Asymptotic Differential Algebra

a Tale of Infinities

September 15, 2026 Colloquia Seminar, Jt3%
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Cardinal number|

Ordinal number|

0,1,2,...w0,w+1,...w-2,w-2+1,...w> ..., ..., w%° ..., N ......

Cantor normal form

w‘“+2-3+w8-7+w-3+2.9 4 W™

W B4+ w54+ wd+ w?- 111 +2020
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Let ¢ ' be the ring of germs at +co of continuously differentiable functions
(a,00) >R (aeR).

We denote the germ at +cc of a function f also by f, relying on context.

A Hardy field is a subring of ¢ ' which is a field that contains with each germ

of a function f also the germ of its derivative f' (where f" might be defined on
a smaller interval than f).

Examples. Q, R, R(x), R(x,e"), R(xe"logx), R(x,exz,erfx)
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Hardy fields capture the somewhat vague notion of functions with “regular
growth” at infinity (DU BOIS-REYMOND, BOREL, ...):

Let H be a Hardy field and f € H. Then

1 . { f(x) >0, eventually, or

f#0 = f €H f(x) <0, eventually.

Consequently,
e [ carries an ordering making I an ordered field:

f>0 < f(x)>0eventually;
e f is eventually monotonic, and

lim f(x) e R U/{+o00}.

X— 400
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Transseries



T := closure of R U {x} under exp, log and infinite summation

X | AX/2 x/3 2
ee e e 360 1 5 (log )T + 42+ x T 420 2+ 6x 34 e
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T =R [[91]] := closure of [X U {x} under exp, log and infinite summation

2:]‘“1111—e‘:"+ew2 —3e" +5(10gx)“+42+x +2x246x 34 e

x: positive infinite indeterminate fm: coefficent m: transmonomial

supp f: well-based subset of 91



T as an ordered differential field 10/32

With the natural ordering of transseries (via the leading coefficient),
T is a real closed ordered field extension of R.

Each f € T can be differentiated term by term (with x"=1):

oo

/
© 'ex B ' ex / B 0 ' ex ex - ex
ZO”-W =2 nw) = Ll o) = 1
n=

This yields a derivation f — f' on the field T:

(f+&'=f+8, (-9 =f-8+f¢
Its constant field is { f € T: f =0} = R.
Given f,g€ T, the equation v’ + fy = g admits a solution y#0 in T.
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For any set L of ordinal numbers, there is a smallest ordinal number « > L

Class No of surreal numbers (CONWAY)

For any sets L < R of surreal numbers, there is a simplest surreal number

{L|R} such that L<{L|R} <R.

We have OnCNo by taking R = (:
0 =

1
2
w

{I}

= {01}

{0,11}
{0,1,2,..1}
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Definition
If x = {x"|x"} and y = {y*|y"}, then
x+y = {xF+y,x+yt xR +y,x+ 95

(Idea: we want x"+y < x+y < x84y, ...)
Definition
If x = {x"|x"} and y = {y*|y"}, then
XY = {gcy+xy—gc]_/,32y+xy—f]7|gcy+x]}—gcy,32y+x]_/—32y},

where x' €x;, x" " €xg, y' €y, y' EyYr

Theorem (CONWAY)
No is a real closed field.
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e In the 1980s, GONSHOR (expanding on ideas of KRUSKAL) defined an
exponential function exp: No—No~" that extends x — e* on R.

e In 2006, BERARDUCCI and MANTOVA (expanding on ideas of VDH and
SCHMELING) defined a derivation dgy; on No with

ker BBM = R, BBM(w) — 1, BBM (exp (f)) = BBM(f) -exp (f) for f e No.

In a certain technical sense, it is the simplest such derivation that satis-
fies some natural further conditions.

e The BM-derivation on No behaves in many ways like the derivation
on T, with w > IR in the role of x > R. For instance, dg\;(log w) = %
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Let K be an ordered differential field with constant field
C:{fEK:f':O}.

We define
f<g 1= |fI<clgl for somece C>’ (f is dominated by g)
f<g = |fI<clglforallce C>’ (f is negligible w.r.t. §)
f=g = fLgxf (f is asymptotic to §)
f~g = f—g<g (f is equivalent to g)

Example. In T

0 <e*<x0<1=100<logx < x10 < e¥ ~e"+x < e



H-fields 18/32

We call K an H-field if
Hl. f>C = f'>0;
H2. f=1 = f ~c forsomeceC.

Examples. Hardy fields containing IR; ordered differential subfields of T
or No that contain R.

T admits further elementary properties in addition to being an H-field. It

e has small derivation, thatis, f<1= f'<1; and

e is Liouville closed, that is, it is real closed and for all f, g, there is some
y+0withy'+ fy=g.
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Definition
An H-field K is said to be H-closed if
® Kisa Liouville closed H-field;
® K satisfies the intermediate value property for differential polynomials:

Given PEK[Y,Y',....Y "] and u < v in K with P(u) P(v) <0, there exists
ayeKwithu<y<vand P(y)=0.
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Theorem (vdH 2001, Lecture Notes in Mathematics 1888)

T is H-closed.
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An H-field K is said to be H-closed if

® Kisa Liouville closed H-field;

® K satisfies the intermediate value property for differential polynomials:
Given PEK[Y,Y',....Y "] and u < v in K with P(u) P(v) <0, there exists
ayeKwithu<y<vand P(y)=0.

Theorem (vdH 2001, Lecture Notes in Mathematics 1888)

T is H-closed.

The following equation has a solution y & T

177/

e*y’ — (') """ +T(loglog x) y° +x ¥y’ —e*=0
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We view T model-theoretically as a structure with the primitives

0, 1, +, x, 0 (derivation), < (ordering).

Theorem (Ann. of Math. Stud. vol. 195 + afterthought)

The elementary theory of T is completely axiomatized by T being an H-closed
field with small derivation. In particular: the theory of T is decidable.
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We view T model-theoretically as a structure with the primitives

0, 1, +, x, 0 (derivation), < (ordering).

Theorem (Ann. of Math. Stud. vol. 195 + afterthought)

The elementary theory of T is completely axiomatized by T being an H-closed
field with small derivation. In particular: the theory of T is decidable.

e Quantifier elimination in a “natural expansion” of the above language.

e In particular, the theory of H-closed fields is model complete.



H-field elements as germs 21/32

(surreal)
Numbers

H-fields

Transseries

Germs
(in HARDY
fields)



H-field elements as germs 21/32

(surreal)
Numbers

Transseries

Germs
(in HARDY

fields)




Closure properties of Hardy fields 22/32

Theorem (HARDY 1910, BOURBAKI 1951)

Any Hardy field has a smallest Liouville closed Hardy field extension.
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Theorem (HARDY 1910, BOURBAKI 1951)
Any Hardy field has a smallest Liouville closed Hardy field extension.

Theorem (2023)
Any maximal Hardy field is H-closed.

Corollary
Any maximal Hardy field is elementarily equivalent to T as an ordered differen-
tial field. x*yz—3xy*+z°

(u' = 2uvw—30° 3 solution (1, v,w) e T
/ 2
10 = uw—6uv |
| w' = wv-5w* 3 solution in any maximal Hardy field
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Conjecture (ICM 2018)

Let L <R be countable subsets of a maximal Hardy field H.
Then there exists an h € H with L <h <R.
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Theorem (J. reine und angewandte Math. 2024)

Let L <R be countable subsets of a maximal Hardy field H.
Then there exists an h € H with L <h <R.

Corollary (Sjodin 1970)

Special case when R = (. For example: L ={x,e”, et ...}

Corollary

Under CH, all maximal Hardy fields are isomorphic.
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Theorem (JEMS 2019)

Every H-field with small derivation and constant field IR can be embedded as an
ordered differential field into No.
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is an elementary submodel of No.
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Theorem (JEMS 2019)

Every H-field with small derivation and constant field IR can be embedded as an
ordered differential field into No.

Theorem (JEMS 2019)

Let x be an uncountable cardinal. The field No(x) of surreal numbers of length <ix
is an elementary submodel of No.

Corollary
Under CH all maximal Hardy fields are isomorphic to No(w).
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Definition (VAN DER HOEVEN 2000, SCHMELING 2001)
A field T = R[[9N]] with log: T~ — T is a field of transseries if ...

A transserial derivation on T is a derivation o: T — T such that ...

Theorem (BERARDUCCI-MANTOVA, 2015)

No is a field of transseries and Jdgy, is a transserial derivation.

Corollary

Any H-field with constant field R can be embedded in a field of transseries with
a transserial derivation.
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Iterated exponentials and logarithms

expu(x+1) = expexpy,x
exp2(x+1) = expyexpq2x
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Iterated exponentials and logarithms

expu(x+1) = expexpy,x
exp2(x+1) = expyexpq2x

— stronger growth that e, e®, ..., exp, x,e“F*

Functional equations

1 + loglogx+.-
fx) = yx+eflosy) = x4 eV

y e €XPw €XPw X, ..

29/32
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Hyperlogarithms and hyperexponentials

expo(x+1)
exp2(x+1)

exp expy X log,logx = log,x—1
eXPw eXP 2 X log.2log,x = log2x—1

1
logwx o fxlogxloglogx---

log,x = fﬂ 1o;ﬁx

p<a
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Hyperlogarithms and hyperexponentials

expu(x+1) = expexpyx log,logx = log,x—1
exp2(x+1) = expyexpe2x log2log,x = log.2x—1

1

30/32

logwx - fxlogxloglogx---

log,x = fﬁ lo;ﬁx

p<a

Nested hyperseries
Solutions de f(x) = /X + o/ logx)

foa(x) < foq(x) < fou,(x) < fo(x) < fi,(x) < f1(x) < fa(x)



Hyperseries

Hyperlogarithms and hyperexponentials

expu(x+1) = expexpyXx log,logx = log,x—1
exp2(x+1) = expyexpe2x log2log,x = log.2x—1

1

30/32

logwx - fxlogxloglogx---

log,x = fﬁ lo;ﬁx

p<u

Nested hyperseries
Solutions de f(x) = /X + o/ logx) — o (%)

-°'<f_2(X) <°°-<f_1(X) <°°-<f0(X) < °°-<f1/2(X) <X <f1(X) <X <f2(X) <X
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Conjecture (vdH 2006)

For an appropriate definition of the class Hy of hyperseries, we have No=Hy for
the map ¢: Hy—No; f — f(w).
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Theorem (Bagayoko-vdH 2019-2022)

For an appropriate definition of the class Hy of hyperseries, we have No=Hy for
the map ¢: Hy—No; f — f(w).
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Theorem (Bagayoko-vdH 2019-2022)

For an appropriate definition of the class Hy of hyperseries, we have No=Hy for
the map ¢: Hy—No; f — f(w).

Proof. By constructing a Conway bracket {|} on Hy.
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Theorem (Bagayoko-vdH 2019-2022)

For an appropriate definition of the class Hy of hyperseries, we have No=Hy for
the map ¢: Hy—No; f — f(w).

Proof. By constructing a Conway bracket {|} on Hy.

Examples :
{x,e%,e%,..|} = eXpPuw X
{\/_,\/_+er ...‘...,ﬁ+e2‘/@,2ﬁ = fo(x)
{x elo8™ o logZIng,...‘...,eeem,ee@,eﬁ} = expw<logwx+%>
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