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⟶ Interesting special moduli: R=xn, R=R1 ⋅ ⋅ ⋅Rn

⟶ Kaltofen–Shoup 1997: application to factorization in 𝔽q[x]

⟶ Various generalizations, e.g. P∈𝔸[u1, . . . ,un], Q=(Q1, . . . ,Qn)∈𝔸[x]n

vdH–Lecerf 2021: application to geometric resolution of polynomial systems

⟶ Fundamental: cost of “polynomial evaluation” in algebraic extensions픸[x]/(R)
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• vdH–Lecerf 2020 (Ritzmann 1986), 𝔸∈{ℤ,ℚ,ℂ} large precision: Õ(D)
Special moduli R
• Kinoshita–Li 2024, R=xD: Õ(D)
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k1)⊕ ⋅⋅ ⋅ ⊕𝔸[x]/(Rn

kn)
reduces to the case when R=Ri

ki with Ri irreducible

⟶ Kinoshita–Li 2024, combined with vdH–Lecerf 2017
reduces to the case when R is irreducible

⟶ Folklore Õ(D) algorithm when 𝔸=ℂ at high precision, since R splits

⟶ If 𝔸=𝔽q and R irreducible of degree d1d2, then R factors over 𝔽qd1
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Assume: say N⩾dn (for convenience)

Applications

• Modular composition

• Zero-dimensional polynomial system solving

∘ Corresponds to verify correctness of a solution set

∘ Refining approximate solutions using Newton's method

∘ vdH–Lecerf 2021:On the complexity exponent of polynomial system solving
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Complexity bounds 7/20

General rings 𝔸
• Naive algorithm: O(Ndn)
• Case n=1: O(NM(d)/d)= Õ(N)
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3 ⩽𝜅 ⩽ 5
3

• vdH–Lecerf 2025 (upon Nüsken–Ziegler): Õ(Nd(n−1)(𝜔−1)/2), 2⩽𝜔⩽3
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• Case n=2, Neiger, Salvy, Schost, Villard, 2023: Õ(N𝜅), 4
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𝛿1, . . . , 𝛿n ∈ 2ℕ, Δ ≔ 𝛿1 ⋅ ⋅ ⋅ 𝛿n, 𝜔 = e2πi/Δ

Regular spiroid: tuple of points 𝝎≔(𝜔k)0⩽k<Δ ∈(ℂn)Δ with

𝜔k ≔ (𝜔kΔ/𝛿1,𝜔kΔ/(𝛿1𝛿2), . . . ,𝜔k) ∈ ℂn

Associated ideal: I𝜔 ⊆ℂ[𝒛] generated by the grevlex Gröbner basis

z1
𝛿1 −1, z2

𝛿2 −z1, z3
𝛿3 −z2, . . . ,zn𝛿n−zn−1

Reduced elements: ℂ[𝒛]𝛿1, . . . ,𝛿n≔{P∈ℂ[𝒛] :∀k,degzk P<𝛿k}

Quotient algebra: 𝕊𝝎 ≔ℂ[𝒛]/I𝝎 with dimℂ 𝕊𝝎 =Δ
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𝔼n≔{0,1}n, 𝔼n
∗ ≔𝔼n∖{𝟎}.

F𝝐 ≔ z1
𝜖1𝛿1 ⋅ ⋅ ⋅ zn𝜖n𝛿n−z1

𝜖2 ⋅ ⋅ ⋅ zn−1
𝜖n ∈ I𝝎 𝝐=(𝜖1, . . . , 𝜖n)∈𝔼n

∗

F(1,1)=z1
8z2

4 −z1

z1
8 =1

z2
4 =z1

F(1,0)=z1
8 −1

F(0,1)=z2
4 −z1
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𝔼n≔{0,1}n, 𝔼n
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F𝟎 ≔ 1
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A𝜖F𝝐, A𝝐 ∈ℂ[𝒛]𝛿1, . . . ,𝛿n

Note: red P=A𝟎

We can compute an extended reduction at precision p in time O(2nΔ(p+n)).
Lemma



General spiroids 14/20

Intuitive definition: 𝝃 ∈(ℂn)Δ sufficiently close to 𝝎



General spiroids 14/20

Intuitive definition: 𝝃 ∈(ℂn)Δ sufficiently close to 𝝎
More precisely:

|𝝃 −𝝎| < 1
22nΔ



General spiroids 14/20

Intuitive definition: 𝝃 ∈(ℂn)Δ sufficiently close to 𝝎
More precisely:

|𝝃 −𝝎| < 1
22nΔ

In addition: the vanishing ideal I𝝃 ⊆ℂ[𝒛] is generated by

G𝝐 = F𝝐 +E𝝐

E𝝐 ∈ ℂ[𝒛]𝛿1, . . . ,𝛿n

‖E‖ ≔ max𝝐 |E𝝐| < 1
22nΔ



General spiroids 14/20

Intuitive definition: 𝝃 ∈(ℂn)Δ sufficiently close to 𝝎
More precisely:

|𝝃 −𝝎| < 1
22nΔ

In addition: the vanishing ideal I𝝃 ⊆ℂ[𝒛] is generated by

G𝝐 = F𝝐 +E𝝐

E𝝐 ∈ ℂ[𝒛]𝛿1, . . . ,𝛿n

‖E‖ ≔ max𝝐 |E𝝐| < 1
22nΔ

If |𝝃 −𝝎| is sufficiently small, then 𝝃 is a spiroid.

Lemma



General spiroids 14/20

Intuitive definition: 𝝃 ∈(ℂn)Δ sufficiently close to 𝝎
More precisely:

|𝝃 −𝝎| < 1
22nΔ

In addition: the vanishing ideal I𝝃 ⊆ℂ[𝒛] is generated by

G𝝐 = F𝝐 +E𝝐

E𝝐 ∈ ℂ[𝒛]𝛿1, . . . ,𝛿n

‖E‖ ≔ max𝝐 |E𝝐| < 1
22nΔ

If |𝝃 −𝝎| is sufficiently small, then 𝝃 is a spiroid.

Lemma

Assume for now that 𝝃 is a spiroid and that the G𝝐 are known
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Extended reduction of P∈ℂ[𝒛]2𝛿1, . . . ,2𝛿n with respect to I𝝃:

P = �
𝝐∈𝔼n

A𝜖G𝝐, A𝝐 ∈ℂ[𝒛]𝛿1, . . . ,𝛿n

We can compute an extended reduction at precision p in time Õ(4nΔp).
Lemma

Proof. Assume approximation (Ã𝝐) of (A𝝐) and let P̃=P−∑𝝐∈𝔼n
Ã𝝐G𝝐.

Reduce P̃=∑𝝐∈𝔼n
B𝝐F𝝐. Then we have the better approximation (Ã𝝐 +B𝝐).

For large precisions p, one may use this in a divide and conquer fashion. □
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Complexity: Õ(4nΔp)
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Complexity: Õ(8nΔp)
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The cost of degree D modular composition over ℤ/rℤ is bounded by

e5 logD� Õ(D log r).

Theorem

Remark: recall previous best bound e (28+o(1)) logD loglogD� Õ(D log r)

Challenge: does there exist a practical faster algorithm?
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