x—x1) (x=x2) - (x—x4), y1=Q(x1),...,ya=Q(xa)
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Classical shape lemma — Gianni—Mora 1989



k: field of characteristic zero

[Ck[x,y]: radieal zero-dimensional ideal



General zero-dimensional ideals

k: field of characteristic zero
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Shape of lexicographical Grobner basis — Lazard 1985
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Linear partial differential equations 5118

k[x,y] = k[Dy, D]
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Let I € k[x,y] be a radical zero-dimensional ideal. Then there exist c € k and
P,Qek[X,y], where X=x+cy, =y, such that P is monic, deg Q < deg P,
andI=(P,j—Q).
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The shape lemma revisited 18

Lemma

Let € k|[x,y]| be a radical zero-dimensional ideal. Then there exist c € k and
P,QeklX, ]|, where X=x+cy, =y, such that P is monic, deg Q < deg P,
andI=(P,j—Q).

Corollary

LetI€ k[Dy, D, | be a radical zero-dimensional ideal. Then there existc€k and
P,Qe€Kk|[Ds Djy|, where X=x, ij=y—cx, such that P is monic, deg Q <deg P,
andI= (P,D;—-Q).
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Lemma

Let € k|[x,y]| be a radical zero-dimensional ideal. Then there exist c € k and
P,QeklX, ]|, where X=x+cy, =y, such that P is monic, deg Q < deg P,
andI=(P,j—Q).

Corollary

LetI€ k[Dy, D, | be a radical zero-dimensional ideal. Then there existc€k and
P,Qe€Kk|[Ds Djy|, where X=x, ij=y—cx, such that P is monic, deg Q <deg P,

and [ = (P,Dy— Q).
3)- G

(6)- (1))

Question: what about left-ideals of k (x,v)[ Dy, D, ]| instead of k|D,, D, | ?
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Differential counterpart of “radical ideal” s

]k[x,y] = k[DX/Dy]
I=((x—=1) (x=2)*(x=3), I=((Dy—1) (Dy—2)*(D,—3),
y—3/,x*+1/,x—5) D,—3%,D5+1/,D,—5)

/N V(I) /N
(3,2) )
(1,1) )
<2/,90> ’ ® ’

ke'oke* ok 2x+y)e*@ke

{e*Y ¥, (2x 4+ 1) e®*, e} basis over k but linearly dependent over k (x,y).



We say that a zero-dimensional left ideal I C Kk (x,y)| Dy, D] is D-radical if its
solution space has a k-basis of k(x,y)-linearly independent elements.
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Definition
We say that a zero-dimensional left ideal 1 Ck(x,y)[Dy, Dy is D-radical if its
solution space has a k-basis of k(x,y)-linearly independent elements.

Theorem (Kauers-Koutchan-Verron, 2025)

LetI€ k(x,y)[ Dy, D,] be a zero-dimensional D-radical ideal. Then there exist
cek and P,Qek(X,) Dz, Dy, where X=x, j =y —cx, such that P is monic,
deg Q<degP, andI=(P,Dy;—Q).



Let K:=k(x,y) and let [CK[D,,D,]| be a left ideal.



Let K:=k(x,y) and let [CK[D,,D,]| be a left ideal.

e The differential ideal {LF:Lel} CK{F}=K|[F,D,F,...] is always radical.
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e Why introduce the artificial problem of D-radical ideals?
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But wait a minute... 5/18

Let K:=k(x,y) and let [CK|[D,,D,] be a left ideal.

e The differential ideal {LF:L eI} CK{F}=K|[F,D,F,...] is always radical.
e Why introduce the artificial problem of D-radical ideals?

e Solutions sets of k|[D,, D, | are more “fine-grained” than those of k| x,y]

Double point Linear PDE counterpart

Li=(x%y) V(I;)={(0,0)} L=(D:,D,) V()=kekx
L=(x,y*) V() ={(0,0)} Lh=(Dy,Dy) V()=keky






F = P k[xy]e™H
a,fek

S := set of ideals of k[D,, D, |
Z = {{feF:VLel,Lf=0}:1e€.7}



Linear differential Nullstellensatz

FZ = @ k[xyle™F
n,Bek

S := set of ideals of k[D,, D, |
Z = {{fe#:VLel,Lf=0}:1€ .7}

Theorem (folklore, vdH 2007)

The following maps are mutual inverses:

le ¥ — Z; = {feF:VLelLf=0} € &

Z e Z — Iy:={Lek[D,D,|:VfeZLf=0} € I

10/18
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K=k(x,y)
D,, D, derivations on K with (gx) (xy)= ((1) (1))
y

ICK[Dy,D,]| zero-dimensional left ideal
In other words, A :=K[Dy,D,|/I has finite dimension over K

Theorem (vdH-Pogudin, 2025)
There exists a polynomial q(y) € Q[y] with A =K[D], where D:=qD,+D,.

Corollary
For certain P,U,V € K| D] with P monic and deg U,deg V < deg P, we have

I = (P(D), D,—U(D), D,—V(D)).
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I = (Dy,Dy) C K[D,,D,].

D :=yD,+D,

D? = y*D;+D;+2yD,D,+D, = 2yD,D,+ D,
= (yD,+D,) (2yD,D,+D,) = 3D,D,
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D := ny-l—Dy

= y*Ds+Dy+2yD,D,+D, = 2yD,D,+D,
(yDi+D,) (2yD.D,+D,) = 3D.D,
(yDx++Dy)3D:D, = 0.

I = (D5,Dy) C K[D,,D,].

D
D

X

Yy

Example
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Example

I = (D5,Dy) C K[D,,D,].

D := yD.+D,

D* = y*D;+Dy+2yD,D,+D, = 2yD,D,+ D,
= (yD.+D,) (2yD,D,+Dy) = 3D,D,
(yDx++Dy)3D:D, = 0.
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Take D=qD,+ D, with m:=dimyg K[D] maximal. We want A =K[D].
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Take D=¢D,+ D, with m:=dimg K[D] maximal. We want A =K[D].
Let D, :=D+zD, for formal z:=z(y)

Consider

Q(Z) = i/\D*/\"'/\Dm Zzeo (m— 1) em-1 | W

m minimal = Q(p(y)) =0 for any polynomial p(y) € Q[y]
— (=0

= b, .. .,_,=0foralley,...,e,_1

We focus on the coefficient of "~V in Q(2).
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Take D=gD,+ D, with m:=dimy K|[D] maximal. We want A =K[D].
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Take D=gD,+ D, with m:=dimy K|[D] maximal. We want A =K[D].
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By induction on 7,
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Take D=gD,+ D, with m:=dimy K|[D] maximal. We want A =K[D].
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Take D=gD,+ D, with m:=dimy K|[D] maximal. We want A =K[D].

Let D, :=D +zD, for formal z:=z(y)

O(z) = IAD A= ADI = ) 2% (27t by

m—1

By induction on 7,

0 = [z V]AADA---ADI Y ADIM
= ([1JT)A(1]1D) A--- A([1] DY A ([2D] DI
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Proof — continued

Take D=gD,+ D, with m:=dimy K|[D] maximal. We want A =K[D].

Let D, :=D +zD, for formal z:=z(y)

O(z) = IAD A= ADI = ) 2% (27t by

By induction on 7,

m—1

0 = [z V]AADA---ADI Y ADIM
= ([1JT)A(1]1D) A--- A([1] DY A ([2D] DI
— IADA---AD" 'AD,
Hence D, € K[D].

Now D and D, commute, so A =K[D,,D,]=K[D].

14/18
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Corollary
There exists a polynomial p € Q|y] with the following property.

Consider an invertible polynomial change of variables X =x+p(y),j =y and
denote the partial derivatives with respect to X andy by D and Dy, respectively.

Then A =K [Djy].

Proof. For p:=— [ g, we have

() =07 = (6) = (63) ()

soD:Dg. 0






Example — continued

I = (D5,Dy) C K[D,,D,].
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K=Xk(xy,...,x,) with derivations Dy,,..., Dy,
A:=K|[Dy,,...,Dy ]/I of finite dimension over K

Theorem

There exist univariate polynomials qs, . ..,q,€ Q[x1] with A =K |[D], where

D := Dxl+q2(x1) sz-l— +6]n(X1) Dxn

Corollary
There exist polynomials py,...,p, € Q|x1] with the following property.

Consider an invertible polynomial change of variables

321 = X1, 5(?2 = XZ+P2(X1), ceny in = xn+pn(x1).

Then A =K |[Dy,|.
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