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Sparse polynomials — example 2 32

M==[arbrC;drerf;grhri]

det M
simplify invert M
ei— fh ch—bi bf —
(dh—eg)c+ (ei— fh)a+ (fg—di)b (dh—eg)c+ (ei— fh)a+ (fg—di)b (dh—eg)c+ (ei—f
fg—di ai—cg cd—t
(dh—eg)c+ (ei— fh)a+ (fg—di)b (dh—eg)c+ (ei— fh)a+ (fg—di)b (dh—eg)c+ (ei—f
dh—eg bg—ah ae—l

| (dh—eg)c+ (ei—fh)a+ (fg—di)b (dh—eg)c+ (ei—fh)a+ (fg—di)b (dh—eg)c+ (ei—f

simplify transpose invert transpose invert M
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M==[arbrC;drerf;grhri]
det M
simplify invert M

simplify transpose invert transpose invert M

Computations with parameters — expression swell

How to make running times depend only on the input & output size ?



Input

Output
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Complexity of sparse interpolation (see previous talk by Grégoire)

INPUT: an SLP f of size L
OuTpUT: sparse interpolation f=c1x+--- +c;x®
T(t) = O(Lt)+5(t), S(t) = O(t)

CONSTRAINT: evaluation points — roots of unity or geometric progression

Other operations ?
e Greatest common divisors
e Sparse interpolation of rational functions
e Factorization

Long history — paper with Alexander Demin

We will focus on the case where the total degree d is “modest”



G(x1,...,x,) = gcd (A(xy,...,x,),B(x1,...,x,))



G(x1,...,x,) = gecd (A(x1,...,%0),B(x1,...,x))

A(x1,...,Xy,)
B(x1,...,x,)

U(xy,...,x,)G(xq,...,x5,)

U,V coprime
V(21,00 20) G(X1,- -, Xn) "



Sparse gcd computations o2

G(x1,...,x,) = ged (A(xq,...,x,),B(x1,...,x,))

A(xy,...,x,) = U(xy,...,x,) G(x1,...,x,)

B(x1,...,%n) = V(1.0 %) G(x1,...,x,) vV coprime

Aoty ot) = U(aqt,..., 0, t)G(ar k..., 0,t)
B(art, .., t) = V(wgt,...,0,t)G(oqt,. .., 0, t)
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Sparse gcd computations o2

G(xlf---/xn) — ng (A(xl,...,xn),B(xl,...,xn))

S
/N
p

<
S

S

N—"
Il

U(xt,...,x,)G(xq,...,x,)

B(xy... xn) = V(X1 %) Gy, ) L7 COPTIME

A (t) = A(art,oo,ot) = Ut o,t) G(ant, ..., t) = Uy(t) Gu(t)
B.(t) = B(ait,...,,t) = V(agt,...,0,t)G(art,..., 0 t) = V,(t) Gu(t)
With high probability
HP
Ga(t) ==ged (A(t),Bu(t))

Normalization problem
G,(t) defined up to a “constant” ¢,

—> no completely specified SLP to compute the coefficients of G,(t)



A lucky example when normalization is easy Z

= —2025xyz—14x*y—11xy° —xy+14x°+11y* 42025z +1
14x%z +11y%z + 14x° + 11y* 4+ 20252% 42026z + 1
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A lucky example when normalization is easy

A
B

—2025xyz—14x*y—11x1y°> —xy+14x°+111y*+ 2025z + 1
Yy Yy YT —=xy Yy

14x°z4+11y*z+14x° + 11y* +20252% + 2026z + 1

We can normalize as follows:

A
B

UG U= -.-+1
VG V=41

G = ...

Gu(t) = Gudegot ™+ -+ Gyt +1

e There is only one gcd of A,(t) and B,(t) of this form

e There is;p an efficient SLP to compute it, of length L=0(deg G) = O(d)

—

— G=14x+11y*+2025z+1

+1
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Standard projection

A(xl,...,xn) — A(oclt,...,ocnt)
B(xl,...,xn) — B(Dclt,...,l)ént)



Standard projection

A(xl,...,xn) — A(Dqt,...,[)ént)
B(xl,...,xn) — B(oclt,...,ocnt)

Newton polytopes

N

A(x,y) = P+ 0y —xPy =P+ xy —2y°

A\




Standard projection

A(xl,...,xn) — A(Dqt,...,[)ént)
B(xl,...,xn) — B(oclt,...,ocnt)

N N

Alx,y) = i+ = xPyt— xS xy — 27

A(t) = D+ ot + O+ 0Ot




Weighted projection with integer weights

A(-xl;---/xn) — A(Oéltwll-“’“”tw”)
B(x1,...,x,) — B(aqt™, ..., 0, t%")



Regularizing weights g2

Weighted projection with integer weights

A(x1,...,xy) — A(at™, .0, 1)
B(x1,...,%n) — B(ayt™, ... a,t")

Newton polytopes

\\/\

Head regularizing weight w=(1,2)

. Ax,y) = x*y*+ —x2yP =3 xy =217
Y Y Y Yy—2y

A(t) = +ott+0t+ott+ ot




Regularizing weights g2

Weighted projection with integer weights

A(x1,...,xy) — A(at™, .0, 1)
B(x1,...,%n) — B(ayt™, ... a,t")

Existence of regularizing weight of small norm |w|<d

N Regularizing weight w = (4,2)
\\ \\\\ Alx,y) = 3P 22 By — 242
N \ At = +0t8+ o2+ o+ ot




Complexity of sparse gcd computations o121

Notation

sp: number of terms of PEK[xy,...,x,]
dp: total degree of P
ec, P =deg,, P —val, P: weighted écart of P

S(s) complexity of sparse interpolation (for s terms)
M(d) complexity of dense polynomial multiplication (for degree d)

Theorem

Let A,BEK|[x,...,x,], G=gcd (A, B), and w regularizing for A or B.
Lets:=5c, 5:=54+ 55 +5¢, d:=max (da,dp), and e:=max (ec, A, ec, B) <d°.
Then there is an algorithm to compute G with high probability, in time

O((s/s+¢e)S(s)+sM(e)loge).



Goal

G(x1,...,Xp-1,%,) = gcd (A(x1,...,%n-1,%,),B(x1,...,Xn-1,Xp))



An iterative alternative e

Goal

G(x1,...,Xp-1,%,) = gcd (A(x1,...,%n-1,%,),B(x1,...,Xn-1,Xp))

Fibers for sparse interpolation

G(ay,...,0009,t) = ged (A(oq,...,ocn1,t),B(0c1,...,o¢,11,t))

Ga(t) At) B. (1)
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Fibers for sparse interpolation
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An iterative alternative e

Goal

G(x1,...,Xp-1,%,) = gcd (A(x1,...,%n-1,%,),B(x1,...,Xn-1,Xp))

Fibers for sparse interpolation

G(ay,...,0009,t) = ged (A(oq,...,ocn1,t),B(0c1,...,o¢,11,t))

Ga(t) At) B. (1)

Recursively compute

Ge(x1,...,x5-1) = ged (A(xy,...,x4-1,C),B(x1,...,x,-1,C))

Iterative normalization

G.(t) = gecd (Au(t),B.(t))
Ga(C) Gc(xlr-'-/xn—l)



Complexity of the iterative algorithm 1121

Notation

dp=max (deg,, P,...,deg,, P): maximum of partial degrees of P

Theorem

Let A, BEK|xq,...,x,] and G=gcd (A, B).

Lets:=sg, 5:=sp+5so+sc, d:=max (dp,dg), and 6:=max (Jp,ép).
Then there is an algorithm to compute G with high probability, in time

O(n((s/s+6)S(s)+sM(d)logd)).



Content factorization
cont,(xz—yz+x*—y*+x—y) = ged (x—y, x*—y*+x—y) = x—y
xz—yz+x*—y*+x—y = (x—y) (1+x+y+2)
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Content factorization
cont,(xz—yz+x*—y*+x—y) = god (x—y,x*—y*+x—y) = x—y
xz—yz+x’—y*+x—y = (x—vy) (1+x+y+z)

Root extraction
6xy*z*—y°2° —12x%yz+8x° = 2x—yz)®
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Square-free factorization
F = AlA%---Ak, Aq,..., Ay pairwise coprime
E.g. repeat gcd (F,F") and root extraction.



Related operations 12721

Content factorization
cont,(xz—yz+x*—y*+x—y) = god (x—y,x*—y*+x—y) = x—y
xz—yz+x’—y*+x—y = (x—vy) (1+x+y+z)

Root extraction

6xy*z*—y°2° —12x%yz+8x° = 2x—yz)®

Square-free factorization
F = AlA%---Ak, Aq,..., Ay pairwise coprime
E.g. repeat gcd (F,F") and root extraction.

. . . . A
Sparse interpolation of rational function f=§

e Guess regularizing weight for A and B (fast to check), next as for gcd.
e lterative approach (straightforward to adapt).



G(x,t) = gcd(A(x,t),B(x,t))

HHP

G(w,t) = gcd (A(w,t),B(u,t))



F(x,t) = Ai(x,t)---A,(x,t) irreducible factorization

e

F(a,t) = Aq(e,t)---Ay(w,t) irreducible factorization



Lifting factorizations 132
F(x,t) = Ai(x,t)---A,(x,t) irreducible factorization
ﬁHP

F(u,t) Aq(e,t)---Ay(a,t) irreducible factorization

Example. Over K = C, any univariate polynomial splits



Lifting factorizations 132

F(x,t) = Ai(x,t)---A,(x,t) irreducible factorization
ﬂﬂp

F(u,t) Aq(e,t)---Ay(a,t) irreducible factorization

Example. Over K = C, any univariate polynomial splits

Example. Over K =T, with p odd consider
F(x,y,z) = ®(x,y)*—z
d(x,y) = x+y (or @ irreducible)
A random a € ¥, is square « = B? with probability %
In that case F(x,y,a) = (P +B) (P —p).



Lifting factorizations 132

F(x,t) = Ai(xt)---A,(x,t) irreducible factorization
ﬂqp

F(w,t) Aq(e,t)---Ay(a,t) irreducible factorization

Example. Over K = C, any univariate polynomial splits
Example. Over K =T, with p odd consider
F(x,y,z) = ®(x,y)*—z
d(x,y) = x+y (or @ irreducible)
A random a € ¥, is square « = B2 with probability %
In that case F(x,y,a) = (P + ) (P —p).

Problem: how to recombine projected factors when lifting back?
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Hilbert-Bertini irreducibility Theorem
Assume FEK|[x1,...,x,] \ K irreducible. Let U be the set of points («1,...,&,,
Bl e BusV1y--e ) E K" for which

Flapt+Bru+y1, ..., a5t + Brt+7,)

is irreducible in K[t,u]. Then U is a Zariski open subset of K", which is dense
over the algebraic closure of K.
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Hilbert-Bertini irreducibility Theorem
Assume FEK|[x1,...,x,] \ K irreducible. Let U be the set of points («1,...,&,,
Bl e BusV1y--e ) E K" for which

F(w1t+,81u+71,.-.,Oént-l-ﬁnu'l'%)

is irreducible in K[t,u]. Then U is a Zariski open subset of K", which is dense
over the algebraic closure of K.

— modulo random shifts, bivariate instead of univariate projections suffice
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Hilbert-Bertini irreducibility Theorem
Assume FEK|[x1,...,x,] \ K irreducible. Let U be the set of points («1,...,&,,
Bl e BusV1y--e ) E K" for which

F(w1t+,81u+71,.-.,Oént-l-ﬁnu'l'%)

is irreducible in K[t,u]. Then U is a Zariski open subset of K", which is dense
over the algebraic closure of K.

— modulo random shifts, bivariate instead of univariate projections suffice

— in practice a shift is often not necessary



Bivariate factorization e

Notation
2 < w < 3: two n xn matrices can be multiplied in time n®

Fx (d): cost to completely factor a polynomial of degree d in K |x]

Theorem (Lecerf 2010)

LetFEK[x,y] of bidegree (d,,d,) be square-free and content-free in both x andy.
Assume that char K =0 or char K >d, (2d,—1). Then, with high probability,
we can compute the irreducible factorization of F in time

O(d2dy+d¥) + Fi (d,).



Bivariate Hensel lifting
FeK|x,y], F(x,c)=A(x,c)B(x,c), A,Bcoprime (%)
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Iterative method via Hensel lifting

Bivariate Hensel lifting

FeK|x,y]|, F(x,c)=A(x,c)B(x,c), A,Bcoprime

— unique A, Be K[[y—c]]|[x] with F(x,y) =A(x,y) B(x,y)

— factorization in K[x,y] if (*) came from one (in quasi-linear time)
Multivariate case

Assume F(x1,...,x,) =A(x1,...,x,) B(x1,...,x,,), but A, B unknown
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Multivariate case
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Bivariate Hensel lifting

FeK|x,y|, F(x,c)=A(x,c)B(x,c), A,Bcoprime (*)

— unique A, Be K[[y—c]]|[x] with F(x,y) =A(x,y) B(x,y)

— factorization in K[x,y] if (*) came from one (in quasi-linear time)

Multivariate case

Assume F(x1,...,x,) =A(x1,...,x,) B(x1,...,x,,), but A, B unknown
F(x1,...,x4_1,¢) =Ac(x1,...,X,-1) Bc(x1,...,x,_1) coprime fact.

Consider  F,(t,u):=F(aqt,..., 0, 1t,u)

Ac(wqt,..., 0, 1t) and Bo(«1t,...,n, 1t) are coprime with HP in «

Aa<t, C) :AC([Xl P t)

X — — Pa(t,u):A“(t,M)Ba(t;U)a B (t C):B (061t OC,_lt)



Let s:=min (s, sp), s’ := max (sa, sg) §:=max (s’,sr), d:=deg F, and
0:=max (deg,, F,...,deg, F). Then Hensel lifting can be done with HP in time

O(n((5/s)S(s")+6dS(s) +sM(éd) +sM(d)logd))




Complexity of Hensel lifting 7

Theorem

Let s:=min (su, sp), s’ := max (sa, sg) §:=max (s’,sr), d:=degF, and
0:=max (degy, F,...,deg, F). Then Hensel lifting can be done with HP in time

O(n((5/s)S(s")+6dS(s) +sM(éd) +sM(d)logd))

In favorable cases, this leads to a HP algorithm to completely factor
F= A A,
in time

O(n((5/s+6d)S(s) +sM(6d)log ¢ +sM(d)logd)) +O(5%) + Fk (9)



a1, 08 B1,ooo,Bus Y1+, Yn random

F(x1,...,xpt,u,A) = F((1=A+aqA) (4 Bru+71) x1, ...,
(1=A+a,A) (t+Buu+7,) x,).
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a1, 08 B1,ooo,Bus Y1+, Yn random
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(1—=A+a,A) (t+Bru+7n)Xn)-
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K= (af,...,ak) as our interpolation points

We use «

FO(t,u,A) = F(al,... &l tu,A)



General algorithm 1872

a1, 08 B1,ooo,Bus Y1+, Yn random

ﬁ(xl,...,xn,t,u,/\) = F((l—/\—l—ﬁ(l/\) (t+,31u-|—71)x1,...,
(1—=A+a,A) (t+Bru+7n)Xn)-

k

K= (af,...,ak) as our interpolation points

We use «

FO(t,u,A) = F(al,... &l tu,A)

By construction

FO*D(tu,0) = FO(tu,1)



General algorithm — continued

By Hilbert-Bertini, with high probability,

we have the following “propagition” of irreducible factorizations:

FO(tu,0) = AVYu,0) - AY(tu,0)

l l ! Hensel
FO(tu Ay = AV u)) - AV(Lu,A)

l l | evaluate
FO(tu,1) = AVu,1) - AV, 1)

I I I identify
F*D(hu,0) = AVYV(4u,0) - AV (4 1,0)
! ! !
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General algorithm — continued 19721

By Hilbert-Bertini, with high probability,

we have the following “propagition” of irreducible factorizations:

FO(tu,0) = AVYu,0) - AY(tu,0)

l l ! Hensel
FO(tu Ay = AV u)) - AV(Lu,A)

l l | evaluate
FO(tu,1) = AVu,1) - AV, 1)

I I I identify
F*D(hu,0) = AVYV(4u,0) - AV (4 1,0)
! ! !

After one further tweak for normalization — SLP for computing A<i>, .. .,AE,D



General algorithm — complexity 20721

Theorem

Let s:=max (sp,...,sp,), S:=max (s,sg), d:=degF, and e:=ec,, F < d? (for
a suitable regularizing weight w). Assume char K =0 or char K >2d?. Then,
with high probability, we can compute the irreducible factorization of F in time

O(S(d%3) + M(d*)slogd) + O(e®) + Fx (e +34)



Thank you'!
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