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Given three univariate polynomials P, Q, and R with coefficients in a prime finite field,
we present a new algorithm for computing P Q modulo R in time close to linear and
with an asymptotic complexity smaller than the one of the Kedlaya—Umans algorithm.
As anovelty, our method mostly performs fast floating point Fourier transforms, while
previously known ones rely on ad hoc algebraic constructions of finite fields.

1. INTRODUCTION

Let A be an effective commutative ring, so that we have algorithms for the ring opera-
tions. Given a monic polynomial R € A[x] of degree D >1 and polynomials P and Q in
A[x] of degree <D the computation of the remainder of Po Q in the division by R, written
PoQremR, is called the problem of modular composition. Modular composition is a cen-
tral operation in computer algebra, especially for irreducible polynomial factorization;
see [12] for instance. It is still unknown whether modular composition can be achieved
in time nearly linear in D or not for any ground ring A.

1.1. Main result

In this paper, we prove the following new complexity bound for when A is a finite ring
Z /r Z and where O(®) is a common abbreviation for O(® (log P)O0My,

THEOREM 1. The bit cost of degree D modular composition over Z /v Z is bounded by
p5/vlesD O(Dlogr).

This result improves upon the best previously known bound

(2810glogD>1/2<1+o< 1

D logD loglogD)) O(Dlog r)
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given in [11, Theorem 4], which is derived from an algorithm due to Kedlaya and
Umans [14]. The novelty of our approach is a reduction of modular composition to
the floating point evaluation of a multivariate polynomial at a special set of points,
a so-called spiroid. We take advantage of fast Fourier transforms to perform these eval-
uations. In contrast, previously known methods, in the vein of [14], rely on number
theoretic constructions.

1.2. Related work

Let M(D) denote a cost function that bounds the number of operations in K required to
multiply two polynomials of degree <D in K[x]. Over any ring A, modular composition
can be performed with O(DM(D)) operations in A by applying Horner's rule to eval-
uate P(Q(x)) in A[x]/(R(x)). In 1978, Brent and Kung [3] gave a faster algorithm with
cost O(D?+ /D M(D)), that uses the baby-step giant-step technique [17]. Their algorithm
even yielded a sub-quadratic cost O(D“?/? 4+ ‘/5 M(D)) when combined with fast linear
algebra; see [13, p. 185]. Here, the constant wy is a real value between 3 and 4 such that
the product of a n x n? matrix by a n? x n matrix takes O(n“?) operations; one may take
w9y < 3.250385 according to [19]. At present time, the fastest known modular composition
method over any ground field K is due to Neiger, Salvy, Schost, and Villard [16]: it is
probabilistic of Las Vegas type and takes an expected number of
O(DK), where x:=1 +%
w—1 wy—2

operations in K; see [16, Theorem 1.1]. Here, the constant w denotes any real value
between 2 and 3 such that two n x n matrices over a commutative ring can be multi-
plied with O(n“) ring operations. The current best known value is w <2.371552 [19],
so we may take x <1.43.

A major breakthrough for the modular composition problem is due to Kedlaya and
Umans [14] in the case where A is a finite field F, (and even more generally a finite ring
of the form (Z /r Z)[z]/ (6(z)) for any integer r and § monic). For any fixed real value
£>0, they showed that Po Qrem R can be computed using O((Dlog q) 1+8) bit operations.
The dependency in ¢ is analyzed in [11]. Recent improvements of the Kedlaya-Umans
approach can be found in [1, 2], but the dependency in ¢ is not detailed.

In [9, 10] it was shown how the knowledge of factorizations of R can be exploited
to speed up modular composition. An important special case concerns the composition
of power series, which corresponds to taking R(x) = xP. Recently, Kinoshita and Li [15]
showed how to accomplish this task using O(M(D) log D) operations in K.

1.3. Overview of the paper

Our modular composition algorithm will be presented in section 5: Theorem 1 follows
from the sharper complexity bound given in Theorem 24. As in [14], the problem will be
reduced to the multi-point evaluation of a multivariate polynomial, using Kronecker seg-
mentation. But, instead of relying on finite field arithmetic, we benefit from floating point
arithmetic and reduce the multi-point evaluation to a deformation of the fast Fourier
transform. The deformed evaluation point set is presented in section 3. Corresponding
evaluation and interpolation algorithms are given in section 4. The next section gathers
prerequisites.
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2. PREREQUISITES

For complexity analyses, we will consider bit complexity models such as computation
trees or RAM machines [4, 5]. The function I(mm) will bound the bit cost for multiplying
two integers of bit size <m. We will assume that I(m) /m is nondecreasing. At the end,
we will make use of the fast product of [6], that yields |(m) = O(mlogm).

2.1. Fixed point arithmetic

Numbers will be represented in radix 2, with a finite number of digits. We will represent
fixed point numbers by a signed mantissa and a fixed exponent. More precisely, given
a precision parameter p € N, we denote by C,, the set of complex numbers of the form
z=m,27 7, where m,€ Z[i] and |z| <1. We write C p2¢ for the set of complex numbers of
the form u2°, where u € C;, and e € Z; in particular, for z€ C,2° we always have |z| <2°.
At every stage of our algorithms, the exponent e will be specified, so the exponents do
not have to be stored or manipulated explicitly.

In the error analyses of our numerical algorithms, each z € C,2¢ is really the approx-
imation of some genuine complex number z € C. So each such z comes with an implicit
error bound ¢, > 0; this is a real number for which we can guarantee that |z — 2| < ¢,.
A truncation of Z is an approximation z of Z that is rounded towards zero in the sense
that |z| <|z|. Given a,b & C,, the sum a+b can be computed exactly in time O(p). The
product ab can be computed exactly in time O(l(p)).

LEMMA 2. Given z € C, and p' <p, we can compute an approximation of z in C, with
error <277 Y2 in time O(p).

Proof. Rounding z=u+vie C, into C, can be done as follows: let u’ and v’ be the
truncations to the nearest of 1 and v into C, and let z":=u" +v"i € C,/; Then we have
lz—z'|<27P 12, 0

LEMMA 3. Given ze€ C,and p' <p, we can compute a truncation of z in C,, with error L2P' 12
in time O(p).

Proof. Rounding z=u +vie C, towards zero into C,’ can be done as follows: let u’

and v’ be the truncations of u and v at precision <277 and letz":=u’+v'i€ C,/; Then we
have |z/|<|z] and |z —z/| <277 +1/2, O

2.2. Fast Fourier transform

Let Abe a power of 2 and let a = (ay,...,aar—1) be a vector of complex numbers. We write
lal:= max (|agl, . .., lala_1) and w:= e/,

LEMMA 4. Given p € N, we can compute truncations of 1,w, wz,...,wA_l inC, with error <277 +1
in time O(Al(p +1og A)).

Proof. We use [7, Proposition 4] at precision g=p +1log, A+ 2 in order to obtain first

approximations of 1,w, w?,...,w lin C, with error <2_‘7+1. We next truncate these results

in Cp, which yields an overall error L27PH2 4 271+ 1 2P+ thanks to Lemma 3. O
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We define the fast Fourier transform of a to be
FFT(a) := (P(w°),P(w"),P(w?),...,P(w™7)),
where P(x) := ZiA:_Ol a;x'. In particular, we have [FFT,,(a)|<Alal.

LEMMA 5. Given peN and ae C25, a truncation of FFT,(a) in (<C’F,A)A with error <A27PH!
can be computed in time O(I(A(p +1log A))).

Proof. Thanks to [18, section 3] an approximation of FFT,(a) in (Cp;o(1 2A)2 can be
computed with error <A 27772 in time O(I(A(p+1logA))). Consider an entry Z=2x + /i
of FFT,,(a) and let z=x+ yi be the corresponding approximation. Let z":=x"+y'i,
where x’ := x — sign(x) A27P71 and y' =y —sign(y) A27P71 Then x| <X, ly'I<1yl, and
12—z |<AQP24+27P7 12y LA27P. We may clearly compute z’ in time O(p + log A).
Thanks to Lemma 3, and using O(p + log A) further operations, we may next compute
a truncation z”’ of 2 with error <A27P*1, O

LEMMA 6. When A>2, we have |1 — w| > %

Proof. If A=2, then |1 —w|=2=4/A. Otherwise, A>4 and we have
L/ TT T\ TT 4
1—w| = 251n(K) > 2COS(Z)K > N O

2.3. Multivariate polynomials

Given integers 6; >1,...,0,>1, we define

Klz1,...,2znls,,...5, == {PEK[Z1,...,24] :deg,, P<6y,...,deg,, P<d,},

rrrrr

where deg, P denotes the partial degree of P in z;, for i=1,...,n. In this paper, a dense
representation will be used for univariate and multivariate polynomials. This means that
a polynomial Pe K[zy,...,z4ls,,.. 5, is stored as a vector of size A:=J; - - - 6, made of the
coefficients of the terms of P of partial degree <¢; in z;, for i=1,...,n. Precisely, when
n=1, a polynomial P = Zf;)l P;z!} is stored as the vector (Py,.. ., Ps,—1). Whenn>2,a
polynomial P will be regarded as a univariate polynomial in z, whose coefficients are
polynomials in K[zy,...,z,-115,,...,5, 1

Given a polynomial P = Zil i P z? e zZie Clzy,...,2,], we define

///// In

IP| := max [Py, ..l

Given polynomials P,Q € C,[zy,...,z4]s,, ... .5, the sum P+ Q can be computed exactly in
time O(Ap). The product PQ can be computed exactly in time O(1(2"A (p+1ogA))) using
Kronecker substitution; see [5, Chapter 8]. In addition we have [P Q|<A.

3. SPIROID ARITHMETIC

Given integers 61 >1,...,0,>1, welet A:=61 - -- 6, and consider a tuple of points
¢ = (o Ea-)E(CHE
We define |¢]:=max;;|(¢;);| and call
Iz .= {PeClzy,...,2,4]:P({) =0}
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the vanishing ideal of {. We also define the evaluation map

A
5, — C

P — P(g):=(P(Go),---,P(Ca-1))-

We refer to the computation of Evalg as the problem of multi-point evaluation. The com-
putation of Eval,;T1 is called the interpolation problem. Evalg is a bijection for a Zariski
dense subset of tuples ¢ € (C™A, Whenever this is the case, the points ¢o,...,Ca—1 are
pairwise distinct, so we have a natural bijection

Evalg: Clzy,...,24ls

/////

Clzy,...,za) /g — cA
P+1z — P(().

This allows us to use polynomials in C[zy,...,z,]s,,...,s, as canonical representatives of
residue classes in C[zy,...,z,]/I¢. In particular, given a polynomial P € C[zy,...,z,], we
define P rem I¢ to be the unique polynomial in C[zy,...,z,]s,,...,s, with P— (PremIz) € I.
For special tuples ¢ € (C")*, called spiroids, we will show in this section that P rem Iz can
be computed efficiently.

3.1. Regular spiroids

Assume from now that éy,...,5, 2N are powers of two and let w:= e?™/A pe the standard
primitive A-th root of unity in C. For each k€{0,...,A—1}, we let

Wi = (WA kA0 ok e,

We call the tuple w:= (wy, ..., war-1) € (CM2 a regular spiroid. The vanishing ideal I, of
this tuple of points is generated by the polynomials

5 5 s 5
20" =1, 25 —z1, 25— 22, ..., 2} —Zp_1. (1)

A straightforward computation shows that these generators actually form a Grébner
basis for the grevlex monomial ordering. For instance, for 2 <i<j<n, the S-polyno-
mial of z9'—z;_1 and zfj—z]-_l is

o

5. 5 5i 5. .
(zi'—zi-1) 2 = (2] —zj-1) 27" =zj_12{' = zi_1%

which reduces to z;_1z;_1—2z;-1zj-1=0. In particular, the monomials in C[zy,...,z4]s,,....6,
are reduced.
Let E,:={0,1}",0:=(0,...,0),and E;;:=E,\ {0}. For e=(¢y,...,€,) €E;}, we have

Fe i= {01280 _z€2. 080 e ],
For convenience, we also set
POI: 1.

Given Pe C[zy,...,24]25,

,,,,,

we say that (A¢) ek, is an extended reduction of P modulo I, if

P = Z AF..
ecE,
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Since Fg=1, we have Ag=PremI,. We further define

Al = max |Agl|.

ecE,

Given P€ Cp[zy,...,2u]2s,,...,25, We aim at computing an extended reduction of P by I,.
As a first step we begin with polynomials P in C[zy,...,z,]s+1,...,6,+1-

LEMMA 7. Let y=(#1,...,11,) € N". The map

e1+ en+
{le Wl'.'znn Mn

101<01,...,0, <0y} — {200 zie1<b1,...,0,< 6y}

e en

zZit ezt e z{ -z rem I,

is well defined and one-to-one.

Proof. Since I, is generated by binomial polynomials (1), the reduction of a monomial
by I, is a monomial. The defining equations (1) of I, further imply that zy,...,z, are
invertible in C[z,...,2,]/1y. O

The support 5 of a polynomial P is the set of its monomials with a non-zero coefficient.
We say that the monomials of § are pairwise distinct modulo I, when any two distinct
monomials of § have distinct projections in C[zy,...,2,] /4.

LEMMA8. Let P=%, Py, . e,21 2 € Cl21, e, Znloy 41, .. 041, 000n,...,8, DE SUCH that the
monomials of its support are pairwise distinct modulo I,. Let P'%, ..., P™ be defined recursively
as follows: P™:= P, and

pti-11 .- plil_ > AcFe, (2)

eCE;_1x{1}x {0y~
where

Ae = Z Pe[]i,]_ulenZi]remél . 'Zinremén € C[Zl/---/zi’l](sl,‘..,én
e1quod1=E€y,...,6,quod, =€y
foreeE;_1x{1}x {0Y*~". Fori=0,...,k the following properties hold:
L4 P[l] eC [le e /Zn]51+l,. e, 0i+1,0041, ..., 00
e the monomials of the support of PU) are pairwise distinct modulo I,
e the coefficients of PU") are coefficients of P.

Letting Ae:=0 for e & Exx {0y % and Ag:= P, the family (A¢)eek, is an extended reduction
of P.

Proof. The proof is done by induction on i. The properties are clear for PIXl. Let us
assume that they hold for i <k. We decompose P! into P11 =L + Hz{ with

L e C[le---/Zn]5]+1,..4,5,'_]+1,5,-,.4.,5,,
H € (C[le"'IZH]51+1,...,51,1+1,1,5i+1,...,(5,1'

We verify that
P = L+ > AcFe+R
€€ E;1x{1}x {0}~
where
R:= Y Aezt Zi 1 €Clz1, e, Zuloy 41,61 41,6,.., 00

ecE;_1x{1}x{0y"~¢
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Since the monomials of the support of P are pairwise distinct modulo I, the supports

of L and R are disjoint. In particular the monomials of the support of P"1 =L + R are

pairwise distinct modulo I, and the non-zero coefficients of PU—1 are coefficients of P.
Finally unrolling (2) yields

P = Z A6P6+P[O] = Z AePel
ecE;x {0}k e€Epx{0)yr—k
which constitutes the extended reduction of P. |

The reduction of a general P € Cy[zy,...,z4]24,,...,25, modulo I, can be performed
efficiently by the following algorithm.

Algorithm 1
Input. P=3%
Output. An extended reduction (A¢)eek, € ((Cp+n2”) [z1,.. .,zn]{i'j,__,&n of P.

e1 e
Leeen Pel,...,enzl e Znne Cp[zlr~ . ~/Zn]261,...,26n-

1.Forall e=(ey,...,€,) €E, set

o eiremdq enremdy
Ae = Z P31/~~/3nzl Tt Zp

e1quodi=ey,...,,quod, =€,
and compute

Pl N ALafe ity
ecE;
2. Let A :=0for e E,_1x{1}, and for i from n—1 down to 1 do:
e ForalleeE;_1x {1} x{0}" " set
A=Y P e,

e1quodi=E€y,...,,quod, =€,

e Compute P11 := plil_ Z Al Fe.
€€E;_1x{1}x{0}"~*

3. Let Ay := P!, compute A.:= AL+ A¢ for e € E,, and return (A¢)cek,-
PROPOSITION 9. Algorithm 1 is correct and runs in time O(2" A (p +n)).

Proof. For all e=(¢y,...,€,) €EE,, we have AL € Cplz1,---,zulsy,... 5, Let us examine the
particular case where P!"~! restricts to a single term A¢zz{2--- z5" | for some e € E;. By
Lemma 7, the monomials of the support of PI"~!! are pairwise distinct modulo I,,, so
Lemma 8 implies the following properties, for i=0,...,n—1:

L4 P[l] eC [le v /Zn]51+l,. L0+ 1,0i41, ..., 00

e the coefficients of P! are coefficients of P11 hence of P,

o (AY)ecE, is an extended reduction of P11,
Since the operations in step 2 are linear with respect to the coefficients of P~ 1, the gen-
eral case where P["~1 is a sum of 2" — 1 terms of the form A.z{>--.z5", satisfies the
following properties:

o PIEC,2"z1,. ., 205041, 6141,600n,...,0m

o PM<27"-1,
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o (A)ee E, is an extended reduction of pin=1,
On the other hand step 1 yields

P = Z ALE.+ P11,
ecE,

So the correctness proof is completed by noting that

P = Z ALF.+ Z AVF.= Z A.F.,

ecE, ecE, eck,

and |A¢|<|Ael +1AL1<2". As for the complexity analysis, step 1 takes time O(2"A (p+n)).
Step 2 runs in time

O Y 27'A(p+n) |=0Q"A(p+n)).
1<i<n
The cost of step 3 does not exceed O(2" A (p +n)). O

Example. Let n=2 and P=2z7""122"1. With the notation as in Algorithm 1, the only

non-zero AL is Af1 1) =23""'297!, and we have P =z{129>~1. 1t follows that all the A/

are all 0 but A{}0)= 2971, so we have Pl =291, The extended reduction of P is

01—1_60r—1 or—1 or—1
P=z{"""z"""Fan+2z" Fa0+2z Fo-

3.2. General spiroids

We now turn to the situation where ¢ € (CMH%is a sufficiently small perturbation of w.

More precisely, we say that ¢ is a spiroid when there exist polynomials
Ee € C[le'~~lzn]51 ..... On
such that
Ge == Fe+Ec € I,
for all ee E;;, and

1
¢ := max (I¢ —wl| lIEl) < CYINNG
with the convention that Eg:=0 and Gg:=1. We call n and 63,..., 0, the dimension and the
degrees of the spiroid and let

5 := max (4;—1).
i=1,....n

By Lemma 6 we have |wi— wy| =4 /A for all k#k’. Consequently,

2 1
—-w — — < —min |wy — wy’

so the points ¢y are pairwise distinct. We let
2—K
= 22n A’

where x>0 is a constant, that will be specified later. We denote by G, € (C;2)[zy,...,24]
an approximation of G, with error <7277, where 4= O(p + n+1log A) will also be defined
later. For convenience we always take Gg;:=1.
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3.3. Existence of spiroids

We are to show that ¢ is a spiroid as soon as |¢ — w| is sufficiently small.

LEMMA 10. Let ve C? and let P e Clz1, ..., znls
have |P| < |v|.

5, be such that P(w) =v. Then we

.....

Proof. The polynomial g(x) := P(xB/01 xA/0182) )y e C[x] has degree

A A A
< 5—1(51—1)+m(52—1)+"'+m(5n—1)

= A(1=0TH+ T =010 H 44018y T =AY
= A-1,

and satisfies q(wk) =P(wy) for k=0,...,A—1. This means that g is the inverse Fourier
transform of v, that is A" FFT,-1(v), following the notation of section 2.2. We deduce
that [P| =g/ < vl O

The two following technical lemmas will be needed several times in the paper.

LEMMA 11. Leta,be C" and let P€ C[zy,...,24s,, ... 5, have <T non-zero terms. Then we have

.....

IP(a) — P(b)| < ndT|Pimax (lal, bl, 1)~ a—b].

Proof. We set f(t):=P(ta+ (1—t)b) for t €[0,1] and use the classical inequality
IP(a) —P(b)|=1f(1)— f(0)] < max [f'(t)I.
te[0,1]

From f'(H)=Y"_, %(ta+ (1—=1t)b) (a;—Db;), we obtain

max |f'(£)] < ndT|Pimax (lal,|bl, 1)~ 2 —bl. |
te[0,1]

LEMMA 12. With the above notation and x >0, we have (141 /a)"* <2 forall a >0 .

Proof. We verify that

ny_ 27k
log2 = Alog?2

loga((1+7/a)™) = nalogr(1+n/a) < < L O

LEMMA 13. Assume that k >1, A>2, and let & € (C™)® be such that I —w| < 17/5. Given
vE CA, there exists a unique P€ Clzy,...,24ls,,...,5, Such that P(&) =v. Moreover, |P|<2|v|.

,,,,,

Proof. Let vy:=v and define v;.1:=v; — P;({), where P; stands for the unique polynomial
in C[zy,...,z4ls,,... s, such that P;(w) :=v;. From Lemma 10 we know that |P;| <|v;|. Using
Lemma 11, we deduce

_ - né
a1l = IPi(w) = PA&) < ndAIP|(1+1E— @)1 E—w| < |vl-|(1 +%) 2K,

Using Lemma 12 and x> 1, we obtain [v;11| <27"|vjl, hence |v;] < 27" y| for i > 0. Conse-
quently, P:=3 -, P; is well defined and we have

v = vy = Po(8)+v1 = Po(¢) +P1(¢)+v2 = -+ = P({).
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Finally, we verify that
Pl < Y IPH< ) ol < Jol) 27" < 20ol. O

i>0 i>0 i>0

PROPOSITION 14. Assume tha_t k=21,A>22,andlet { € (C™A be such that 16 —w| < 772. Then &
is a spiroid and we have e <n 524 I — wl.

Proof. From Lemmas 11 and 12, and using

—K

1o 1

f-wl <0* = Zy < 5

we obtain
|Fe(g)| = |Fe(g)_1:e(w)| ~
< n@+1)2(1+|8—w)"D|F - wl

- n n(6+1)
< n(5+1)2<1+—_ )
0+1

N

1§ — wl
< n62%1F—wl.

Thanks to Lemma 13, there exists Ec € C[zy,...,24]5,...,5, Such that Ec(§) = —F¢(&) and

.....

IEel < 2IFe(®)] < n624E —w),

1
22"

whence £<n524|§‘—w| <n524172<

3.4. Reduction by spiroids

In the rest of this section, we fix P& C[zy,...,2,4]25,... 25, and assume that § € (CMHA is

a spiroid. A family

/////

En
(Ae)eck, € Clzy,...,zuls" 5,

is called an extended reduction of P by the spiroid ¢ if

P = Z A.Ge.

ecE,
Since Go=1, we have P rem [z = A,.

PROPOSITION 15. Assume that € <. Given Pe Clz1,-..,2nl2s,
reduction (A¢)eck, of P by & with |A| <|P|

25,, there exists an extended

.....

1-¢/n’

Proof. If P=0 then we take A.:=0 for all e € E,,. Otherwise, without loss of generality, we
may assume that |P|=1. Fori> —1, we construct sequences P il (Ag]) ecE, of polynomials
as follows. Fori=—1, we set Pl"H:=P and A[e_l] :=0 for e E,,. By induction, we assume
that these sequences are defined up to some index i —1 for some i >0. We let

i j— i—1
p[l] = p[l 1] _ Z ALZ ]Ge’
eck,

and apply Proposition 9 to P without any rounding, and let (A") g be the corre-
sponding extended reduction with [|A] <2"|P!)|. We have

Pl %" AUF. = 0.
ecE,
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It follows that

|P[i+1]| = |plil— Z Ag]Ge
eeE,
= > Al(F.-Ge)
eeE,
< A2%"\Plje
< 1P,
Ui
Hence,
. i
Pl < (%) Cfori > 0.

In particular 3, Al converges to a limit written A.. For e € E,, we have

[i] [i] ey _ 2"
ad< YA < Y ez <2y (2 = 2 0

i=0 i=0 i=0

The proof of Proposition 15 can be turned into an algorithm to compute approxima-
tions of extended reductions. For efficiency reasons, €/ is required to be sufficiently
small.

LEMMA 16. Assume k>4 and e <y* Let pEN and
q == p+n—logrn+1 = O(p+n+logA).

Given Pe Cylz1,---,2nl26y,... 26, We can compute

.....

(Ae)eeEn S ((qun-‘rl)[zl/---rzﬂ]g;ln on

.....

such that

<27

‘P— Y AcGe

ecE,

in time O(1(4"A(p+n+1logA))p).

Proof. We adapt the proof of Proposition 15. For i > —1, we construct sequences plile
Clzi,...,2n)2s,,.. 25, With Pl <1 and (Ag])eeEn € (Cy2") [z, .. .,zn]g’f.“/&n as follows.

For i=—1, we set PI"U:= P and AL_” :=0 for e € E,,. By induction, we assume that
these sequences have been defined up to i —1 for some i >0. We compute

Pl = pli-ll_ %" Al-lG,,
ecE,
exactly. Note that P 01— p. We further assume by induction that |P ) < 1. Applying
Proposition 9 to Pl et (A¢)eck, be the obtained extended reduction. Then

plil— Z ALF. = 0.
ecE,
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Using Lemma 3, we compute a truncation A[ei] of AL in (Cy 2M[zy,...,z,] with error
L2"TITY2 L 527P. We obtain

\pli+1 = |plil_ Z AE]Ge;p
eckE,

= | ) AFe— ) AUG,

eek, ecE,

Y At(Fe—Gey)

ecE,
< A% (e+ 327 P) P +2"A(1 + e+ 527y 2P

< 22"An(e/n+27P) PU+2"A (1 + e+ 527y y27F

< 2—K+1|P[i]|+2_p_’(. (since 7’]<2_6)

+

N

Y (AP-AD Gy

eek,

Iterating the latter inequality yields
|P[i+1]| g (2—K+1)i+1+2—p—K Z (2—K+1)j
0<j<i
27PK
< (2—K+l>i+l+2—p—2. (3)

< (2—K+1>i+1 +

In particular, |P [i+1]] < 1. We are done with the construction of the sequences plil

and (A[ei])eeEn. Let I >0 be the smallest integer such that

@O P=2gomP ], (4)
that is

._ p+2w < P*5
I:= [K—l S 37
since k¥ >4. Note that

1
P2
12 < 5 (5)
We take A¢:=) 0<j<I Ay] and verify that

Ad < ) IPU2"

0<j<I
1 e .
< (W+12 P 2) 2" (usmg (3))
< <§+%) 2" (using k>4 and (5))
< on+l (6)
Finally, we obtain
‘P— Y 4G <[P Y 4G+ Y AcGe—Gep
eek, eeE, eeE,
< @O Pm2 A2+ P (using (3) and (6))
< Q714277 2P (using (4))
< 27h (since x>4)
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As for the complexity, one product A[ei_l] Ge;p takes time O(1(2"A (p +n+1logA))), and
P17 is computed with error 279, Consequently, the computation of P! from Pl=1
runs in time

OQ"I2"A(p+n+logA))) = OUA"A(p+n+logh))).

Each use of Proposition 9 contributes O(2"A (p+n+1logA)). Since I = O(p), the total cost
for computing P and (A cg, up to index I—1is O(I(4"A (p+n+1logA)) p). i

The numerical convergence of the method behind Lemma 16 is linear, which is suffi-
cient for small precisions. For higher precisions, our next faster algorithm benefits from
the “divide and conquer” paradigm. In order to upper bound the norms of the extended
reductions, we introduce the auxiliary notation

1if p<10
ﬂ”'_{ (14270 (14+277)--- (1+27P27 1y if p>10.

Note that 77, is nondecreasing in p and that 77, <2 forallpeN.

Algorithm 2
Input. PE€ Cp[zy,...,2ul26,,... 26,
Output. (Ae)eck, € (Cq2”+2) [z1,.. .,zn]f” 5, Where g:=p+n—logsn+2,

1reees

P— Z A.Ge

ecE,

<27 and [Al < 2" 7,

Assumption. >4 and e < 172.

1. If p<m:=9 (n+1log, A) then return the extended reduction from Lemma 16.

2. Compute a truncation P’ € Cp/2y43lz1, - - -, zn] of P with error L2 P/21=572 using
Lemma 3. Apply Algorithm 2 recursively to P’ and let (A¢) e, denote the result.

3. Compute a truncation P € C,_,/2)43[21, . ..,25] of

2[p/2J+l (P— Z A/eGe;p)

eeE,

with error <2 P*P/2173/2 Apply Algorithm 2 recursively to P’ and let (AY)ccE,
denote the result.

4. Return a truncation of (AL +27W/271 ALy g with error 277752 by using
Lemma 3.

PROPOSITION 17. Algorithm 2 is correct and runs in time
O((4"A(p+n+logA)) (logp+n+logA)).
Proof. If p <m then the output is correct in step 1 by Lemma 16. Otherwise p > 10, so that

lp/2]+3<pand p—|p/2]+3<p. Consequently, the algorithm always terminates. In
step 2, by induction, we have

P’ — Z ALG,

ecE,

< 2—[P/2J—3 and ”A/“ < 21/H—2.
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We verify that

- Z AéGe;p

eck,

< |IP-P'|+

P - Z ALG|+

eeE,

Z A,e (Ge - Ge;p)

eeE,

< 2—[P/2J—5/2+2—U7/2J—3+A22n+2172—p

<2 lp/2]— (21/2+1+A22n772 p+[p/2J+5)

< 27 241427 (since p>10)
< 27w (since k >4)

so the polynomial P’ is well defined in step 3, and we have

P'— Y ALG

eeE,

— 21—
<2 p+1p/2] 3_

Let A be a truncation of A.:= AL+ 27P/21=1 A with error <2797"*%2. On the one hand,

— ) AcGey

eeE,

< ‘p_ Z AéGe;p_z—[P/2J—1P//
eek,
+27 WP N AL Ge| + 27T Y AL (Ge— Gey)
ecE, eck,
< 2” lp/21— (2 p+lp/2]- 5/2+2 p+lp/21- +A22n+2172 p)
< 2777 P 427 427 (since p>10)
< 27772 (7)

On the other hand, we obtain

Ael < 1Ad < |Ae|+2 PRITHAY
< 2" (mppages+ 27Ty 2)43)
< 2"y jp2ges (1427 P12
< 2”*171,,, (since p>10)
which yields
Y Ac(Ge=Gep)| < APF2p27P < 2772, (8)
ecE,
Combining (7) and (8) we deduce
‘P— Y 4G <[P Y AGep+| Y Ac(Ge=GCep|+| Y (Ac-dorGe
ecE, ecE, eeE, eckE,

27PT2 4 pTPTRAZ L QN ADTAHNHSI2 (] 4 ¢y
2—p—2 + 2—p—K+2 + 2nA772—p+3/2

2-P (2—2 + 2—K+2 + 2—71—K+3/2)

27P,

N CINCININ

This concludes the proof of the correctness of the algorithm. Let us now analyze the
complexity. By Lemma 16, step 1 contributes

O(I(4"A (n+1og A)) p).



JORIS VAN DER HOEVEN, GREGOIRE LECERF 15

Each product A¢ G, can be computed in time
OUQ2"A(p+n—logny+logA))) = OUR"Ap)).
The total cost to obtain P’ is therefore bounded by
0@Q"1(2"Ap)) = O(I(4"Ap)).

Let T(p) be the computation time as a function of p. So far, we have shown that

T(p) < TUp/2]1+3)+T(p—1p/2]+3)+ 04" Ap)),
for p > m. Unrolling this inequality leads to

T(p) = O(1@"Ap)logp+[L] 14" Amym)

O 4" Ap)logp+1(4"Ap) m+ (4" Am) m)
O(4"A(p+n+logA)) (logp+n+logA)). O

The following corollary is the main result of this section.

COROLLARY 18. Assume k>4 and € < 112. Given P& Cplzy,...,2zn]2s,
RE(CL2" ) [z1,...,24l5,

,,,,, 25, AN approximation
5, of R:= P rem Iz with error <27P*"*2 can be computed in time

rrrrr

O(4"A(p+n+logA)) (logp+n+logA)).
Proof. Proposition 17 allows us to compute

RE (Cp+n—log217+22n+2> [Z1,---,Znlsy,....5,
such that |IP— (H+R)|<27* for some HEI ¢. Using Proposition 15, we deduce that
2—p+n

R — = - R < .
IR — P rem I¢| |(P— (H+R)) remIg| < T—e/7

Using Lemma 2, we finally compute an approximation of Rin (Cp2”+2) (21,--,2Zulsy,.. .6,
with error 27P*"*3/2 and verify that

2—p+n
1—-¢e/n

2—2

2—p+n+3/2+ -
1-2-6

< 2—p+n+2(2—1/2+ ) < 2—p+n+2. 0

4. MULTI-POINT EVALUATION AND INTERPOLATION

This section is devoted to multi-point evaluation and interpolation at a spiroid. Evalua-
tion will follow the classical “divide and conquer” paradigm with respect to the number
of evaluation points. Interpolation will reduce to evaluation.

4.1. Evaluation
Let e (C™M%be as in the previous section. If éy1="---=6,=1 for some k >0, then
Clzy,---,znls,....0, = Clz1,---,2kls,,.. 6

Without loss of generality, this allows us to replace ¢ by ¢ of dimension n*:=k with
¢it = ((Ci)1,-..,(Cr) for each i. In what follows, we will only work with spiroids ¢ for
which 6, #1 whenever n > 2.
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Our algorithm for multi-point evaluation of a polynomial P € C[zy,...,2,]s,,....6, at &
is based on a generalization of the classical remainder tree technique used for the uni-
variate case [5, Chapter 10]. If A=1, then an evaluation tree for ¢ consists of a single leaf
labeled by (Ge;p)eek,- If A>2 and §,,>2, then & induces two sequences of points ¢ 01, I (1]
which are defined by

Eall
=2
|

= (§0/§2/'-'/€A—2)*
F o (QQ ﬁ)*.

wl,wl,..., o

For i=0,1, we write n!! for the dimension of g[”, 51[i], ) ﬁi[]i] for its partial degrees,
and A for its degree. The perturbations of the defining polynomials of [l are written
Elil.= (EE])eeE”m, so we have

Gl = F.+EM € Lz
for all e € E; . We further define

el

max (|&H — ), |EW),

Sl .= max (5]»[i]—1),
j=1,...,nl
gl = 2"

T o2l TAT
Note that All:=A/2, 17[” =21, and oL S, fori=0,1.

An evaluation tree for the spiroid ¢ consists of a root that is labeled by the family
(Ge;p)eeEn and two children which are recursively the evaluation trees for ¢ 01 and ¢ (11,
Since I(;‘[i] —wliig € —w|<¢g, if | —wl< 172 then Ig',‘[i] —wl< (;7[1'])22—2‘ So, Proposition 14
ensures that the EE] exists with |E E]| < nlilglilnt IC ] _ wll|, whenever x >1. This shows
that evaluation trees exist whenever |§ — w| is sufficiently small. The construction of these
trees is postponed to the end of this section.

An evaluation tree for ¢ is said to be known with error <5277 if (Ge) ek, is given with
error <1727, and if the evaluation tree for ¢ [l is known with error <17[” 2P fori=0,1.
We will see in section 4.3 that for such an evaluation tree with error <7277, the G;, will
be elements of C,2[zj,...,z,] withr=p—1logs 7+ O(1). Our next algorithm performs fast
evaluation at ¢ by taking advantage of evaluation trees.

Algorithm 3

Input. PE Cplzy,...,24]s,,...,

Output. An approximation of P(¢) in ((C'qZA)A with error <(2A)277=A""427F where
g:=p—m+3)logoA+1.

5, and evaluation trees for ¢ U] with error <7 2P fori=0,1.

Assumption. k>4 and e < 7%

1. If A=1 then return an approximation of P(0) in (CqZA)A with error <(2A)277,
by using Lemma 2.

2. Compute a truncation P'(z) € Cpi1lz1, .-+, 2znlsy,... 6, of P(w1z) with error <277

3. Compute truncations P and P™M of Prem Iz and P’ rem Igm in Cp2”+2[zl, cen,
zuls, .5, with error 27772 via Corollary 18.

4. Apply Algorithm 3 recursively to 27”2 P[% and the evaluation sub-trees for !
in order to obtain approximations (vy,...,va;2-1) € ((Cq[mA)A/2 of 2_”_2P[0](§[O])
with error <A 2_"[01, where q[o] =p— (nt01+3) log,(A/2)+1.
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5. Apply Algorithm 3 recursively to 27”2 P! and the evaluation sub-trees for ¢!
in order to obtain an approximation (wy,...,wa2—1) € ((C' mA)A? of 272 pll] <g[”)
with error <A2~ 9" where gM=p— nM+3) logz(A/Z) +1.

6. Return an approximation of 2"*2 (v, wo, . . -, Upj2-1, Was2-1) in (C, 2 A2 with
error <(2A)271.

PROPOSITION 19. Algorithm 3 is correct and takes time

O 4" Ap) logp+n+logA)logA),
whenever n+log A=0O(p).

Proof. If A=1 then the algorithm behaves as expected. Let us now assume that A>2. The
correctness mostly relies on the identities

P(G2i) = (PremIgmn)(&2i)
P(g2i41) = (P(w1z) rem Izm) (G2iv1/ w1),

fori=0,...,A/2. Let us verify that computations are done with sufficiently large preci-
sions. By construction, we have [P’ — P(w;z)| <277 and |P’|<|P(w12)|< 1. Corollary 18
yields [P <22, P <22 and

|PLO] — (PremIzo)| < 2 QP2
IPUT— (P rem Igm)| < [P/|27742 27742,

Since £ < 172 <7/ 5, Lemma 12 ensures that
(1+e)" < 2. 9)

In particular, it follows that [P(&)| < 2A. Assuming by induction that the claimed proper-
ties hold for the recursive call in step 4, we obtain

2" 20;— P(52)] < 2" 20— 27" 2 P0Gy + 1PN (&) — (P rem Iz1o1) (82i))|

< 272(A/2)" A2 4 (A)2) 272 (14 6)™
< NP2 A2 (using (9))
< Aﬂ+42—p‘

Similarly, for w; we obtain

22w — P(&ar1)| < 2" 2w — 27" 2P (&0 / )
+IPM (&1 41/ w1) — (P rem Izm) (Gaig1 / 1)
+IP"(&2i41/ w1) — P(&aiv1)

< 2M2(A/2) 2P 4 (AJ2) 27 P2 (14 )P £ A2 7P (14 )™

< AP ADTPHIF2 L AP (using (9))
< AP (224 071y 0Dy (since A>2)
< AP,

We are done with the correctness. As for the complexity analysis, the computation of
(wi)izo,m,A_l and then of wj, with O(p) bits of precision in step 2 can be done in time
O(Al(p)) by Lemma 4, under the assumption n +log> A= O(p). Therefore, step 2 runs in
time O(Al(p)). In view of Corollary 18, the complexity T (dy,...,,) of Algorithm 3 satisfies

T(61,...,00) < CI(4”A(p+n+logA))(logp+n+10gA)+2T(51, 5n—1;%)/
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for some universal constant C > 0. Unrolling this inequality, we obtain
T(61,...,0n) < Cl4"Ap) Jogp+n+logA)logd,+6,T(d1,...,04-1).

Unrolling this new inequality, while using the geometric increase of 4", we obtain the
desired complexity bound. |

4.2. Interpolation

Our interpolation algorithms rely on the evaluation one. We begin with a method dedi-
cated to small precisions.

LEMMA 20. Given v e C%, we can compute P € Cy[z1,...,2ule,,....5, Such that |P| < |v| and
IP(w) —v| <A27P L in time

O(A(p+logA))).

Proof. Using Lemma 5, we compute u € (C,A)* such that

lu—FFT,1(v)| < A27F*! (10)
and [u| <Alv|in time O(I(A (p+1logA))). For P we take the unique polynomial of C,[zj,...,
Zuls,,...,s, such that

AVXSEWAYACIT) -1 ]
P(x /1’x /(51 2),”‘,x) = A Z U1,
i=0,...,A-1

so we have P(w) = A" FFT,,(u). Finally (10) yields

IP(w) —v| = INTFFT,(u) — vl
< A27PHL O

LEMMA 21. Assume k>4, e< 172, and N"t427PT4 < 1. Given an evaluation tree for & U with
error gn[’] 27Pfori=0,1,and v e CFA,, we can compute P€ (C,2)[z1,...,24]s,,...,5, Such that

-----

|P(€)—'U| < An+42—p+4

in time O(1(4" Ap®) (logp +n+log A)log A).

Proof. Let g:=p— (n+3)log, A+1. By induction, we construct sequences (P;)>oand (v;)i>0
such that P;€ (Cpyi112)[21,-..,24] and v; € ((CPZ_i)A. We set Py:=0 and wvg:=v. For
i>0, we first compute Q; € (C,27")[z1,...,Zu]s,,...,6, as the polynomial interpolated from v;
by inverse FFT as in Lemma 20, so we have |Q;| <v; and |Q;(w) — il < A27IPFL Using
Algorithm 3, we then compute an approximation w; € ((C'qZ_iJrl A2 of Q;(¢&) with error

< 2A)27171 = AT
Using Lemma 3, we next compute a truncation v;, 1 of v; —w; with error <27P+1/2 Then

1Qi(&) —vi+vir1l < 1Qi(&) —wil + |w; —v; +vi11]
< 2—1'(An+42—p+2—p+1/2)
< 2—1'A11+42—p+1' (11)
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Using Lemmas 11 and 12, we obtain

1Qi(@) — Q@) < ndAIQI(1+e)" e
< 2—i—2x—3n+1 (using (9))
< 2—i—3n—7. (12)
It follows that
041l < |vi—wjl

< 0= Qi(w)|+1Qi(w) — Qi(&) | +1Qi (&) —vi + Vi1l + [vi41 — (Vi — W)

< 271 (AP 42787 L Akl o (using (11) and (12))

< 277273 4271042734273 (since A"T427PT L)

< 27,

so the sequence (v;);>0 converges to 0. We define P;,;:=P;+ Q; and verify that

IPi+1() —vo+vi1l = Z (Qi(8) —vj+vj4+1)

0<j<i
< Z 1Q;(§) —vj+vj 41l
0<j<i
< ) 27iamagH (using (11))
0<j<i
— An+42—p+1 Z 2—]
0<j<i
< An+42—p+2. (13)

On the other hand, we have [P;;1|<) < |Qj <2. We take I minimal such that
2—1 gAn+42—]7,
so we have I=0O(p). Let P be a truncation of P; with error <277 +1 Then

IP(§) —vl < IP(§) —Pi()I+IP1(§) —vo+ vl +vi]

B

< (1+e)"0A27PHL g Artidp=pF2 4 o1 (using (13))
< A27PF2p N4 TPH2 L AHAD P (using (9))
< A”+42_p+4.

Finally, Lemma 20 asserts that each Q; can be computed in time O(I(Ap)). By Proposi-
tion 19, each w; is obtained in time O(1(4" Ap) (logp +n+1log A)log A). O

The next faster algorithm exploits the usual “divide and conquer” paradigm for large
precisions p.

Algorithm 4
Input. ve (Cﬁ with A>2 and evaluation trees for ¢ l1] with error <7 2P fori=0,1.
Output. P (CPZZ) [z1,...,2Znls,, ... s, such that [P(§) —v|< N'HAp TP
Assumption. k>4 and £ <72
1.If p<m:=(n+4)logy A+ 11 then compute P’ € (C,,2)[z1,...,2uls,.. s, Such

that [P’ (&) —v| < A"427"+* yia Lemma 21. Return an approximation P of P’ in
((C'p22) [z1,...,2Zuls,,...,5, With error <27+, by using Lemma 2.

.....
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2. Let h:=|p/2] and I:=[((n+4)log, A+7) /2] and let v’ be a truncation of v
in Cf;; with error <27"~*1/2_ Apply Algorithm 4 recursively to v’ and let P’ €
(Cpei2Hz1, .. -,Zuls,,... 5, denote the output.

3. Compute an approximation w € (C, 23 A)2 of P’ (&) with error A™427F+2
by applying Algorithm 3 to 272P’, where q:=p — (n+3)loga A+1.

4.Let e:= (n+4)logaoA—h—1+5 and compute a truncation v’ € ((Cp_h+12€)A
of v — w with error <26 P*I=1+1/2, Apply Algorithm 4 recursively to 27¢v"" and
let P € (Cp_hHZZ) [21,-.-,Zuls, ... s, denote the output.

5. Return an approximation of P’ +2°P" with error <277*%

rrrrr

PROPOSITION 22. Algorithm 4 is correct and runs in time
O(1(4" Ap (nlog A)*) 1og? p).
Proof. If p>m, then h>p/2—12>1, whence p —h+1<p, which implies the termination of

the algorithm. In step 1 we obtain

IP(§) —vl < IP(§) =P (D)I+IP'(§) —vl

y/

< Az—p+2(1+£)n5+An+42—m+4

< A2TPHIp grrapTmd (using (9))
< A4 P8 (p-n=3 1 1) (sincep<mand A>2)
< Aﬂ+42_p+4

so the output is correct when the algorithm exits at step 1. After step 3 we have

|P/(g)_v/| < An+42—h—l+4 (14)
IP(&) —w| < A™H427PF2, (15)

In step 4, we note that

4)1 A+7 —
h+1 < £+(nJr Jogal+ +1 < £+u+1 =p-1 (16)
2 2 2 2
and deduce
0" < lv—w|
= |P'(§) —o'| +IP"(§) —w|+ v — |
< A QI L TRy phl2 (using (14) and (15))
< AT I ol gl TI2y (using (16) and A>2)
< An+42—h—l+5 = e

Therefore, the recursive call in step 4 is valid and gives
IP”(g) —Z_EUHI < An+42—p+h—l+4' (17)
Combining (15) and (17) leads to

/

IP'(&) +2°P" (&) —v| < [P'(&) —w|+2°|P" (&) —2"0" |+ 0" —v+w|
An+42—p+2+2€An+42—p+h—l+4+2€—p+h—l+1/2

An+42—p+4 (2—2 + 2(n+4)log2A—21+5 + 2—21+3/2)
An+42—p+4 (2—1 + 2—55)

NN N
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Consequently,
IP(&)—vl < IP'()+2°P"(§) —vl+IP(§) = P'(§) —2°P"({)]
< An+42—p+4(2_1+2—5.5)+A2—p+2(1+8)n5
< AP (71 0755y L AP (using (9))
< AP (71 L 255 o (since A>2)
< A”+42_p+4,

Step 1 takes time

O(1(4" Am?) (logm +n+1log A)log A) = O(I(4" Am*)),
by Lemma 21. Steps 3 runs in time

O(l(4"Ap) (ogp+n+logA)log A) =O(1(4" Apm?) log p),
by Proposition 19. When p > m, the complexity T (p) of our algorithm therefore satisfies
T(p) < Cl@" Apm*)logp+Th+D+T(p—h+1),
for some universal constant C>0. Unrolling this inequality, we obtain
T(p) O(I(4”Apm2)log2p+ [%1 |(4"Am4))

O(I(4”Apm4) logzp),

which concludes the proof. i

4.3. Computation of the evaluation tree

The evaluation tree for ¢ is obtained by induction: we recursively compute evaluation
trees for (% and ¢, and deduce the one for & as follows.

Algorithm 5

Input. An approximation & € (Cq 2)2 of & with error <279 where q:=p —3log, 77 +
(n+4) log% A.

Output. An evaluation tree for ¢ with error <y#277.

Assumption. k>4, |& —w|<7°.

1.If A=1 then return G(,,:=1 and an approximation G);,, of z1 — & 1 with
error <y277.

2. Letp:=p+ (n+4)log, A. Fori=0,1, let gl':=p—3log, ' + (11 +4) log3 Al and
compute ¢! e ( CZ“] 2)4 with error <21 Recursively compute the evaluation
trees T for &1 with error <yl1277.

3. For each e E}, do:

a. Compute an approximation ¢ € (CﬁnZ)A of —Pe({f ) with error <1722_’5 .

b. Apply Algorithm 4 to 77_213, T T 1et E. € (CﬁZZ) [z1,...,2,] be the returned
polynomial, such that |E¢(&) — 7 723| < AP+

c. Compute an approximation Ge;, € (C,2)[z1,...,z,] of Fe + 172 E. with error
<2712 where r:==p—logy 17+ 1.

4. Set Ggp:=1and return (Gep)eck, € (C,2) [z, .. ., zn]®", and approximations of T,
T with errors <7%277 and <y1277.
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PROPOSITION 23. Algorithm 5 is correct and runs in time
OQ2"1(4" Ap (nlog A)®) log?p),
provided that nlog? A= O(p).

Proof. If the algorithm exits in step 1, then we have Gy =z1— (1,1, so the output is cor-
rect. Now, let us assume that A >2 and note that

g < p—3logan+ (n+4)logiA— (n+4)loga A+n+1

<g-3 (18)
and
&l < lwil +1&G—wil +1&E =Gl < 1+734277 < 1+ 78+ %274 < 1.1 (19)
Fori=0,...,A/2, we compute fi[o] as the truncation of 521' with error <2_‘7[0]_1/ 2 using
Lemma 2. Hence,
67 =" < 161 = Gail + 162 = &)
< =112 5=
< 271" (27124278 (using (18)
< g

From Lemma 4, we may compute a truncationwe Cg, 3 of w™! with error <2_‘7_2 in time
O(Al(p)), provided that n log2 A=0(p). We compute an approximation y; of w ;41 with
error <27773. It follows that

1 : z 1z 1z _
=M < i—w&ipl+lw i — w0 Gl lw i — w0 il

< 27173 41.1x2717 24271 (using (19))
<277102734+1.1%x2724+1)

< 2—q+1/2

< 2-1"=572 (using (18))

~ 1
Using Lemma 2, we obtain (fi[l] as the truncation of y; with error <2_”’[ 172 Hence,

= ~ _ 1 _ 1 M
EN = < E - xl+ - gt < 271 P 2n T2 <ol
For step 3.a, we need to verify that

6] < IFe(§)l+77277

IFe(§) —Fe(w)+ 57277

n(d+1)2(1 +173+1732_4)”(S+1) Ig—wl +1722_75 (by Lemma 11 and (19))
n822 (1 45/ (5+1))"O+D|E - |+ 52277

n523|§—wl+1722_f’ (by Lemma 12)
n623 (1€ — & +1&—wl) + 77277

n6232 4+ n% + 52277

2"A28 (1P + 3y + 227

2" A2 3 4 y227P

2, (since x >4 and p >5)

INCINCINCININ N NN
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so the use of Algorithm 4 is valid in step 3.b. Thanks to Proposition 22 and using
that Ec(¢) = —F¢(&), we obtain

7> Ec(§) —Ee(d)
P2 Ee(&) = 117261+ 15 + Fe(£)| + IFe(§) — Fe(£)]
172An+42—;5+4+ 7722—13
+n0+1) 20+ + 1732_4)”(5“) &2 (by Lemma 11 and (19))
n22 P 20 PS4 0502 (1407 (54 1)) OV IE— g
n22 7P 22770 10 52%F - 8| (by Lemma 12)
n22 Pt L 22 P S P2 r?
n2 P (273 +27124277)
220,

N IN

INCINCINOININ

Lemma 13 yields |172E€— Ecl< 172_”_1'9. It follows that
Gep— (Fe+Ee)l < |Geyp— (Fe+ 177 Ee)l +1* Ee— Eel
< 2—r+1/2+;72—p—1
< 2P @7 242719)
< 27"

This concludes the correctness proof. As for the complexity we note that p = O(p) when-
ever nlog2 A=0(p). In step 3, Fe(&) can be computed in time O(I(Apn)log A), using
binary powering. In step 3.b, the interpolation of E. takes

O((4"Ap (nlog A)*) log?p)
operations, by Proposition 22. Overall the complexity T (A) of our algorithm satisfies
T(A) < 2T(A/2)+C2"(4"Ap (nlog A)*)log?p,

for some universal constant C > 0. Unrolling this inequality yields the claimed complexity
bound. 0

5. MODULAR COMPOSITION

Consider P,Qe (Z/rZ)[x]p and R e xP + (Z /r Z)[x]p, where 7 is a positive integer.

Our goal is to compute (Po Q) rem R. We first follow Kedlaya and Umans [14], by

transforming the problem into a multivariate one. For some n>1 and powers of two

51,069, ...,8, with A:=618,---8,=D and 6, - - - 6, < D, there exists a unique lift
PE(Z/rZ)[z1,....2n)55,,...,

such that

P(x) := ls(x‘sz""s",x‘s“"s”,...,x).

The first degree bound &; will be adjusted below to a larger value d; that will match the
setting of the previous section. We define

Q; = Q5’+1""S”remR, i=1,...,n,
so we have

(PoQ)remR = 15(Q1,...,Qn) rem R. (20)
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In order to compute the right-hand side of (20), we further lift the problem into another
one with integer coefficients: let Pe Z1z1, 12055, .. 5, and Qy,...,Q, € Z[x]p be the
canonical lifts of P,Q;, ..., Q, with coefficients in {0,...,r — 1} and set

~ 9

P :=P
Qi = Qi+er‘5"+1""5”, i=1,...,n,

where M is a positive integer that will be specified below. Note that D, Ql, s, Qn are still
lifts of P,Q1,...,Qy, so

15(Q1,...,Qn) remR = (P(Q1,...,Qn) remr) rem R.
We finally rescale the polynomials, so that we can compute p (Ql, sy Qn) using a spiroid:
ﬁ(zl,...,zn) = P(erl,...,ern)
Qi(x) == %Qim, i=1,...,n.
Note that
P(Qi,...,Qn) = P(Qu..., Q)

and

A e 1 .
|Qi—x51+1 ‘S”I < =, i=1,...,n.

We will evaluate
PQy, ..., Qu)
numerically using fixed point arithmetic. Setting d := deg P, we note that
d < 61462+ +6,—n
deg(P(Qy,...,Qn) < dD.

Let A be the smallest power of two satisfying A > dA, let 61:=A/ (65 -+ 6,) >d by, and
consider the standard primitive A-th root of unity w:=e*™/*& C. We wish to determine
P(Qyq,...,Qy) fromits values at 1, w, .. w1l Fori=0,...,A—1, we let

& = (Quwh), ..., 0uwh),
so we have
. (21)

SIS

I6—wl <
and
PQy,...,Qn(wh = P&).

Choosing M sufficiently large, we will be able to apply Algorithm 3 in order to evaluate P
at the spiroid ¢ = (o,...,a—1). We are now ready to prove the main theorem of this paper,
from which Theorem 1 follows.

THEOREM 24. The cost of degree D modular composition over Z /v Z is bounded by
O(D1+5/‘/Wlog13'5 Dlogr (loglog r)3>.

Proof. Using binary powering, the computation of Qy, ..., Q, takes time

OM(D) I(logr)logD) = O(Dlog3Dlogrloglogr).
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Now we take
n := [,/logZ D] -1,

whence log D =n?. More precisely, we have

JlogoD—1 < n < 4flog, D,
2" <D, and 275 D We distinguish the following cases in order to construct the
sequence 01,0y, ...,0p:
o If27°+1 >D then we take k>0 minimal such that 2”2+k> D,and then é,,=---=0,_k41=
2" land 6,_y=--- =8, =06, =2". Note that k<n does exist.
e Otherwise, 2" +" < D.
o If 21°+2n > D then we take k>0 minimal such that 2”2+”+k> D, and then §,=---=

Suir1=2""2and 8,_r=---=6,=06,=2"*1.
o Otherwise we take 6,=2"*3 6, 1=---=8,=6,=2""2
In this way we achieve DA <2D and
d = Om2"), (22)
whence
A = O(n2"D) = O(2"Dlog!?D) (23)
and
logA = O(logD). (24)
Recall that 77:= %. Now we take x:=4 and M € N minimal such that
% < 1P

so, using (24), we have
logM = O(n+logA+logD) = O(logD). (25)
With this choice for M, the inequality (21) implies
1§ —wl < 7’
Let 2" be the smallest power of two that satisfies 2" >r (rM)?, so we have |15| <2™ We set
p = m—logan+ (n+4)log%A.
From (22) and (25) we obtain that

p = O (logr+log M) +nlog?A)
= 02" (logr+log D)log®? D)
= O(2"log rlog7/2 D) (26)
and that
logp = O(loglogr+log!/?D). (27)
Since IQ1I =...= IQn| :~1, using Lemma 5 with g:=p —3log, 7+ (n+4) log% A=0(p), we
compute a truncation & of & with error <A279%! in time
OWl(Ap))
= 0((2*"Dlogrlog* D)) (using (23) and (26))
= O(2*"Dlogrlog* D (loglog r+log D)) (using (24) and (27))

= O(2*"Dlogrlog® Dloglogr). (28)
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Since nlog2 A=0(p), Proposition 23 allows us to compute an evaluation tree for ¢ with
error <7277 in time

OQ2"1(4"Ap (nlog A)®) logzp)

023 Ap (nlog A)log(4" Apnlog A)log? p)

= O(2°"Dlog*Dlog r (using (23) and (26))
x (nlog A)°log(4" Ap)log?p)
= 0(2°"Dlogrlog'° D (log log r)?). (using (24) and (27)) (29)

Following Proposition 19, this bound dominates the cost for obtaining an approxima-
tionv € (<quA2m+1)A of P(&) with error A" ™2"~%, where ¢’ :=p — (n+3)loga A+1, so
we have

PQ1, ..., Qn) (w) —o < AMFE2"F
hence
IP(Qy,...,Qu) —FFTZ (v)| < A2, (30)
thanks to Lemma 10. Via Lemma 5, we compute A(x) € (CpAZm”) [x]a such that
IA—FFT5 (v)] < A2"7PH2 (31)
in time O(I(Ap)) = O(ZZ”Dlog rlog5 Dloglogr), using (28). Finally, we get

A=DP(Q1,...,0m < JA—FFT5 (0)|+IFFT5 (0) = P(Q1,..., Q)
< A2MTPR2 L AP (by (31) and (30))
< 17A2_(n+4)10g%A+2+ ]72(n+4)10g2A—(n+4)10g%A

2—1

VAN

so rounding the coefficients of A to the nearest integers yields P (Ql, e, Qn). Since
loglAl = O(log D+ m)

= O(ogD +dlog(rM))

= On2"(logr+logD)) (using (22) and (25))

= O(2"logrlog®?D),
we compute IS(Ql, .. .,Qn) remr in time

O(Al(loglAl)) O(2"Alog rlog3/2 Dlog(2"logrlog D))
O(2"Alog rlog® Dloglogr)
= 0O(2*"Dlogrlog®?Dloglogr). (using (23))
The final division of P (Ql, ., Qn) by R over Z /r Z has cost
oMW I(r)) = O(Alog2 Alogrloglogr)

= O(2"Dlogrlog®’? Dloglogr). (using (23) and (24))
The total cost of the method is dominated by (29). O
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