Integer multiplication is

at least as hard as matrix transposition

Joris van der Hoeven

Joint work with David Harvey

CNRS, Ecole polytechnique, France

Funded by
the European Union

AIMS conference, Athens July 10, 2026



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)
2007 Fiirer O(Nlog N20Uog™N))



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)
2007 Fiirer O(Nlog N20Uog™N))

log* N:=min {¢ €N:logo " oclog N<1}



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)
2007 Fiirer O(Nlog N20Uog™N))
2014 Harvey-vdH-Lecerf O(Nlog N8'°¢'N)



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)
2007 Fiirer O(Nlog N20Uog™N))
2014 Harvey-vdH-Lecerf O(Nlog N8'°¢'N)



Complexity of integer multiplication 2112

What is the complexity of N-bit integer multiplication on a Turing machine?

<4000 BC Mesopotamia O(N?)
1962 Karatsuba O(N'o83/log2)

1971 'Schénhage—Strassen O(Nlog NloglogN)
2007 Fiirer O(Nlog N20Uog™N))
2014 Harvey-vdH-Lecerf O(Nlog N8'°¢'N)

Question: is Nlog N also a lower bound for the complexity of multiplication?
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Matrix transposition on a Turing machine
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In general: ¥ x ¢ transposition — O(rclgmin (7,c)) operations
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Folklore algorithm. O(n’lgn)

Stof3 (1974). Matching lower bound in variant of Turing model for which
we are only allowed to move data (and not to perform actual computations).

Kirchherr (1988), Dietzfelbinger—Maass (1993). Lower bounds for Turing
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Warning. We implicitly assumed 1-bit entries.
For b-bit entries, the complexity becomes O(bn?lg n).



The main theorem i

M(N) complexity of integer multiplication
T(N) complexity of rx c matrix transposition with b-bit entries and brc < N.

Theorem

If the conjectured lower bound
T(N) = QQ(NlogN)
holds for transposition, then so does the one for multiplication:

M(N) = Q(NlogN).



27t
* —_ n
n=e"m,

XeC"

Y} = [IFT%()()t

E:l g;ﬁﬁxs

0<s<n

). oY

0<t<n



Bluestein: DFT — convolution
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Kronecker: convolution — integer multiplication

DFT: approximated using b-bit fixed point arithmetic
Reduces to arithmetic on b-bit integer coefficients
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Lemma
If lgn=0(b),1g?b=0(n), then computing a b-bit DFT of length n takes time
O(M(nb) +nM(b)).
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If lgn=0(b) and 1g*b=0O(n), then computing [ sliced b-bit DFTs of length n

can be done in time

O(M(Inb) +1nM(b)).
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Theorem

n=nyny, Ign=0(b),lg*b=0(n) = nyxny transposition b-bit entries take time
O(M(nb) +nM(b)).
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Exponential reduction of b, the bit-size of entries 1w

11 X 11, transposition, 1-bit entries, log ny ~log ny

/
n = nily, , 1 ~ logny, I =~ logn;



11 X 11y transposition, 1-bit entries, log n1 = log n,

/ /
ny = nily, Ny = Noly, i = logny, I, = logn;

Recurse
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‘ If TIN)=CQ(NlogN), then M(N)=Q(NlogN). \
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