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The problem 2120

Input: polynomials P,Q,R & A[x] with R monic, A:ring
Output: PoQrem R

—> Interesting special cases: A €{Z,Q, R, C, , Ly, K[ z]],...}

—> Interesting special moduli: R=x", R=Rq---R,

— Kaltofen-Shoup 1997: application to factorization in FF [ x]

— Various generalizations, e.g. P€ Aluy,...,u,], Q=(Q4,...,Q,) € Alx]"
vdH-Lecerf 2021: application to geometric resolution of polynomial systems

—> Fundamental: cost of “polynomial evaluation” in algebraic extensions A[x]|/(R)
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~

e Kinoshita-Li 2024, R=xP: O(D)
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Reduction to factorization P

R = R{'---R}

—> Multi-remaindering A[x]/(R) = A[x]/ (R @ --- @ A[x]/ (RE)
reduces to the case when R =R with R; irreducible

— Kinoshita—Li 2024, combined with vdH-Lecerf 2017
reduces to the case when R is irreducible

—s Folklore O(D) algorithm when A = C at high precision, since R splits

— If A =T, and R irreducible of degree d;d», then R factors over Iqul
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Reduction to multivariate multi-point evaluation s

D < d"

=) Y Py +11<x>” <xd>lz (" = Pz 2o, 20)

ih<d i,<d Zn

P(Q(x))remR = IS(Q(x) rem R,Q(x)?rem R,...,Q(x)dn_1 remR) rem R

A&

Ve

0 0 Q.

degﬁ(Ql,Qz,...,Qn) < Ddn, n =~ 4/loga D

=J»>

ﬁ(gl(ak),ggz(ak),...,Qn(a@)forkzl,...,an —
&
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Input: PE A[z]:=A[zy,...,2,], deg.,<d,  &:=(C)1<kcn € (A")Y

Output: P(§):=(P(%k))1<kan € AY
Assume: say N >d" (for convenience)

Applications
e Modular composition
e Zero-dimensional polynomial system solving
o Corresponds to verify correctness of a solution set
o Refining approximate solutions using Newton's method

o vdH-Lecerf 2021: On the complexity exponent of polynomial system solving
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e Casen=1: O(NM(d)/d)=0O(N)

e Case n=2, Niisken-Ziegler 2004: O(N“*?), 3 < w,<4

e Case n=2, Neiger, Salvy, Schost, Villard, 2023: C~)(NK) éé Kég

e vdH-Lecerf 2025 (upon Niisken-Ziegler): O(Nd"=Dw=1/2y " 5, <3
Special ring A=7Z/rZ

e Kedlaya-Umans 2008: (Nlogr)!™®)

o vdH-Lecerf 2020: (N + (@log ¢)") O(e”™ ¢°logr), ¢=nd

Amortized complexity
e n=0(1), fixed points & vdH-Lecerf 2023: O(N)
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New approach for modular composition 8720

Idea: reduce to the computation of Po (Q1,...,Q,) EZ/r Z[x],
but, instead of doing evaluations at a general point set in (Z /rZ)",

lift back to Z (and then C) such as to approximately use a special point set

Example forn=2,r=10,d =4

P = 3234525422147 P = 3234+525+221+7
Q; = x*4+7x84+2x*+6x*+8 N Q1 = x*+7x84+1002x*+6x2+8
Qr = xM+3x1042x2+5x+1 Qr = x14+3x04+2x241005x+1

P(QLQZ) rem 10 = 15(@1,@2) rem 10



Q1
Q>

Example — continued

3274+523+221+7 P = 322+4523+22,+7

lift Z v
A7 4254 4632 4+8 — Oy = x4+ 7x8+1002x% +6x2+8
x4+ 3x0 4252 45x+1 Q> = xM+3x1042x24+1005x+1

P(QLQZ) rem 10 = 15(@1,@2) rem 10
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3274+523+221+7 P = 322+4523+22,+7

lift Z v
A7 4254 4632 4+8 — Oy = x4+ 7x8+1002x% +6x2+8
x4+ 3x0 4252 45x+1 Q> = xM+3x1042x24+1005x+1

P(Ql/ QZ) rem 10 = Ql/ Qz) rem 10

P(
_ 13(1000 Q1 1000-L )rem 10
10007 1000




Example — continued 0120

3z%+5z%+2z1+7 P = 322+4523+22,+7
lift Z v
4738 1 0x4 462248 — O1 = x™+725+1002x% + 627 +8
Uy3x042x245x+1 Q> = xM+3x1042x24+1005x+1
P(Q1,Q2) rem 10 = P(C Qz rem 10

|
M«

(Q1
Q1 Q2
( 000 1655100075 ) rem 10
(Qi

||
=t
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3274+523+221+7 P = 322+4523+22,+7

lift Z v
A7 4254 4632 4+8 — Oy = x4+ 7x8+1002x% +6x2+8
x4+ 3x0 4252 45x+1 Q> = xM+3x1042x24+1005x+1

P(Ql,Q2> rem 10 = 15(@1,@2) rem 10

— P Q1 Q2
= (1000755, 1000765 ) rem 10

— 15(@1/ QZ)
P = 3000000z%+ 500000025 + 2000z, + 7

Q1 = 0.001x*+0.007x%4+1.002x*+0.006 x> +0.008 ~ x*
Q> = 0.001x'"'+0.003x"+0.002x*+1.005x+0.001 =




= 3000000z% + 500000023 + 200021 + 7

= 0.001x*+0.007x8 +1.002x*+0.006 x> +0.008 =~ x*
0.001x™ +0.003x' +0.002 x>+ 1.005x + 0.001 =~ x
= 13(@1,@2), degf{ < 32

2

ol ZISDI 291 ol
[



P = 3000000z%+ 500000025+ 20002z + 7
Q; = 0.001x™+0.007x8+1.002x*+ 0.006 x>+ 0.008 =~ x*
Q, = 0.001x"+0.003x+0.002x>+1.005x +0.001 =~ x
R = p(Ql;QZ)/ degf{ < 32

2

(R(1),R(w),...,R(w®)) DFT, R (0 = e27/32
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P = 3000000z% + 500000023 +2000z; + 7
Q7 = 0.001x"+0.007x%+1.002x*+0.006 x> +0.008 ~ x*
Q, = 0.001x" +0.003x'°+0.002x%+1.005x +0.001 =
R = P(Q1,Q2), degR < 32
(R(1),R(w),..., R(@™)) 2 R (0= 232

ﬁ(“]k) — p(ék)/ gk — (Ql(wk)/QZ(wk>> ~ (wk1w4k) = Wk



Example — continued 10/20

P = 300000027+ 500000025+ 20002z + 7
Q1 = 0.001x™+0.007x%+1.002x*+0.006 x>+ 0.008 =~ x*
Q, = 0.001x""+0.003x+0.002x%+1.005x+0.001 =
R — P(QLQZ)/ degR < 32
~ ~ DFT ! ~ )
(R(1),R(w),...,R(w®)) —— R, w = e27/32

~

R(«w*) = P(&), G = (Qu(w"), Q")) = (™) = wy
Required precision: =ndlog (Mr), where 1000 =M~

~ 10



Regular spiroids

51,...,0, € 2N A= 6145, w = e2m/A

Regular spiroid: tuple of points w:= (wy)o<k<a € (CM with
wi = (WO, WA0%2) Ry e

Associated ideal: [ ,C C|z] generated by the grevlex Grobner basis

03 On
21 -1, 22 —Z1, Z23°—2Z2, «v., 2y —Zn_1

Reduced elements: C|[z];, :={Pe C|z]:Vk,deg, P <}

.....

Quotient algebra: S, := (C'[z] /1, with dim¢ S, ,=A

11/20
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Product: P,Q e C|z];,

.....

2"A additions _
25, >red S€Clz]s, ... 5,

Reduction: S€ C|[z]y;,

.....




Extended reduction for regular spiroids 13120

E,:={0,1}", E}:=E,\{0).

5 non n
F = z§0... g0z 6 e ], e=(€1,...,€4) EE;
z$=1
Z§L=Zl

Flo1)=25—721

F(LO) :Zis —1

_ 8.4
Faiy=2z122—21




E,:={0,1}", E}:=E,\{0).

PO . 1
. €10 €non € €n —
Fe «— lel°°°zn _le°°°zn_1 E Iw €—<€1,...,€n)E]E;;
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E,:={0,1}", EX:=E,\ {0).

F() = 1

F, 1= 26015600 e e o e=(€y,...,€,) EE;

Note: redP:AO

Lemma

We can compute an extended reduction at precision p in time O(2"A(p+n)).
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General spiroids

Intuitive definition: &€ (C")” sufficiently close to w
More precisely:

|§—C(J| < 22nA
In addition: the vanishing ideal [ C C[z] is generated by
Ge = Fe+E;

Ee E C[Z]él,...,én

IEl == maxe|Eel <

22" A

Lemma

If |&— w| is sufficiently small, then ¢ is a spiroid.

Assume for now that ¢ is a spiroid and that the G, are known

14/20
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25, With respect to [

.....

P = Z AeGe, A€EC[Z]51

Lemma

We can compute an extended reduction at precision p in time O(4" Ap).

Proof. Assume approximation (A¢) of (A¢) and let P=P—Y AcGe.

eck,
Reduce P = > cck, BeFe Then we have the better approximation (Ac+Be).

For large precisions p, one may use this in a divide and conquer fashion. O
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Problem: given P& C|z]s, ... 25, compute P(&) := (P(Ck)k<a)-

A=1 — trivial
01=1 — reduce dimension
Otherwise:
P
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Problem: given P& C|z]s, ... 25, compute P(&) := (P(Ck)k<a)-

.....

A=1 — trivial
01=1 — reduce dimension
Otherwise:

R := red (P,If)
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Recursively compute R(&%) R = 1|{(w12)
|
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Otherwise:
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Evaluation using divide and conquer strategy 1w

Problem: given P& C|z]s, ... 25, compute P(&) := (P(Ck)k<a)-

A=1 — trivial
01=1 — reduce dimension
Otherwise:

R := red (P,If)

/ g[lﬁ &3 éA—l)

¢lo) o= (éfo,'éz,...,éA_z)

Recursively compute R(&%) R = 1|{(w12)
|

7

wr w” W

Recursively compute R(é‘[l])
Complexity: C~)(4”Ap)



Input: given v = (v;)rcn € (C")2, compute
Output: Pe C|z];, .. 5, with P($) = (P(Ck) )k<a=7
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Input: given v = (v4)rcn € (C")2, compute
Output: P& C[Z]51 ,,,,, 5, with P(g):(P(ék));KA:v

Low precision p
Compute PE€ C[z];, ... 5 with P(w) =v using DFT !

Evaluate 57:=P(&) and set 9:=v — g

,,,,,

Recurse for 0 instead of v until sufficiently precise

High precision p

Divide and conquer strategy.

Complexity: O(4"Ap)
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Computing evaluation/interpolation trees 18/20

Problem: compute tree the G, as well as recursively for glol gl (g’,‘[o])[o],

Assume 01 >1 and recursively done for glol gl
For each e € E;; do the following

e Compute v:=—F.(¢)

e Interpolate to recover E. with E.({) =v

e We have Gc.=F.+E,

Complexity: O(8"Ap)
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e V'8 O(Dlogr).
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Back to modular composition

Theorem

The cost of degree D modular composition over Z /v Z is bounded by

e VB O(Dlogr).

\/(28+0(1)) logD loglogD é(DlOg 1’)

Remark: recall previous best bound e

Challenge: does there exist a practical faster algorithm ?

19/20
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