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A power series f ∈K[[z]] is said to be D-algebraic if there exists a non-zero polynomial
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Definition

Main focus of this talk: f1, . . . , fk are D-algebraic
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Heuristic zero-testing 5/32

• g =P( f1, . . . , fk)=0 if and only if g0= ⋅ ⋅ ⋅ =gn−1=0 for some large n

• Fast expansions using relaxed arithmetic or Newton's method

• If K=ℚ , then first reduce modulo medium-size random prime

Bottom line

• Proving that g ≠0 is easy

• Proving rigorously that g =0 is the harder question



Shackell's algorithm 6/32

Assume thatK[ f1, . . . , fk] is closed under differentiation

Example: if f1=cos z, f2= sin z, then f1́ =− f2∈K[ f1, f2] and f2́ = f1∈K[ f1, f2]

Algorithm
Input: P ∈K[F1, . . . ,Fk]
Output: result of test P( f1, . . . , fk)=0

For n =1, 2, 3, . . . do
If P (n)∈ (P ,P ʹ, . . . ,P (n−1)) then

Return P( f1, . . . , fk)0= ⋅ ⋅ ⋅ =P( f1, . . . , fk)n−1=0



Other algorithms 7/32

Péladan-Germa (1995)

• f1, . . . , fk given by differential equations and initial conditions

• Compute Zariski closed set Z of initial conditions for which P( f1, . . . , fk)=0

(first compute open subset of Z using differential algebra)

• Test whether the actual initial conditions for f1, . . . , fk belong to Z

Denef–Lipshitz (1984)

General decision procedure for testing whether a system of ordinary differential
equations/inequations over K and equations/inequations on the initial conditions
has a solution overK[[z]].
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A: differential K-algebra with respect to a single derivation δ (later: δ = z ∂
∂z )

A{F }=A[F ,δF ,δ 2 F , . . . ]: ring of (univariate) differential polynomials overA

A⟨F ⟩: fraction field ofA{F }

For P ∈A{F }∖A:

ℓP leader of P highest δ i F occuring in P
rankP Ritt rank of P rankP := (ℓP,d), d :=degℓP P

Writing P = cd ℓPd + ⋅ ⋅ ⋅ + c0

IP initial of P IP := cd

SP separant of P SP := ∂P /∂ℓP
HP HP := IP SP

SP = IδP = SδP = Iδ 2P = Sδ 2P = ⋅ ⋅ ⋅
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P is reducible w.r.t. Q1, . . . ,Q l ⇐⇒⇐⇒⇐⇒ ∃i, rankP � rankQ i

Ritt reduction

IQ1
α1 ⋅ ⋅ ⋅ IQ l

αl SQ1

β1 ⋅ ⋅ ⋅ SQ l

βl P = Θ1Q1+ ⋅ ⋅ ⋅ +ΘkQk +R

A{F }[δ] reduced w.r.t. Q1, . . . ,Q lℕ

P remQ := P rem(Q1, . . . ,Q l) := R



Differential ideals 11/32

Differential ideal generated by Q1, . . . ,Ql ∈A{F }

[Q] := [Q1, . . . ,Q l] := A[δ]Q1+ ⋅ ⋅ ⋅ +A[δ]Q l.



Differential ideals 11/32

Differential ideal generated by Q1, . . . ,Ql ∈A{F }

[Q] := [Q1, . . . ,Q l] := A[δ]Q1+ ⋅ ⋅ ⋅ +A[δ]Q l.

Saturation w.r.t. HQ :=HQ1 ⋅ ⋅ ⋅HQl

[Q] :HQ
∞ = {P ∈A{F } : ∃n ∈ℕ,HQ

n P ∈ [Q]}



Differential ideals 11/32

Differential ideal generated by Q1, . . . ,Ql ∈A{F }

[Q] := [Q1, . . . ,Q l] := A[δ]Q1+ ⋅ ⋅ ⋅ +A[δ]Q l.

Saturation w.r.t. HQ :=HQ1 ⋅ ⋅ ⋅HQl

[Q] :HQ
∞ = {P ∈A{F } : ∃n ∈ℕ,HQ

n P ∈ [Q]}

Autoreduced sequences

Q1, . . . ,Q l autoreduced ⇐⇒⇐⇒⇐⇒ every Q i is reduced w.r.t. Q1, . . . ,Q i−1,Q i+1, . . . ,Q l

Then

[Q] :HQ
∞ = {P ∈A{F } :P reduces to 0 w.r.t. Q1, . . . ,Q l}
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Decomposition by homogeneous parts

P = P3 + P2 + P1

degP = 3
valP = 1
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Natural decomposition

P = �
i =(i0, . . . ,ir)

Piδ i F , δ i F = �
j

(δ jF)ij

Decomposition by homogeneous parts

P = �
d

Pd, Pd = �
|i |=d

Piδ i F , |i | := �
j

ij

degP := max {d :Pd ≠0}
val P := min {d :Pd ≠0}

P<d := P0+ ⋅ ⋅ ⋅ +Pd−1
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Additive conjugation of P ∈A{F } by f ∈A

P+ f(ε) := P( f + ε)

Coefficients P+f ,i =(P+f )i of P+f

P+ f ,i =
1
i ! P

(i )( f )

P (i ) =
∂i0+⋅ ⋅ ⋅+ir P

(∂F)i0 ⋅ ⋅ ⋅ (∂δ r F)ir

i ! = i0! ⋅ ⋅ ⋅ ir!
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Valuation in z
v( f )∈ℕ∪ {∞}: valuation in z of f ∈K[[z]]
Valuation extends to K[[z]]{F }⊂−K{F }[[z]]

Extraction of coefficients

P = z F δ 2 F + (δF)3

f = fν zν + fν+1 zν+1 + ⋅ ⋅ ⋅, ν = v( f )

P( f ) = z ( fν zν+ ⋅ ⋅ ⋅)(ν2 fν zν+ ⋅ ⋅ ⋅) + (ν fν zν+ ⋅ ⋅ ⋅)3

= ν 2 fν2 z2ν+1+ ⋅ ⋅ ⋅ + ν3 fν3 z3ν+ ⋅ ⋅ ⋅

ν � 2 ⇒⇐⇒ v(P( f )) = 2 v( f )+1, P( f )2ν+1 = ν 2 fν2
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Indicial polynomial JP ∈K[N ] of homogeneous P ∈K[[z]]{F } of degree d

JP(n) = �
i
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Indicial polynomial JP ∈K[N ] of homogeneous P ∈K[[z]]{F } of degree d

JP(n) = �
i

(Pi)v(P)n‖i ‖, ‖i ‖ := i1+2 i2+ ⋅ ⋅ ⋅ + r ir

∀ f ∈K[[z]], P( f )v(P)+dv( f ) = JP(v( f )) fv( f )
d .

ZP = {{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{
∞ if JP =0
−1 if JP(n)≠0 for all n ∈ℕ
max {n ∈ℕ: JP(n)=0} otherwise

Note: JP ≠0 whenever d =1, but JP =0 for P =Fδ 2 F − (δF)2
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Power series domain
• Differential subalgebra A⊂−K[[z]] for δ := z ∂/∂z

• For all f ∈A and g ∈A∖ {0} with f /g ∈K[[z]], we have f /g ∈A.

D-algebraic series overA
f ∈K[[z]] with P( f )=0 for some P ∈A{F }∖A

f ∈K[[z]] is D-algebraic over A⇐⇒⇐⇒⇐⇒ A{ f } has finite transcendence degree over A.

Proposition

The set Adalg of D-algebraic series over A forms a power series domain.

Corollary
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Representation of elements inAdalg

By pairs (P , f )∈A{F }×K[[z]]com with P( f )=0
• P : annihilator of f

• f : root of P

• val P+ f : multiplicity of f as a root of P

• good to ask: P non-degenerate annihilator, i.e. valP+ f =1

Root separation for P at f

Smallest number σP , f ∈ℕ∪ {∞} such that

∀ε ∈K[[z]], P( f + ε)=0 ∧ v(ε)�σP , f ⇒ ε =0

Note: σP , f ∈ℕ as soon as JP+f ,d ≠0 where d =valP+ f (always the case when d =1)
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f : D-algebraic over A with annihilator P ∈A{F }∖A of multiplicity d. Then

σP , f � max (v(P+ f ,d),ZP+ f ,d)+1

Proposition



Root separation bounds 19/32

f : D-algebraic over A with annihilator P ∈A{F }∖A of multiplicity d. Then

σP , f � max (v(P+ f ,d),ZP+ f ,d)+1

Proposition

Proof. Let μd = v(P+ f ,d). Given ε ∈K[[z]] with n = v(ε)<∞, we have

[P+ f ,d(ε)]μd+dn = JP+ f ,d(n) εn
d.

Now assume that n �max (μd,ZP+ f ,d)+1. Then

v(P+ f ,>d(ε)) � (d +1)n > μd +d n,

[P( f̃ )]μd+dn = JP+f ,d(n) εn
d .

Since n >ZP+f ,d, we get JP+ f ,d(n)≠0, which entails P( f̃ )≠0. □



A partial converse 20/32

Let P ∈A{F }∖A and f ∈K[[z]]. Assume that SP( f )≠0 and v(P( f ))>2σ, with

σ � max (v(P+ f ,1), ZP+f ,1)+1.

Then there exists a unique ε ∈K[[z]] with v(ε)>σ and P+ f(ε)=P( f + ε)=0.

Proposition
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Let P ∈A{F }∖A and f ∈K[[z]]. Assume that SP( f )≠0 and v(P( f ))>2σ, with

σ � max (v(P+ f ,1), ZP+f ,1)+1.

Then there exists a unique ε ∈K[[z]] with v(ε)>σ and P+ f(ε)=P( f + ε)=0.

Proposition

Proof. Let μ1= v(P+ f ,1)<σ.

P+ f = Η−Δ, Η = (P+ f ,1)μ1 zμ1.

Extracting the coefficient of zμ1+n in the relation Η(ε)=Δ(ε) yields

JΗ(n) εn = Δ(ε)μ1+n. (2)

n �σ ⇒Δ(ε)μ1+n=0. n >σ ⇒ JΗ(n)≠0 and Δ(ε)μ1+n only depends on ε0, . . . , εn−1.
So (2) is a recurrence relation for the computation of ε. □
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First algorithm 22/32

A: effective power series domain (includes zero-test)

Let f ∈K[[z]]com be a single root of P ∈A{F }∖A

Algorithm ZeroTest(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qn)
3. If ZeroTest(SQ) then return ZeroTest(SQ,Q1, . . . ,Qn)
4. If ∃J ∈ {Q2, . . . ,Qn, P}, J remQ ≠0 then return ZeroTest(J remQ,Q1, . . . ,Qn)
5. Let σ :=max (v(P+ f ,1),ZP+ f ,1, v(IQ( f )), v(SQ( f )),v(Q+ f ,1), ZQ+ f ,1)+1
6. Return the result of the test v(Q( f ))>2σ
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6. Return the result of the test v(Q( f ))>2σ

IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ rQ ∃! ε ∈K[[z]], v(ε)>σ ∧ Q( f + ε)=0

v(P+ f +ε,1)= v(P+ f ,1)<σ
ZP+ f +ε,1=ZP+ f ,1<σ
v(IQ( f + ε))= v(IQ( f ))<σ
v(SQ( f + ε))= v(SQ( f ))<σ



Correctness 23/32

Algorithm ZeroTest(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qn)
3. If ZeroTest(SQ) then return ZeroTest(SQ,Q1, . . . ,Qn)
4. If ∃J ∈ {Q2, . . . ,Qn,P}, J remQ ≠0 then return ZeroTest(J remQ,Q1, . . . ,Qn)
5. Let σ :=max (v(P+ f ,1),ZP+ f ,1,v(IQ( f )),v(SQ( f )), v(Q+ f ,1),ZQ+ f ,1)+1
6. Return the result of the test v(Q( f ))>2σ

IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ rQ

P( f + ε)=0

∃! ε ∈K[[z]], v(ε)>σ ∧ Q( f + ε)=0
v(P+ f +ε,1)= v(P+ f ,1)<σ
ZP+f +ε,1=ZP+f ,1<σ
v(IQ( f + ε))= v(IQ( f ))<σ
v(SQ( f + ε))= v(SQ( f ))<σ



Correctness 23/32

Algorithm ZeroTest(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qn)
3. If ZeroTest(SQ) then return ZeroTest(SQ,Q1, . . . ,Qn)
4. If ∃J ∈ {Q2, . . . ,Qn,P}, J remQ ≠0 then return ZeroTest(J remQ,Q1, . . . ,Qn)
5. Let σ :=max (v(P+ f ,1),ZP+ f ,1,v(IQ( f )),v(SQ( f )), v(Q+ f ,1),ZQ+ f ,1)+1
6. Return the result of the test v(Q( f ))>2σ

IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ rQ

P( f + ε)=0
ε =0

∃! ε ∈K[[z]], v(ε)>σ ∧ Q( f + ε)=0
v(P+ f +ε,1)= v(P+ f ,1)<σ
ZP+f +ε,1=ZP+f ,1<σ
v(IQ( f + ε))= v(IQ( f ))<σ
v(SQ( f + ε))= v(SQ( f ))<σ



Correctness 23/32

Algorithm ZeroTest(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qn)
3. If ZeroTest(SQ) then return ZeroTest(SQ,Q1, . . . ,Qn)
4. If ∃J ∈ {Q2, . . . ,Qn,P}, J remQ ≠0 then return ZeroTest(J remQ,Q1, . . . ,Qn)
5. Let σ :=max (v(P+ f ,1),ZP+ f ,1,v(IQ( f )),v(SQ( f )), v(Q+ f ,1),ZQ+ f ,1)+1
6. Return the result of the test v(Q( f ))>2σ

IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ rQ

P( f + ε)=0
ε =0

Q( f )=0

∃! ε ∈K[[z]], v(ε)>σ ∧ Q( f + ε)=0
v(P+ f +ε,1)= v(P+ f ,1)<σ
ZP+f +ε,1=ZP+f ,1<σ
v(IQ( f + ε))= v(IQ( f ))<σ
v(SQ( f + ε))= v(SQ( f ))<σ



Correctness 23/32

Algorithm ZeroTest(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest(IQ) then return ZeroTest(IQ,Q1, . . . ,Qn)
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6. Return the result of the test v(Q( f ))>2σ

IQ
j SQk P = U0Q + ⋅ ⋅ ⋅ +Urδ rQ

P( f + ε)=0
ε =0

Q( f )=Q2( f )= ⋅ ⋅ ⋅ =Qn( f )=0

∃! ε ∈K[[z]], v(ε)>σ ∧ Q( f + ε)=0
v(P+ f +ε,1)= v(P+ f ,1)<σ
ZP+ f +ε,1=ZP+ f ,1<σ
v(IQ( f + ε))= v(IQ( f ))<σ
v(SQ( f + ε))= v(SQ( f ))<σ
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Pessimistic bound

σ := max (v(P+ f ,1), ZP+ f ,1,v(IQ( f )), v(SQ( f )),v(Q+ f ,1),ZQ+ f ,1)+1

Consequence

Algorithm cannot be applied when elements in K depend on parameters

(Dynamic or directed evaluation)
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Logarithmic power series 26/32

Idea: allow perturbed solutions f + ε in a larger space K[logz][[z]]

• Valuation in z defined as before

• δ maps K[logz] z i into itself for all i

Strong root separation for P at f

Smallest number σP , f
∗ ∈ℕ∪ {∞} such that

∀ε ∈K[logz][[z]], P( f + ε)=0 ∧ v(ε)�σP , f
∗ ⇒ ε =0

f : D-algebraic over A with annihilator P ∈A{F }∖A of multiplicity d. Then

σP , f
∗

� max (v(P+ f ,d),ZP+ f ,d)+1

Proposition
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Let P ∈A{F }∖A and f ∈K[[z]]. Assume that SP( f )≠0 and v(P( f ))>2σ, with

σ � max (v(P+ f ,1), ZP+f ,1)+1.

Then there exists a root ε ∈K[logz][[z]] with v(ε)>σ and Pf(ε)=P( f + ε)=0.

Proposition

Let L=Lrδ r +⋅⋅⋅+Lsδ s∈K[δ] with Lr ≠0 and Ls≠0. Then there exists a unique operator

L−1:K[logz]→K[logz] (logz)s

with LL−1g =g for every g ∈K[logz].

Lemma



Second algorithm 28/32

A: effective power series domain (includes zero-test)

Let f ∈K[[z]]com be a single root of P ∈A{F }∖A

Algorithm ZeroTest∗(Q1, . . . ,Qn)
Input: Q1, . . . ,Qn∈A{F }\{0}, ordered by non-decreasing Ritt rank
Output: true if Q1( f )= ⋅ ⋅ ⋅ =Qn( f )=0 and false otherwise

1. If Q :=Q1∈A then return false
2. If ZeroTest∗(IQ) then return ZeroTest∗(IQ,Q1, . . . ,Qn)
3. If ZeroTest∗(SQ) then return ZeroTest∗(SQ,Q1, . . . ,Qn)
4. If ∃J ∈ {Q2, . . . ,Qn, P}, J remQ ≠0 then return ZeroTest∗(J remQ,Q1, . . . ,Qn)
5. Let σ :=max (v(P+ f ,1),ZP+ f ,1, v(IQ( f )), v(SQ( f )),v(Q+ f ,1))+1
6. Return the result of the test v(Q( f ))>2σ
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Towers 29/32

Single extension

We have shown that A{ f } has an effective zero-test

Consequently,A⟨ f ⟩ has an effective zero-test

Hence A⟨ f ⟩∩K[[z]] is again an effective power series domain

Multiple extensions

A ⊂− A⟨ f1⟩∩K[[z]] ⊂− A⟨ f1, f2⟩∩K[[z]] ⊂− ⋅ ⋅ ⋅ ⊂− A⟨ f1, . . . , fk⟩∩K[[z]]

Variant
Direct extensionA⊂−A⟨ f1,..., fk⟩∩K[[z]] using multivariate differential polynomials

Note
Elements of “base” A need not be D-algebraic
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Multivariate power series domain
• Differential subalgebra A⊂−K[[z1, . . . ,zn]] for δ1 := z1∂/∂z1, . . . ,δn := zn∂/∂zn

• For all f ∈A and g ∈A∖ {0} with f /g ∈K[[z1, . . . ,zn]], we have f /g ∈A

• A closed under the substitutions of zi := 0 for i =1, . . . ,n

D-algebraic series

• D-algebraic series w.r.t. δi for i =1, . . . ,n



Effective tribes 31/32

The collection 𝒟=(𝒟n) of D-algebraic series over K for all n forms an effective tribe:

• Each 𝒟n forms an effective multivariate power series domain

• 𝒟 is effectively closed under the implicit function theorem and composition

• 𝒟 is effectively closed under monomial transformations

Theorem

• The tribe 𝒟 is effectively closed under Weierstrass division

• Possible to develop an effective elimination theory for 𝒟

Theorem
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