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⋅⋅⋅
1971 Schönhage-Strassen O(N logN log logN)
2007 Fürer O(N logN 2O(log∗N))
2014 Harvey-vdH-Lecerf O(N logN 8log∗N)

⋅⋅⋅ log∗ N≔min{ℓ ∈ℕ: log∘ . . .ℓ × ∘ logN⩽1}
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Question: is N logN also a lower bound for the complexity of multiplication?
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In general: r× c transposition ⟶ O(r c lg min (r, c)) operations
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Complexity of n×n matrix transposition 4/12

Folklore algorithm. O(n2 lg n)

Stoß (1974). Matching lower bound in variant of Turing model for which
we are only allowed to move data (and not to perform actual computations).

Kirchherr (1988), Dietzfelbinger–Maass (1993). Lower bounds for Turing
machines with a single tape.

Warning. We implicitly assumed 1-bit entries.
For b-bit entries, the complexity becomes O(bn2 lg n).
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M(N) complexity of integer multiplication
T(N) complexity of r× c matrix transposition with b-bit entries and b r c⩽N.

If the conjectured lower bound

T(N) = Ω(N logN)

holds for transposition, then so does the one for multiplication:

M(N) = Ω(N logN).

Theorem
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𝜁n≔e
2πi
n , X∈ℂn

Yt ≔ DFTn(X)t ≔ 1
n �

0⩽s<n
𝜁n

−stXs

Xs = DFTn
−1(Y)s = �

0⩽t<n

𝜁n
stYt

Setting 𝜔k≔𝜁n
(k2), we have

Yt = 1
n 𝜔̄t �

0⩽s<n
(𝜔̄−sXs)𝜔t−s

DFT of length n →→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
reduces

product of X̃,Ω∈ℂ[u] of degrees <n, with Ω fixed
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Kronecker: convolution ⟶ integer multiplication 7/12

DFT: approximated using b-bit fixed point arithmetic
Reduces to arithmetic on b-bit integer coefficients

X̃ = 12u2 +85u+27, Ω = 33u2 +42u+11
X̃(105) = 120008500023, Ω(105) = 330004200011

(X̃Ω)(105) = 39603309044610190100253
X̃Ω = 396u4 +3309u3 +4461u2 +1901u+253

If lg n=O(b), lg2 b=O(n), then computing a b-bit DFT of length n takes time

O(M(nb)+nM(b)).

Lemma
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[0] , . . . ,Xn−1

[l−1]
⟶

Y[i] = DFT(X[i])
Y0

[0], . . . ,Y0
[l−1], . . . ,Yn−1

[0] , . . . ,Yn−1
[l−1]

Y[i](u) = X̃[i](u)Ω(u)

Y[0](u)+ ⋅⋅ ⋅ +Y[l−1](u)u2n(l−1) = (X̃[0](u)+ ⋅⋅ ⋅ + X̃[l−1](u)u2n(l−1))Ω(u)

If lg n=O(b) and lg2 b=O(n), then computing l sliced b-bit DFTs of length n
can be done in time

O(M(l nb)+ l nM(b)).

Lemma
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n=n1n2, lg n=O(b), lg 2 b=O(n)⇒ n1×n2 transposition b-bit entries take time

O(M(nb)+nM(b)).

Theorem
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n1 ×n2 transposition, 1-bit entries, log n1 ≈log n2

n1 = n1′ l1, n2 = n2′ l2, l1 ≈ log n1, l2 ≈ log n2

n1′ l1 l2n2′

n1′l2

l1n1′

n2′ l1

n1′ n2′ l1 l2

n2′ l2

Recurse
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AssumeM(N)/N non-decreasing. Then n1×n2 transposition can be done in time

O(M(n1n2)+n1n2 log∗ max (n1,n2)).

Theorem

In general, n1 ×n2 transposition can be done in time

O(M(n1n2)+n1n2 log log max (n1,n2)).

Theorem

If T(N)=Ω(N logN), then M(N)=Ω(N logN).

Corollary
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