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Many sequences that arise in combinatorics and the analysis of algorithms turn out to
be holonomic (note that some authors prefer the terminology D-finite). In this paper,
we study various basic algorithmic problems for such sequences ( f,,),en: how to com-
pute their asymptotics for large n? How to evaluate f, efficiently for large n and/or
large precisions p? How to decide whether f, >0 for all n?

We restrict our study to the case when the generating function f=} _. f,z" sat-
isfies a Fuchsian differential equation (often it suffices that the dominant singularities
of f be Fuchsian). Even in this special case, some of the above questions are related to
long-standing problems in number theory. We will present algorithms that work in
many cases and we carefully analyze what kind of oracles or conjectures are needed
to tackle the more difficult cases.

1. INTRODUCTION

1.1. Statement of the problems

Let K be a subfield of C. A sequence (f,)nen € CY is said to be holonomic over K if it
satisfies a difference equation

Zs(n) fags+ -+ +2o(n) fn=0, (1.1)

where X=%,0°+ -+ Lo€K[n][c]is a linear difference operator in o:n—n+1 with £;#0.
(Note that some authors prefer the terminology D-finite or P-finite instead of holonomic.)
Many interesting sequences from combinatorics, the analysis of algorithms, and number
theory are holonomic [46, 13]. We say that (f,,) is K-holonomic if f, € K for all n € N.
We say that the equation (1.1) is non-degenerate if X5(n) #0 for all n € N. In that case,
the sequence is entirely determined by its first s coefficients and (f,) is K-holonomic
if and only if (fy,..., fi—1) € K.

Throughout this paper, we assume that K = Q®® is the field of algebraic numbers.
Given a non-degenerate K-holonomic sequence ( f,,) € KY, one may raise several natural
questions:

Q1. How to compute the asymptotic expansion of f, when n — oo?
Q2. What kind of constants coefficients can occur in the asymptotic expansion of f,,?
Q3. How to compute terms f, of the sequence efficiently as a function of n?

Q4. How to decide whether f, >0 or f, >0 for large, all, or infinitely many n € N?
(For this question, we assume that f, € QAR for all n.)

. This article has been written using GNU TgXyacs [25].
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These questions are related and can be further refined. For instance, it is natural to com-
pute terms f, as elements of K. However, if n becomes large, then the bit-size of f, is
generally at least proportional to n. When that happens, it may be preferable to switch
to a floating point representation. If we have an asymptotic expansion of f, with suitable
error bounds, then we may exploit that to quickly compute floating point approxima-
tions of the f,, for large n. Similarly, if the dominant term of the expansion of f, is positive
and provably dominates the other terms, then we may deduce that f, >0 for large n.

Assuming that the generating function

f@)=) fuz"

neN

is analytic at the origin, it is well known that the asymptotic behavior of the sequence ( f,,)
is closely related to the behavior of f near its dominant singularities (i.e. the singularities
of smallest absolute value). As will be recalled in section 2.1, the generating function f is
again holonomic in the sense that it satisfies a non-trivial linear differential equation with
polynomial coefficients. Holonomic functions can be evaluated extremely efficiently and
their singularities are well understood.

In this paper we will restrict our attention to the special case when at least the dom-
inant singularities of f are Fuchsian (see section 2.2 for a definition). In that case, the
behavior of f near its dominant singularities becomes much simpler and the evaluation
of f near these singularities even more efficient.

In their full generality, the questions Q1, Q3, and Q4 turn out to be very difficult, even
in the Fuchsian case. Indeed, if f is actually a rational function, then the last question Q4
is related to Skolem's problem, which asks whether f, =0 for some n & N. Now if f is
a rational function, then so is g(z) ===}, -y 22" and fn=0&=g,>0forallneN. The
hard cases for Skolem's problem occur when f has several dominant singularities. One
archetype example is

fn = Acos(an)+pucos(Bn)+vcos(yn), (1.2)

with e'%, elh ,el7, A, u,veKNR. A variant of this problem is also relevant for the ques-
tion Q3: if certain terms of this sequence (1.2) can become “absurdly small”, then the
computation of floating point approximations for these terms may take much longer
than expected, since we need to compute with a precision that exceeds the order of can-
cellation. We refer to [32] for more information on Skolem's problem and to [40] for
some recent related progress in the context of hypergeometric sequences.

On the positive side, examples like (1.2) are fairly pathological, so it remains reason-
able to hope answering our questions for most practical examples from combinatorics
or the analysis of algorithms. One interesting concrete example was studied in [35].
The authors exploit the fact that the then open problem about the uniqueness of the
Canham model for biomembranes reduces to proving the positivity of a certain holonomic
sequence. They solve the latter problem using singularity analysis [13] and techniques
for reliable numerical computations with holonomic functions [9, 20, 21, 37, 36]. In
the present paper, among other things, we will extend this approach to more general
holonomic sequences. Independently of this work, the implementations from [35] were
further extended in [10]. Note that other approaches to automatically prove the pos-
itivity of sequences were proposed in [17, 31].
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In fact, the main purpose of this paper is to provide the best possible answers to ques-
tions Q1-04 as long as we do not run into number theoretic trouble. We will also identify
the precise nature of possible trouble, thereby clarifying which problems need to be over-
come if we want to give even better answers. Most of our results rely on well known
techniques. Our main contribution is therefore a detailed analysis of how to answer the
questions Q1-Q4 as well as possible using these techniques.

1.2. Overview of our contributions

Let us briefly outline the structure of this paper. Section 2 contains reminders about holo-
nomic functions, Fuchsian singularities, and holonomic constants.

In section 3, we start with questions Q1 and Q2. In order to obtain asymptotic expan-
sions, we use Cauchy's classical contour integral formula for f, and deform the contour
into a finite number of loop integrals around the smallest singularities of f (section 3.1).
Each of these loop integrals is a truncated Mellin-style integral, whose asymptotic expan-
sion can be computed using classical formulas (section 3.2). (In the context of difference
equations, note that some authors use the terminology “Pincherle transform” [42] instead
of “Mellin transform”.) Adding up the contributions from each of the singularities, we
obtain an asymptotic expansion for f, (Theorem 3.2). The coefficients of this asymp-
totic expansion can be computed explicitly and expressed in terms of (non-singular)
holonomic constants and values of higher derivatives of y(z) = I['(z)~! at points in K.
Using reliable numeric techniques from [21, 35], one may also compute explicit bounds
for the error of the asymptotic expansion (section 3.3).

Unfortunately, Theorem 3.2 is imperfect in the sense that some of the terms in
the “asymptotic expansion” for f, may cancel out (in which case the bound for the error
becomes larger than the expansion itself). This may actually happen in three different
ways that will be analyzed in detail in section 4.

First of all, consider a holonomic function g that converges on the closed unit disk 1.
Its value g(1) at z=1 is a holonomic constant (and any non-singular holonomic constant
can be obtained in this way). Now f =g/ (1 —z) is also a holonomic function and the first
term of the asymptotic expansion of f, is given by f, ~ ¢(1) if and only if g(1) #0. This
shows that we need a zero-test for holonomic constants in order to detect cancellations
of terms in the asymptotic expansion of f,,.

A second kind of cancellation may occur between distinct terms in the asymptotic
expansion and only for certain values of n. Consider for example

1 1 1
fl@) = 1—z+1+z+1—z/2
fn

1"+ (=1)"+27"
Then the dominant terms 1" and (—1)" cancel out for odd values of n. We call this
phenomenon “resonance” and the good news is that it can be entirely eliminated by con-
sidering a finite number of cases in which f, is replaced by a subsequence fi1,+, withIT€
N~ and p€{0,...,I1—1} (see section 4.2).

A non-periodic variant of resonance is “quasi-resonance”. Consider for instance the
sequence (fy)nen from (1.2). We say that this sequence is quasi-resonant if, for every
C>0 and x € R, there exist an infinite number of n >0 with |f,] <Cn~". In fact, we
conjecture that quasi-resonance implies resonance (Conjecture 4.5), but a proof seems
currently out of reach.
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Assuming a zero-test for holonomic constants and the absence of quasi-resonance,
it is possible to automatically compute the asymptotic expansion of f, in a strong
sense, without suffering from uncontrolled cancellations (Theorem 4.6). Under these
hypotheses, we also show in section 5 that p-bit floating point approximations for f,
can be computed in smoothly linear time O(p (log p)*log (np)loglog n): see Theorem 5.2.
This bound is uniform as long as log n=O(p).

In section 6 we turn to question Q4. Whenever we can compute an asymptotic expan-
sion f,° of f, for which the error |f, — fi°| is strictly smaller than | f,,| for n >n, the positivity
of f, can be deduced from the positivity of f;° for n>ngand the positivity of fy,..., f,—1.
However, for a sequence (f,)uen like (1.2) and x> 2, it can be hard decide whether f, +
Al + ||+ [v] >n~" for all n >np: what we need here is an even more precise version of
Conjecture 4.5. Nevertheless, this example is fairly pathological. For any e >0 and x>0,
we always have f, + |A| + ||+ [v| + € >n~" for all sufficiently large n. Conversely, if «,
B, v, and 2 1t are Q-linearly independent, then f, + Al + [u| + [v] — e <n ™" for infinitely
many 7. In section 6, we will show that something similar holds in general, by relying
on sequence counterparts of results from [19].

For our partial answers to questions Q1-Q4, we only need the dominant singularities
of f to be Fuchsian, except in the case of cancellations that also require the examination
of subdominant singularities. In the last section 7, we finally mention a few interesting
results that hold if f is globally Fuchsian. From bases of local solutions of the differential
equation for f, it is then classical that we may construct a basis of solutions to the differ-
ence equation (1.1) using Mellin transforms based at the corresponding singularities [42,
38, 15]. We show that this theory can be made fully effective and also develop a differ-
ence counterpart for the concept of transition matrices from [21]. The Mellin transforms
can still be applied in the case when 7 is replaced with a complex variable u such that
Re u is sufficiently large. This can be used for the construction and efficient evaluation of
meromorphic solutions to the difference equation Xs(u) (1 +s) + - - +Zo(u) ¢(s) =0.

One obvious limitation of the present paper is that we only consider the case when
the dominant singularities of f are Fuchsian. The irregular case has been studied exten-
sively from a theoretical point of view [39, 16, 11, 2, 28, 29, 30]. In a forthcoming work,
we intend to investigate this case from a similar perspective as in this paper.

A minor restriction of this paper is that we assumed K to be the field of algebraic
numbers. This enables us to prove a softly optimal uniform complexity bound for the
computation of a p-bit floating point approximation of f,. For more general subfields
of Q C C, the results in this paper still go through, using ideas from [9], but the uniform
complexity bounds in section 5.3 have to be replaced by O(p*%log n).

2. PRELIMINARIES

2.1. Holonomic functions
A function f(z) is said to be holonomic over K if it satisfies a differential equation
Li(z) f(z) + -+ +Lo(2) f(2) =0, (2.1)

where L=L,9"+--- +Loe K[z][d] is a linear differential operator in 0 =9d/9z with L, #0.
Without loss of generality, we may assume that we normalized L so that ged (Ly,...,.L,) =1.
We say that f is K-holonomic if F(z) := (f(z), .. .,f(r'l)(z)) € K’ at a certain non-singular
pointze K.
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It is not hard to see that a sequence (f,)nen € CY is holonomic over K if and only if
its generating function f is holonomic over K. Indeed, using the dictionary

n <« z0

o — z71

and modulo normalization, any non-zero operator . € K[n][c] can be rewritten as a non-
zero operator L € K[z][d] and vice versa. Then (1.1) holds if and only if (2.1) holds.

Example 2.1. The harmonic numbers H, =1+ % +--- +% satisfy the difference equation
n+2)H,,p—2n+3)H, 1+ (n+1)H,=0
for all n € N and the equation
n+1) (n+2)Hppo— (n+1) 2n+3)Hyp1+ (n+1)?H, =0

for all n € Z. According to the above dictionary, this yields the equation

(z0+1) ((z0+2)(z*H) — (2z29+3)(z ' H) + (zd+ 1) H) =
which can be rewritten as

z719((z=1)?9H+ (z—1)H) =

Taking X = (n+2)0?—c+n+1, we thus get L= (z=12%9%*+3(z—=1)9+1.

Remark 2.2. In the above example, we multiplied the equation by 1+ 1 to make it hold for
all n € Z instead of all n € N. In general, given a difference equation (1.1) that holds for
all n €N, we can transform it into a difference equation that holds for all n € Z through
multiplication by (n+1) --- (n+s).

From an analytic perspective, if f is holomorphic at the origin, then we may retrieve
the coefficients f, using the Cauchy integral

f(Z)
n 27‘[1 é z”"‘l (2'2)

where we integrate over a circle with center z=0 and a sufficiently small radius.

2.2. Fuchsian singularities

Consider a holonomic function f that satisfies (2.1). The only possible singularities of f
are located at the roots of L, or at infinity. Modulo a change of variables z < z + a with
x €K or z z! (for a singularity at infinity), the study of f near such singularities can
be reduced to the case of a singularity at the origin. If L,(0) =0 and if (modulo multipli-
cation by a power of z) we can rewrite the equation (2.1) as an equation

(A(z) (z9) + - +Ap(2))(f) =0

with A, ..., A,€K[z] and A,(0) #0, then we say that L is reqular-singular or Fuchsian at
z=0. If this is the case at all singularities (modulo the above changes of variables), then
we say that L is Fuchsian. Sometimes, we will also apply this terminology to solutions f
of the equation Lf =0 or to the sequence (f,,),en instead of L. If f is holomorphic at the
origin and the non-zero singularities of smallest absolute value of f are all Fuchsian?!,
then we say that f (as well as the sequence (f,)nen) is dominant-Fuchsian.

2.1. If f has no singularities in C, then the assumption that f is Fuchsian at infinity implies that f is actually a
polynomial. In what follows, we will discard this trivial case and assume that f has at least one singularity in C.
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If L is Fuchsian at the origin, then it is well known [14] that (2.1) has a fundamental
system of local solutions (/; )1<i<p,0<j<v; Of the form

hi€2" ((logz)! +zK{{z}}[logz]),

where K, €K, 2K =z A €K}, vy + -+ + vp,=r, and K{{z}} denotes the ring of conver-
gent power series in z. Moreover, there exists a unique such system of solutions (up
to a permutation of indices) with the property that the coefficient of z* (log z)/ in h;" j'
vanishes whenever (i’,]") # (i,j). We call it the canonical system of solutions at z=0. We
call z" (log z)/ with j<v; a fundamental monomial for L.

If L is Fuchsian at a point « € K, we thus have a corresponding canonical system of
solutions hf,...,ht with

he (z—a)* K{{z—a}}[log (z—a)].

If L is Fuchsian at infinity, then we also have a corresponding canonical system of solu-
tions hi°,..., hy° with
hi* € z* K{{z™)}[log z].

Let H* be the row vector with entries hf,...,h;°. Given a local solution f to Lf =0 at
z=a €K U/{oo}, there exists a unique column vector F(«) € C" such that f =H"*F(«a). We
call F(a) the initial condition or generalized value of f at z=a. This definition still makes
sense at non-singular points, in which case F(«) is simply the column vector with entries

fla), f'@),...,f7 D@/ (r=1

2.3. Holonomic constants

For a precise answer to question Q2, it is important to first introduce various relevant
classes of “holonomic constants” that can be obtained as values of holonomic functions.
We will follow [26, section 4.4 and appendix B], while restricting us to non-singular and
regular-singular holonomic constants.

Let LMl and £ denote the sets of monic L€ K (z)[9] whose coefficients are respec-
tively defined on Dy:={z€C:lzI<1} and Dy:={z€ C:|z| < 1}. Let L™ be the set of
L € L5 such that L is at worst regular-singular at z=1. We also define LM to be the
set of monic operators L € K (z)[ 9] whose coefficients are defined on a@o,l \ {0} and such
that L is at worst regular-singular at z=0.

We define F1l, Frhol and Fhola to be the sets of solutions f € K{{z}} to an equation
Lf =0, where L e Lhol 1 e prhol o [ e £hola respectively, and such that lim,_,; f(z)
exists. Then we define

Khol .= {f(l):fej;hol}
Krhol — {llmz_,] f(z) :f e j;rhol}
]Khola — {f(]-) :f e j;hola}

We call K" the set of holonomic constants and K'°'2 the set of Fuchsian holonomic constants.
Each of these three sets actually forms a ring [26, Proposition B.1]. Moreover, these three
rings turn out to be closely related (see also [12]):

THEOREM 2.3. [26, Theorem B.5] We have
Jhol ¢ rhol = hola = =1 fchol
where
X o= {((1—e ™). (1—e 2%y iy, € (KNR)\ Q).
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Figure 3.1. Deformation of a Cauchy contour into a contour of radius R that avoids a finite number
of singularities. Since &, and a3 are aligned with the origin, we slightly modified the directions of
the corresponding truncated Hankel contours H, g and 43 r to avoid collisions.

Now consider a holonomic sequence (f,),en € KN whose generating function f
belongs to 1. So Lf =0 for some L € LM%, Assume that L has a Fuchsian singularity
ata € K* and let hf,. .., h¥ be the canonical system of local solutions at a. In particular,
there exist unique Ay,...,A,€ C with f =A1hf+--- + A, hf. In fact, we have A4,...,A, € [Khola
(see [26, Proposition B.3]) and we can compute Ay,...,A, using the algorithms from [21].
Here “computing” is understood in the following sense: for any e€ Q~ and i=1,...,r,
we can compute an approximation A; € Q[i] of A; with |A; — A,/ < e. Note that this does
not imply the existence of a zero-test for the constants Ay, ...,A,. The zero-test problem
for holonomic constants will be discussed in section 4.4 below.

3. ASYMPTOTIC EXPANSIONS

3.1. Decomposing Cauchy contour integrals into Mellin integrals

The traditional method to determine the asymptotics of a sequence f,, whose generating
function f is holomorphic at the origin is based on the Cauchy contour integral (2.2):

f(Z)
n 27'[1§ Z”H‘l (31)

If f is holonomic, then f has only a finite number of singularities a7, ..., ay, which are all
in K*. For some R>0and me({l,...,¢}, assume that |aj <R fori=1,...,m and |a;| > R for
i=m+1,...,{. Then we may deform the contour from (3.1) into a contour that consists
of m truncated Hankel contours H1 g, ..., H, r and m residual arcs Aq g, ..., Ay g on the
circle with center 0 and radius R: see Figure 3.1. Then (3.1) becomes:

f@ 4 f@ 4
fu = 27(1( fHkRan +ZfAkRzn+l ) (32)

We may chose the truncated Hankel contours Hi to depart radially from the origin toward
infinity. In the degenerate case when the arguments of certain singularities a; # &; coin-
cide, we turn the contours clockwise by a fixed sufficiently small angle: see Figure 3.1.
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Integrals of the form f
@ 4
27 L{kR zn+1 dz (33)

are called truncated Mellin integrals®'. As to the residual integral on A:= A rU-+-U Ay g,

we have
f(Z)
27[1 Z fAkR Zn+l

where [|f|lA :=max,ea [f (z)|. Note that an upper bound for ||f||5 can be computed effi-
ciently using the algorithms from [20].

Most of the remainder of this section is dedicated to determining the asymptotics of
integrals of the form (3.3) in the case when f is Fuchsian at a. The integrals for which |a|
is smallest typically dominate the other ones, but cancellations may sometimes occur, in
which case we will also need to examine the subdominant singularities. Let us consider
one simple example of this phenomenon.

< |27t R fla| _ [fllA
= 2w R”+1| R™’

Example 3.1. The rational function
1 1 1
f= 1—z+1+z+1—z/2
from the introduction is certainly holonomic, with singularities at a1 = -1, a4 =1, and
a3=2. We have

fo = (=D"+1"+277,
where we note that (—1)" + 1" =0 for odd values of n. In other words, the asymptotics

of f, depends on the parity of n:

fa = 24027 (ne2N)
fo = 27" me2N+1)

Q

3.2. Elementary Mellin integrals

Let us first study the very special case when
f= (a—z2)""(log (xa—z))"

with a € K#, k€K, and m € N. Explicit formulas for the asymptotics of the Taylor coef-
ficients f, are well known in this case, but it is convenient to recall the details of this
computation. Modulo a change of variables z=xz’, we may assume assume without loss
of generality that a =1.

In this special case, for n > —Re «, the contour integral (3.1) can rewritten into the full
Mellin integral

1 (1-2)""(log (1-2)"
fu = szmw Zn+1 Z
where H{* is a Hankel contour that starts at z =+ oo, then turns clockwise around z=1,
and finally returns to z = +co. Setting z=e ¢, this formula becomes
1 (1—e 9" (log (1—e é”))’“
fu = 27 .[ e~ dé,

3.1. The classical Mellin transform uses a straight integration path from z=0 to +oo instead of a Hankel contours
around a;. We will say that our Mellin integral is “based at a”. The use of a Hankel contours extends the definition to the
case when f is not integrable at ay. In the context of difference equations, certain authors prefer the terminology “Laplace
transform”, “Pincherle transform”, or “Nérlund transform” instead of “Mellin transform”.
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where Hy* is a Hankel contour that starts at { = —oo, then turns clockwise around ¢ =0,
and finally returns to { = —cc. We regard (1 — e 0)~* (log (1— e~%))™ as an element of

7" (dog O)™ + ¢ Q{{¢}}1og (1<), where Q{{{}}[log {]<m denotes the set of polyno-
mials in Q{{{}}[log {] of degree <m in log {:

(1—e )™ (og(1—e )™ = 7Y > ;¢ (log ),

j<mieN
with g ;= 6, (Kronecker delta) and ;,, =0 for all i >0. Then
1 ) .
— . J— g
Ju = 2mfﬂa°o Z Z i  (log §)ledg. (34)
j<mieN
Let
1
'Y(A) = m

From the classical formula [45, Section 12.22]
_ 1 Aol
) = mj}la“’ ¢edg,
we deduce
(=1

(@) _
W) = 2 Tti

[, ogd)igefdy,
Hg™
whence
1 o L -1yl
— jrrefndr =
27’(1.[}{5"" (log ) ¢™"edl = Z 27t

i=0

] .
=Y (-1 @ (log n)/~'nA =1y (1) (3.5)
i=0

<]z> (logn)/ ~in?-1 Lﬁa‘” (log )z ™efdl

When plugging this identity into (3.4), we obtain an asymptotic expansion

fn = <F(K)) n*~1(logn)™ + Z Z ci,jn"_l_l (log n)/,

j<mieN

where ¢; ;€ K[y(x),y (x),.. .,’y(’m(K)] can be computed explicitly. Note that the series
that underlies this expansion usually diverges. It will be useful to introduce

Ky ™)) = Kly(x),7'(1),7" (0),...]
Kly™ 0] = (] Kiy™ o],
ek

3.3. Effective local error bounds

Assume now that L has a Fuchsian singularity at z=a € K* and consider a local solu-
tion f of the form

f € (a—z2)""K{{z—a}}[log (z—a)],

where a € K¥, x € K. We recall that general local solutions to Lf =0 are linear combina-
tions of local solutions of this special form. For some & >0 sufficiently small, consider

2.

271ti [Z(lJrE) Zn+1 4
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where J{Z(Hs) is a Hankel contour from z=a (1 + ¢) around z=1 and then back to z=

a(1+¢). Our aim is to determine both the asymptotics of f,"* and an effective bound for
the remainder.

As in section 3.2, we first reduce to the case when a =1 and then perform the change
of variables z=e~¢. Let P = f(e_g) € "K{{{}}log (] and ¢:=log(1+¢), so that

1 f(z) 1 »
ot |42 = g [ 906 dg
Let TeN be a truncation order and let
§ = (o) + - +Ppr_1( T

be the truncation of ¥ modulo o(gT_"), with ¢y,...,r_1 € K[log {]. Using (3.5), we can
explicitly compute

27ti

fu™ = f}fa“ POl

as an element of n* 'K [y ™ (x)][n~1] [logn].
Given i,j€N, let us now study the difference

A= 27‘[1 .f){ wgl "(logC)Jeg’ldC—znlL{ eéz "(logg)]eé’ldg
We have

T[|Im x|

A <

f gimRex (4 llog Zne~de.

Moreover, assuming that e <1, we have |~ Lg2ye, |ge-é'| <e ! and |(t+ llog ¢ e fI<
5+|log el for { €[, ), so
1

A < ﬂeT"Im’"( )R 5+ log el) (1+) ™"+ (i<Rex)
A < %enllmKI+ReK—i<5+|1Og€|)]<1+€)—”—Re’f+i+j (i=zRex)

Since ¢ is a linear combination of functions ¢'~* (log ¢)/ with i,j € N, this allows us to
compute an explicit bound

1
27mi Lﬂaw pOe"dl -5

for a suitable constant C > 0.
Since f is Fuchsian at z =1, by taking ¢ sufficiently small, we can use the algorithms
from [21] to compute a bound

1Y) =) < BIgITRe log g1

for all  with |{1€ (0, p] and |arg {|< t. Given v>T —Re k+ 1, we may further transform
this into a bound

] Ol < cavo,

27ti

p() — (I < BIZL
If v>0, then

]27111 [ - ¢<§>>eé’”d§‘ 2 grtertingg (36)

< — v
< T[F(v)n
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Altogether, we may compute constants B’,C>0 and polynomials cg,...,cr-1 €
K[y™N ()] [log n] such that

|fnl,€ _ (co(log n)+--- +CT—1(10g n) n_(T_l)) nK_l| < Bn"+CA+e)7",

for all n>0. Such a bound can also be proved without the assumption v >0, by doing
|1 — v] partial integrations before estimating the left-hand side of (3.6). We omit the
details, since the case when v >0 suffices for the proof of our main Theorem 3.2 below.
To conclude this section, let us finally consider a solution f to Lf =0 with f, €K for
allneN. Let hi, ..., hf be the fundamental system of local solutions to Lk =0 with

hi € (a—z) " K{{z—a}}[log (z—a)]

fori=1,...,r. Using the algorithms from [21], we may compute the unique constants A,...,
A, € KM guch that f=A1hi+---+Ah. Let v>0and let Ty, ..., T, be minimal integers
with v>T;—Rex;+1fori=1,...,r. We have shown above how to compute polynomials
Cior--,CiT—1 EK[y N ()] [log n] and constants B;, C; such that

|(h)eE — (ciplogn) + -+ +c;r—1(logn) n™T=Dy =1 =" < Bin™|a|™" + Cila +ea|™",

forall n>0. Setting B, =|A1|B1+ - +IA,/Brand C,x=|A4|C1 + - - - +|A,/ C,, it follows that

e Z ci,j(logn)n""_l_ja_” < Bun7Va "+ Cula+eal™",
i,j<T,'
for all n>0.

3.4. Asymptotic expansions with effective error bounds

Let us now return to the general setting from subsection 3.1: for some R>0and m&{1,..., £},
we assume that |a;| <R fori=1,...,mand |a;] >R fori=m+1,...,{. We also assume
that each of the singularities a; with i€ {1,...,m} is Fuchsian.

In the previous subsection, we have seen how to compute asymptotic expansions
with effective error bounds for the truncated Hankel integrals

1 L{ f(2)

27’[1 21:(1+s) ZTZ+1 4
1

fori=1,...,m. Assuming that |a;| (1+¢) <R, the truncated Hankel contour H; g consists of
H;’f;<1+€) and two straight stretches between «; (1+¢) and a; (R/|a;]). Using the algorithms
from [20], we may compute a bound | f||; for |f| on these two stretches. Then we have

1 f(z2) 1 f(2) 2 (R (AL
‘2711 f}f,-,R zn+1 dz— 27mi IH§5(1+S) z"+1 dz < ﬁf\aﬁ(lﬂ) zn+1 dz
< I £ .
Ol + el

Combining this with the bounds for the residual integrals, this gives a first answer to
questions Q1 and Q2:

THEOREM 3.2. Let f, m, {, R, ¢, and a1, ..., a be as in the text above. For any vy,..., v, €R, we
can compute an asymptotic expansion 25 for f, in K[y M (K)1[(K*)",nX,log n] together with
bounds B;,C;,E€ Q~ and ng € N such that

m

o fi <Y bi +i ¢ L E (3.7)
n n X nvimiln = |“z’+0‘i€|n Rn’

forall n>ny.
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Remark 3.3. In principle, the error at the right hand side of (3.7) can be replaced by
a single term of the form Bn~"|a;|™", where |a;| is smallest among |a1], ..., |a,|. However,
from a numerical point of view, some of the B; and C; may be very small (or even zero),
in which case it may be preferable to use the error bound from the theorem. We will
return to this issue in section 4.4 below.

4. PERIODIC OR QUASI-PERIODIC CANCELLATIONS

4.1. Classical results for rational functions

In Example 3.1, we have seen that the contributions of more than one dominant singu-
larity may cancel out in a periodic fashion. Is it possible to predict when this phenomenon
occurs? As demonstrated by Example 3.1, this is already an interesting question in the
case when f is a rational function. In that case, exact cancellations can actually be pre-
dicted, as we will recall now. In section 4.2, we will deal more generally with approximate
cancellations as in Example 3.1.

So consider a sequence (f,),en € KN whose generating function is f is rational. Then
the classical Skolem-Mahler-Lech theorem tells us that the zero-set {n € N: f,, =0} is ulti-
mately periodic. This was first proved by Skolem in the case when K = Q, next by Mahler
for K = Q¥8, and finally by Lech for general fields K of characteristic zero:

THEOREM 4.1. [44, 34, 33] Let K be a field of characteristic zero and let (f,)nen € KN pe
a sequence whose generating function f is rational. Then there exists a period I1€ N~ and finite
sets AC{O0,...,IT—1} and XCN such that

{(neN:f,=0} = P+IIN)UX. (4.1)

The periodic part P+IIN in the above decomposition is actually computable [4],
whereas the computability of the exceptional part X is currently an open problem [41].
Let ay, ..., be the singularities of f and let U:=exp (27tiQ). We say that f is resonant
ifa;/a;€ U for some i+ j. Setting

IT := lem{q:a;/aj= e*™P, ocd (p,q) =1}, (4.2)

this is the case if and only if II>1. Berstel and Mignotte proved the following:

THEOREM 4.2. [4] Let K be a field of characteristic zero and let (fy)nen € KN be a sequence
whose generating function f is rational. Assume that f, =0 for infinitely many n € N and let I1
be defined as in (4.2). Then fis resonant and we may compute a finite set P C{0,...,IT1—1} such
that (4.1) holds for some finite set X C N.

It is instructive to detail the computability statements. Let L:= Q(«ay,...,a¢) and d:=
[L:Q]. Consider i# j for which &;/a;= e2™P/1 with ged (p,g) = 1. Since Q(a;/a;) is
a subfield of L, we must have [Q(a;/a;)] = ¢(q) |d. Using that ¢p(n) >n/ (e"loglog n +
3/log log n) for g >2 [43, Theorem 15], it follows that q < §:=6d [log log max (d, e®)].
This allows us to compute g as the smallest ke {1, ...,7} with (a;/ oc]-)k =1. We conclude
that ITis computable.
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Now for every p€{0,...,IT1—1}, the generating function g'¥! of ( full+p)nen satisfies

g[p](zn) = Z f(a)iz)w_ipz, (4.3)

0<i<II

where w=e?™/IL This allows us in particular to test whether g/?? =0 and to compute the

set P. If needed, we may also deduce the minimal period IT" and corresponding P’ for
which (4.1) holds.

4.2. Removing resonance

Let us now consider an arbitrary holonomic sequence (f,),en € KN whose generating
function f is convergent at the origin. Let ay,...,ay be the non-zero singularities of f.
We define II as in (4.2) and say that f is resonant if I >1. Note that the arguments
at the end of the previous subsection still allow us to compute I1. As in the algebraic
case, the coefficients of a resonant holonomic sequence can vanish in a periodic manner,
or become disproportionally small on a regular basis. This problem can be removed
through the consideration of subsequences and case separation, as in Example 3.1:

PROPOSITION 4.3. With the above notations, the subsequence ( fur1+p)nen is holonomic and non-
resonant for any p €40, ..., IT1—-1}.

Proof. The generating function ¢*! of (fyr1+p)nen satisfies (4.3). Using standard closure
properties, it follows that (fu114p)nen is holonomic. The singularities of the right-hand
side of (4.3) are contained in the set A:={a;w’:i€(1,...,£},j€{0,..., 11— 1}}. Therefore
the singularities of g are contained in the set All = {oc?, e, oclf}. So it suffices to show
that all/ oz]H & U whenever all + oc]H. Assume for contradiction that a}' zx]H, but ocf‘n = oc;‘n
for some k >2. Without loss of generality, we may assume that k is minimal with this
property. But then we have a;/a;=e”/*D for some p € N with ged (p,kIT) =1, which
implies kIT|IT by (4.2): a contradiction. O

The above proposition has an operator counterpart. Let #:=zd and consider a monic
operator L(z, 9) € K(z2)[0] of order r with Lf =0. Let ay,...,a, now be the singularities
of L (i.e. the zeros of the dominators of its coefficients). We define IT as in (4.2) and say
that f is resonant if IT>1.

Let us show how to compute annihilators for the generating functions g'*). First
of all, for each i€{0,...,IT—1}, we observe that L f(wiz) =0 for the monic oper-
ator L' (z,9) := L(w'z, 9). Tt follows that A:=lem (L, LY, ..., L=} is an annihilator
for g[o](zn), .. .,g[n‘l](zn). For each i€ {0,...,II -1}, we next observe that g[i](zn) =
g[i]((wiz)n), so I':=gcd (A, A, A1 g still a monic annihilator of g[i](zn). Fur-
thermore, since TV = gcd (A, AU =T, we must have I' e K (z'H[8]. Setting u =
zZlland 8, =u9/9u, we finally note that & =I1¢,. This allows us to rewrite I[,:=I17"T
as a monic operator in K (u)[9,] with l"ug[p](u) =0forallpe{0,..., II-1}.

We note that the sets of non-zero singularities of Aand I (i.e. the zeros of their denom-
inators) both coincide with the set A from the proof of Proposition 4.3. Consequently,
the set of non-zero singularities of I, is Al In other words, T, is non-resonant.



14 FUCHSIAN HOLONOMIC SEQUENCES

Remark 4.4. We may regard the transformation that maps L to I;, as a differential coun-
terpart of the Graeffe transform [27]. Indeed, if f =P/Q is a rational function, then the
denominator of g[p I must be the I'1-fold Graeffe transform of Qforeachpe{0,...,I1-1},
up to constant multiples.

4.3. Quasi-resonance

Even for a non-resonant holonomic sequence, the contributions of the dominant singular-
ities to its asymptotics may occasionally cancel out. For instance, theoretically speaking,
the sequence f, from (1.2) might occasionally become small, although this would nec-
essarily happen in a non-periodic manner.

Let us make this unlikely phenomenon more precise in the case when ( f,,) ;e is dom-
inant-Fuchsian. Let ay,...,a,, be the dominant singularities for this sequence (we assume
that m >1). We say that (f,),en is quasi-resonant if for any constants M >0 and k€ R,
there exist infinitely many n >0 with

M
Iful < T (4.4)

In fact, we conjecture that this never happens:

CONJECTURE 4.5. (QUASI-RESONANCE CONJECTURE) Assume that ( f,)nen is a non-resonant
dominant-Fuchsian holonomic sequence. Then ( f,)nen is not quasi-resonant.

Although Conjecture 4.5 is far beyond the current state of knowledge in number
theory, let us provide meager evidence why we believe that it might hold. The con-
jecture is already interesting in the case when f =3 _ f,z" is a rational function. Even
more specifically, assume that

fo = Aa"—pup",
where o, B,A, u € K7 are such that |a| = |Bl, but w/B & U. If |A| # |u|, then we clearly have
| ful 21l — Al - " for all n. Assume that |A| = |p| and that log (A /), log (¢/pB), and 2 Tti
are Q-linearly independent. Then Baker's theorem [1] implies the existence of a (com-
putable) constant C >0 such that

nlog%+log%+2kni > n¢

for all but a finite number of (n,k) €N x Z. Taking exponentials, it follows that

/\_Dén_l > n__c
up" 2
and
|l
|ful > Flal”

for all but a finite number of n € N. If log (A/u) = ¢log («/p) with ¢ € Q, then Baker's
theorem implies the existence of a constant C >0 with

(n+<p)log%+2kni > nC

for all but a finite number of (1,k) € N x Z. Using a similar reasoning as above, we deduce
that our conjecture again holds in this particular case.
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Of course, our general conjecture is far more ambitious and we have no convincing
further evidence for it yet. It may be interesting to consider the slightly weaker conjec-
ture for which (4.4) is replaced by

M
Iful <

x(logn)®

(4.5)
laq|" e

for some fixed constant 7>1.

4.4. Asymptotic expansions

Using Proposition 4.3, we can generalize the technique from Example 3.1 and reduce the
determination of the asymptotic expansion of a holonomic sequence (f,),en € KN to the
non-resonant case, modulo a finite number of case separations.

In order to detect periodic cancellations we still need a way to decide whether a par-
ticular solution f to the equation Lf =0 in section 3.1 is actually analytic at a given regular
singularity & of L. Now we may write f =A1h{ + - +A,hf as a K'-linear combination of
the canonical basis of local solutions h{,...,hy ata. Let IC{1,...,7} be the subset of indices i
for which h{ is singular at a. Then f is analytic at « if and only if A;=0 for every i€ 1.

In other words, if we have a way to decide whether a given Fuchsian holonomic
constant K2 is zero, then can determine the actual dominant singularity of f. By The-
orem 2.3, it actually suffices to be able to decide whether a holonomic constant in fhol
is zero. We will denote by Hol an oracle to do this. Here we assume an exact repre-
sentation for elements as K"! as the value at 1 of a holonomic function in 7! that is
given via a vanishing operator in K (z)[d] and a finite number of initial conditions in K.

It is interesting to point out that if we can determine the dominant singularity of
a holonomic function that is analytic at the origin, then we also have an algorithm to
test whether holonomic constants in K" are zero. Indeed, givence KMol et g€ Fholpe
such that c=g(1). Then 1 is the dominant singularity of the holonomic function g/ (1 —z)
if and only if c=0.

The above considerations lead to the following variant of Theorem 3.2:

THEOREM 4.6. Let f, m, {, R, €, and a1, ..., a be as in section 2.3. Assume that we have an
oracle Hol, that f is non-resonant, and that f is singular at ay for some k€ {1,...,m}. Modulo re-
ordering indices, assume that k=1, |a1|=- - - = |ay|, and |a;| # la1| for i>p. Then, for any ve R,
we can compute an asymptotic expansion £ for f, in K[y ™ (K)1[a7", ..., a;", n*, logn]
together with B€ Q~ and no € N such that

B

Ifu— il < PP (4.6)
for all n =ny. Moreover, if Conjecture 4.5 holds, then we may require in addition that
B

|f7’l| > zny|a1|n
for all sufficiently large n.

5. UNIFORMLY FAST EVALUATION

In this section, we investigate question Q3. We assume that (f,),en € KN satisfies the
difference equation (1.1). We also assume that its generating function f is convergent at
the origin and that it satisfies a holonomic equation (2.1) that is Fuchsian at the origin.
Our goal is to compute f, for large n using a precision of p bits, with a good uniform
complexity in both n and p.
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5.1. Preliminaries

Before we proceed, let us briefly recall some notations and basic facts about fast arith-
metic. We define M(p) to be the time that is needed to multiply two p-bit integers and we
make that customary assumption that M(p) /p is non-decreasing. It was shown recently
in [18] that we may take M(p) =O(plogp).

Approximate computations with real and complex numbers can be done using either
fixed point or floating point arithmetic. Let D := Z 2% be the set of dyadic numbers. A p-bit
fixed point approximation of a complex number x € R is a number Z€ D with |2 —z|<27F.
A p-bit floating point approximation of z€ C is a number Z=m2° with m € Z[i]27F, e€ Z,
2 —2/<2°7F |m| <1, and either |z| >2° ! or |z| =0.

It is well known [8] that p-bit approximations of bounded exponentials and loga-
rithms can be computed in time O(M(p) log p), both for fixed point and floating point
representations. Here a bounded exponential is a number e with z € D[i] and |z| < B
for some fixed constant B> 0. Similarly, a bounded logarithm is a number log z with
B~1<|z| < B. For non-zero z € C, this allows us to convert between p-bit floating point
approximations of z and p-bit fixed point approximations of log z.

We also observe that, given « € Z 277 with |a| < 2?, we can compute a p-bit approx-
imation of e in time O(M(p) log p). Indeed, it suffices to compute k:=[a/(27)] and
B:=a—2T1k with || < 1T and then use the fact that eti=efl,

We will finally need the following result that was essentially proved in [21].

PROPOSITION 5.1. Let L=+ L,_19 '+ -+ + Ly K(2)[9d] be Fuchsian at the origin.
Let (hi,j)1<i<u0<j<v, be the canonical solutions of Lf =0 at the origin and let z* (log z)/ be the
dominant monomial of h; ;. Let ay,...,a ¢ be the non-zero singularities of L, let p < min {lasl,..., [},
and let M :=max; j; maxp <, |hi jx(2)|, where h;jz7"=h; o+ --- +h;;;(logz)). Let o be the
total bit-size of the operator L and let z € Z[i]127F with |z| < p. Then we may compute a p-
bit fixed point approximation of h; j(z) using O(M((c +1log p) plog p)) bit-operations, for all
i,j. This complexity is uniform in p and o, provided that ay,...,a¢ K1, ..., Ky, V1, ..., V, remain
fixed and log(M +1) = O(p).

Proof. We approximate f(z) using the technique from [21, section 3]. The matrices Ax
from (3.10) and (3.12) in that section have size O(¢ +1logk). Since log(M + 1) =O(p), it
suffices to evaluate Ay - - - A1 for k= O(p) in order to obtain p-bit approximations for the
values h; ;+(z). Using binary splitting, this requires O(M((¢ +log p) plog p)) bit opera-
tions. Since p-bit approximations of z" (log z)! can be computed using O(M(p) log p) bit
operations for all t <v;, this allows us to compute a p-bit fixed point approximation of
hi j(z) in time O(M((c +logp)plogp)). O

5.2. Exact computation of the terms of a holonomic sequence

If n=0(p), then the most efficient strategy is to compute f, exactly as an element of K and
convert the result into a fixed point or floating point approximation. In fact, as in [20, 21],
it suffices to compute in the algebraic number field L generated by the coefficients of ©
and the initial conditions fy, ..., fi with t =max (ke N :k>s Vv Zs(k) =0). Let us recall
from [9, 21] how to compute f, using binary splitting.

For each N € N, let Fy be the column vector with entries fy, ..., fN+s—1. If N >t, then

Fny1 = Anon+1En,
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where
1
ANSN+1 = 1 . (5.1)
CEN)  EN)  Zead)
Xs(N) Xs(N) Zs(N)

More generally, for ke N and AN N4k =ANt+k—1-N+k - - ANoN+1, We have

Fnik = Anon+kEn

and An_ N+ can be computed efficiently using binary splitting:

ANSN+k = AN41k/2]>N+kANSN+1k/2)-

Since f is Fuchsian at the origin, the bit-size of the entries of Ax_ N4« is bounded by
O(klog(N +k)). Using a classical complexity analysis [9, 21], it follows that An_ Nk
can be computed in time O(M(klog (N +k))logk). In particular, we may compute f, in
time O(M(nlog?n)). Converting the result into p-bit fixed point or floating point nota-
tion can be done in time O(M(p)).

5.3. Fast computation of floating point approximations

Having dealt with the case when n=O(p) in the previous subsection, let us now assume
thatp=o0(n) andlogn=0(p). If f has a dominant singularity at &, then f, typically grows
like ™", in first approximation. Consequently, a p-bit fixed point approximation of f,
typically requires ® (n) bits if |¢| < 1. In particular, unless n = O(p), then it is hopeless to
compute such approximations in smoothly linear time in p. From now on, we will focus
on the computation of a p-bit floating point approximation of f,. Under the assumption
that ( f,)nen is not quasi-resonant, we will show that such an approximation can be com-
puted in uniform smoothly linear time.

So assume that (f,),en is not quasi-resonant and let «y, ..., & be the singularities of f.
Assume that a1,...,4,, are the dominant singularities of f withm>1. We compute f, using

1 (2)
fo = HJH]UAqUw-UHWUA,m ]zC”Jrl dz,

where H; is an axial truncated Hankel contour around z=a; until z= (1 + ) &; and A; is
a circular arc around 0 from (1+6)a;to (14+6) ;41 (orto (1+9)aqifi=m), fori=1,...,m.
Let g >p be a temporarily increased working precision with logn=0(g) and g=0(p). We
will specify g later. For some sufficiently small e >0 with e < 1/, and any n=q/e€, we take

0 = 1
n

Since f is Fuchsian at «y,...,4,, we may compute positive constants p, C, and u such that
If(z)] < Co7F
forallze AU ---U Ay, (uniformly, for all < €). It follows that

1 f(2) STHA+6)" s He™
_— < C———— .
27ti quU'“UAm zh+1 dzf < C |oeq|™ < 2C loq|™

Fori=1,...,m, we have

Lf 1@ 4, - Yi(6) —pi(6e ™) ai" = —pi(de ",

271 J M, zh+1
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where

_ 1 ref(d+w)ai)
Pi(w) = ZniJ; TR dw

We note that the integrand f((1 +w) a;) (1 + w)~ "D gatisfies a holonomic equation
whose total size is bounded by O(log n). Consequently, the same holds for ;. Since
(14 w)~"*Y is analytic at w=0 and bounded by O(e?) = eP? for [w| < 8, the unifor-
mity assumptions of Proposition 5.1 are satisfied. It follows that we may compute a g-bit
fixed point approximation of 1;(é e~ 27y using O(M(gqlog nlog gq)) bit operations. We
may also compute a g-bit fixed point approximation of («1/a;)™" using O(M(glog q))
bit operations. Altogether, this allows us to compute a number v; € Z[i] 2% with

0 —1(6e™) (ar /)" < 279
using O(M(glog nlog q)) bit operations. By construction, it follows that
|fual — (14 +0,) < m27T4+2Cé6 "e™,

provided that n >q/e. Since (f,)n,en is not quasi-resonant, there also exist constants
M>0, ke R, and ny>0 such that

|fual] > Mn™"

for all n > ng. In order to obtain p-bit floating point approximations of f,« and then f,,
it suffices to chose g in such a way that

m2714+2C6 e < zMn~F 27
Using that m2™7+2C6 #e™1<2 (m+ C) n#271, this is certainly the case if we take

m+C
M
Note that we have indeed have g=O(p) for this choice of 4. In fact, we even have g ~p
as soon as logn=o(p).
In combination with the results from section 5.2, we have proved the following;:

+2.

q == p+ (xk+u)logrn+log,

THEOREM 5.2. Let (fn)nen be a dominant-Fuchsian holonomic sequence that is not quasi-res-
onant. Then there exists an algorithm to compute a p-bit floating point approximation of f,
using O(M(plog plog (np))) bit operations. This bound is uniform in p and n, provided
that log n=0O(p).

COROLLARY 5.3. Let (fy)nen be a holonomic sequence and assume Conjecture 4.5. Then
there exists an algorithm to compute a p-bit floating point approximation of f, using
O(M(plogplog (np))) bit operations. This bound is uniform in p and n, provided
that log n=0O(p).

Remark 5.4. Note that the operator L with Lf =0 may have singularities g with |8| < |a1],
as long as the particular solution f remains analytic at 8. Assuming that ( f,),en is Fuch-
sian and that we have an oracle Hol, we may verify whether this is the case by checking
that the coefficients of the singular canonical solutions h,[-3 in f all vanish. Note that our
theorem and its corollary only claim the existence of an efficient algorithm to compute f,;
for this, we do not need the oracle Hol.
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Remark 5.5. In practice, for the fast evaluation of a Fuchsian holonomic sequence ( f,,)nen,
we first make it non-resonant using the pre-treatment from section 4.2, then apply the
algorithm from the previous subsection for the evaluation of f,, while falling back on
the slower algorithm from section 5.2 whenever we detect massive cancellation. In par-
ticular, this mixed strategy takes care of exceptional values of n for which f,, vanishes.
Whenever this algorithm does not run in time O(M(plogplog (np))) when n — o, we
note that (f,),en would actually provide an explicit counterexample to Conjecture 4.5.

Remark 5.6. If we replace (4.4) by (4.5) for some fixed constant 7> 1, then the theorem
and its corollary still hold, but the complexity bound becomes O(M(p (logp) “log (np))).

6. POSITIVITY TESTING

In this section, we study question Q4. We assume that (f,),en€ (KNR) Nis a holonomic
sequence whose generating function f is convergent at the origin. Modulo the pre-treat-
ment from section 4.2, we may assume without loss of generality that (f,),en is non-
resonant. We also assume that f is dominant-Fuchsian. Our aim is to decide whether
fan=0o0r f,>0 for all n €N or for all sufficiently large 7.

6.1. A density theorem for sequences

Our positivity test will rely on a way to compute limsups and liminfs of certain oscil-
lating sequences. For this, we will adapt results from [6, 19]. Recall that a Hardy field is
a field of germs of differentiable real functions at infinity that is closed under differentia-
tion [7]. In particular, R (x,log x) and R (x®",log x) are Hardy fields. The following is
a direct consequence of [19, Theorem 3].

THEOREM 6.1. Let g1, ..., gk be real functions whose germs at infinity belong to a Hardy field and
such that g1 <--- < gk i.e. §1=0(82),...,8k—1=0(gk). Foreachie{1,...,k}, let A;1,...,A;,, be
Q-linearly independent numbers in R. Consider the function

P(x) = (eS| oSl g0t o8y

from R into the torus TP := (eRHP of dimension D=r1+ -+ +rr. Then p([xq, o)) is dense
in TP for any xo€ R.

What we really need is a counterpart of this theorem for sequences:

COROLLARY 6.2. With the notations of the theorem, assume that gi(x) =x and that
Ak1s - s Ak, 2 T0 are Q-linearly independent. Then p({ng,no+1,...}) is dense in TDfor all
no e N.

Proof. For w= (wy,...,wp),w = (w},...,whH) € TP, let
! ! !
lw” —w| := max (w1 —w1l,...,|lwp—wpl).

We also define

. " : . )L p H .
PF) = (eSani o8 hnl esi A0l | o8kl g2ty
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Let np € N and let A be any constant with A >max (Ax1l,..., Akl 2 7). If ng is suffi-
ciently large, then [#(x") — 1* (x)| < Alx’ — x| for all x> x’ >ng. By the theorem, the image
gb”([no, o)) is dense in TP*!. Given ¢ >0 and we TP, we may thus find an x > ng such
that

I3
ﬁ/
where w#:= (w,1). Let n >nybe an integer with minimal distance to x. Since |1/J" (x) —wh| <
e/ (2A), we have in particular |1,bﬁ(x)D+1 - wf)+1| = |¢#(X)D+] 1= _1<e/(2A),
whence [x —n|<e/(2A). It follows that

l#(x) —w¥| <

PH) —pFonl < Abe—nl < 5,
whence
lp(n) —wl < |p#n) —w
< [p#n) — (o) + [ (x) —w?|
S S
< §+ﬂ < E.
This shows that ¥ ({ng,ng+1,...}) is indeed dense in TP. O

We will also need the following counterpart of [19, Theorem 5]:

THEOREM 6.3. Let g1,...,8k€ (KNR) (xKNR log x) be real functions with g1 < --- < gk. For
eachie{l,...,k}, let Aj1,...,Ai, EKNR. Consider the function

. N . A , .
P(x) = (egl(/\“x)‘, eS8t i Gsk et 8Kk kx)l)
from R~ into the torus TP:= (eRH)P of dimension D=r1+ -+ + 1. Let
Z zZ Z Z
Pe K[Zl,lz .. -er,r1/ .. '/Zk,ll .. '/Zk,rk]

be a Laurent polynomial that takes only real values on TP. Then limsup, . P((n)) and
limsup, .« P((n)) are both computable numbers in K N R.

Proof. Using the rewriting techniques from the proof of [19, Theorem 5], we first reduce
the general case to the case when A 4, ...,A;,, are Q-linearly independent fori=1,...,k.
(Note that there exists an algorithm to find Q-linear dependencies between algebraic
numbers, so we do not need the general oracle to find Q-linear dependencies between
exp-log constants.)

We next reduce to the case when Ay 1,..., Ay 5, 2 Tt are Q-linearly independent. Assume
on the contrary that ciAg1+ -+ + ¢ Ak +27co=0 with cy,...,c,, € Z and co# 0. Without
loss of generality, we may assume that ¢, #0. Taking Ak ;=Axi/cy fori=1,...,r,—1, we
may rewrite e+ = (e’)“ and Mt = g meo2m/er (Naiy —er (eX’”k’lxi) ~“" as Laurent
polynomials in K [eX"flx .. .,e)tl'”k‘lxi], while performing the corresponding corresponding
substitutions in P. We repeat this procedure with A% ,...,A% ,,—1 in the role of Ax1,..., Ak,
until A 1,..., Ak, 2T are Q-linearly independent.

After the above reductions, we are in a position to apply Corollary 6.2. This yields

limsup P(¢(n)) = sup P(z)

n—oco zeTP
liminf P(¢(n)) = inf P(z).
n— oo zeTPb

Now sup,co P(z) €K and inf, o P(z) € K can be computed using classical algorithms
from effective real algebraic geometry [3]. O
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6.2. Positivity testing

Let ay,...,a,, € K be the dominant singularities of f. By Theorem 4.6, we may compute
constants ty,...,t,EN, ¢;;EKNR, x;;EK, vEN, B>0,n0€N, and k€ K N R such that

fu— Z Z ci,jn"a;" (log n)"

1<i<m 1<

< Bn*ai" (logn)”_1 (6.1)

for all n>np and Re x; j=« for all i, j. Setting

o i —n
- § § i K<_l>
(P = Ciin
" ] mil ’

1<i<m 1<j<

we may rewrite (6.1) as
|fu—@nlarl ™" n* logn)’| < Bn*ai" (logn)’ . (6.2)
Now observe that ¢, can be interpreted as a polynomial
¢n € K[( eargxf,j(logn)i)i’j, (emBaiiy )

Since ¢, € R for all n € N, this allows us to apply Theorem 6.3 and compute ¢* :=
limsup, .« ¢ and ¢, :=liminf, ,«, ¢,. If ¢, >0, then (6.2) yields f, >0 for all n>e/#-.
If ¢. <0, then ¢, < ¢, /2 for infinitely many n. For any n > e 2B/¢ with Pn<Ps/2, the
relation (6.2) then yields f, <0.

The only remaining case is when ¢, =0. In lucky cases, we may look at the next
subdominant term of the asymptotic expansion of f, and prove the positivity of f, —
$ulaqr) 7" n" (logn)" in a similar way as above. However, in general, the positivity of f, can
be hard to decide. In fact, a general decision procedure would allow us to answer dif-
ficult questions about diophantine approximability. For instance, given a real algebraic
number «, the positivity of the holonomic sequence

log?n —cos(nloga)log?n— %

is related to a rate of diophantine approximability of « by p/gq € Q of the form
p c

o—= > .

91~ q*logq

We do not know of a general decision procedure for this kind of inequalities.

Vp,qeZ?,

7. FUCHSIAN HOLONOMIC SEQUENCES

Let f be the generating function of a holonomic sequence ( f,),en. So far, we have mainly
been interested in the case when f is convergent at the origin and dominant-Fuchsian
(possibly modulo a reduction to the non-resonant case as in section 4.2). This is indeed
sufficient for obtaining information about ( f,),en through its asymptotic properties. In
this section, we assume that f is globally Fuchsian and study nice additional properties
that hold in this case.

For simplicity, we assume that (f,),en satisfies a non-degenerate difference equa-
tion (1.1). We normalize X to make it divisible by (n+1) --- (n+5s) and we let L =
L,9"+ .- +Loe K(z)[d] be the corresponding differential operator with Lf =0, as con-
structed in section 2.1. We let «y, ..., a be the singularities of L.
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7.1. Full Mellin integrals
First of all, for Fuchsian L, the truncated Mellin integrals from (3.3) tend to a limit

1 f(Z)
mjuk 2+l dz (7.1)

when R tends to infinity and 7 is sufficiently large. This leads to the exact representation

(2)
f}fk J;M (7.2)

We call (7.1) a full Mellin integral that is based at «y.

27‘[1

Remark 7.1. We may take #y to be the contours from infinity to a point & close to ay,
which next performs a complete circular turn around aj, and then goes back to infinity
along the same direction where it came from. Then we have

f@ 4, -1 f@ 1 [~ (Auf)(2)
2mf B 2nifc dz+ f dz, (7.3)

M Zn+1 'k Zn+1 2 1Ti Ay Zn+l

where Cy denotes the circle around ax and A, f denotes the difference between the ana-
lytic continuations of f that get around &y on the left and right, respectively. Note that
Ay f is a solution of the same differential equation as f, i.e. LA,, f =0. The formula (7.3)
is convenient for machine computations due to the fact that we only have a single stretch
going to infinity.

More generally, for an analytic function ¢ on Hy and with ¢(z) = O(|zI°M)y at infinity,
we define

1
(qu))n = J gﬂ(z) dZ

27t Jpy zntl
Then we note that

Mk @)ni1 = M 71 o))y
nMi@)y = Mz,

where the second relation is proved using integration by parts. Consequently, the
sequence ((Mkf)u)nen satisfies the same recurrence relation (1.1) as (f,)nen-

7.2. Canonical solutions via Mellin transforms

We observe that (7.1) only depends on the behavior of f at the singularity a;. Expressing f
in terms of the canonical basis 1%, ..., h;* of local solutions to Lh =0 at a,

f=cihf+--+ch¥  cy...,c,e KM,
and setting
M= My hi, i=1,...,r,
it follows that
Mif = 1"+ +c dpt (7.4)
Here we note that ¢;*=0 whenever h;* is analytic at a;. Moreover, we recall that

hi*e (z—ap) 7" ((log (z— ) + 2 K{{z —ax}}[log (z—ap)]),
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for some k€K and jEN. If k& N or j#0, then the sequence ¢;* has a non-zero formal
transseries in a "n* 1K [y (N) (1) ] [[n_l]] [log n] as its asymptotic expansion, by the for-
mulas from subsection 3.2. We will sometimes identify ¢;* with this transseries.

Let ¢1,..., ¢ be the collection of all non-zero ¢;* with ke(1,..., ¢} and ie(1,...,7}.
Since the dominant monomials of ¢7,..., ¢:" are pairwise distinct when considering them
as transseries, these sequences are C-linearly independent. From (7.2) and (7.4), we
also know that any sequence solution of (1.1) can be written as a C-linear combination
of ¢1,...,¢s. Conversely, we noted at the end of subsection 7.1 that each ¢; is actually a
solution of (1.1). This shows that ¢7,..., ¢¢ forms basis of the solution space of (1.1) in
CY. Since we assumed X to be non-degenerate, this space has dimension s, so s’ =s. We
denote by ®* the row vector with entries ¢7,...,¢s.

7.3. Canonical formal solutions at infinity

We have shown that (1.1) has a basis of formal transseries solutions
1. ¢s €K' n Ky ™ (K)][[n~"]][log n].

In fact, it is well known [5] that we may compute a canonical system of formal solutions
in K"n®* K[[n™1]] [log n], similar to the ones that we saw in the differential case in sub-
section 2.2. Let us briefly describe how to do this.

We have seen that for any singularity ax of L, there exists at least one formal solution
of the form (¢{), € ail " n® K[y MK [~ [logn]. Modulo a transformation o < zxk_l o,
we may assume without loss of generality that a;=1. We next replace ¢ by exp(n~'9,)
in X, where 9, =n9/0n. After multiplication by a suitable power of #, this yields an
operator

n'S = Y nT A0 € K[8,][[n']]
ieN

with Ag(8,) #0. Whenever we have a formal solution ¢; with (¢;),=n" (log n)/, then
this implies that Ag is divisible by (8, — x)/™. Inversely, if x € K is a root of multiplicity v
of Ag in 9, then for any j < v, there exists a unique formal solution f € n* (logn)/ +
n* TK[[n™1] [logn] to (1.1). Indeed, writing f, :nKZ].eN gojn_j with ¢;€ K[log n], we
have

n (S =n" Y nTTIA@Bu+ k=) () =0,

i,jEN
which yields the recurrence relation
NoBn+x—m) (@) = Y N(Op+rx—1m+0) (@) (7.5)
1<i<m

for the computation of the coefficients ¢,,. The solution is unique when requiring that
@o= (logn)’ and that ¢,, is divisible by (log n)” whenever k — 1 is a root of multiplicity p
of Agin &,,.

Let ¢1°,..., ¢s° be the collection of all formal solutions of (1.1) in K'n® K[[n™ 1] [logn]
that we obtain in the way that we just described, with ¢;° =< ¢;. Since the dominant mono-
mials of these solutions are pairwise distinct, this again forms a fundamental system
of solutions; we call it the canonical system of solutions of (1.1) at infinity and we denote
by & the row vector with entries ¢7°,...,¢;s°. Since ®* and ®* are both fundamental
systems of solutions, there exists a matrix M € C**° with

P = P*M. (7.6)
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Since ®* has coefficients in ]K['y(N)(]K;)] and @ has coefficients in K, the matrix M must
actually be in K[’Y(N)(K)]”r.

For machine computations, the recurrence relation (7.5) is not very efficient if we
want to compute a large number of terms. In that case it is better to rewrite the original
equation (1.1) with respect to t =n~!, which transforms the shift operator ¢ into t — 1;”
Compositions of a power series with 1#“ can be computed efficiently in a relaxed manner
using the algorithm from [22, section 3.4.2]. The equation (1.1) is not necessarily “recur-
sive”, so it is not always possible to directly solve it using the techniques from [22].
Nevertheless, it can always be rewritten as a recursive equation using the algorithms
from [24]. Altogether, this allows us to compute the first N coefficients of the canonical
solutions ¢1°, ..., ¢s° in time O(M(N 2 log3 N)), which is softly optimal in the bit-size of
the result.

Remark 7.2. The equation (7.6) can be used to map formal transseries solutions of (1.1)
to actual holonomic sequences. It is interesting to note that this association actually pre-
serves all difference ring operations, in a similar way as accelero-summation in the differ-
ential setting [23].

7.4. Transition matrices

Let us briefly recall the concept of a transition matrix, which forms an important ingre-
dient for the efficient evaluation of holonomic functions in [9, 20, 21]. We will use the
notations H* and F(«) from section 2.2 for canonical systems of local solutions and gen-
eralized values at a.

Given a non-singular path a~» B between two non-singular points a, € K U {o0}, the
analytic continuation of the canonical solutions at « can be expressed as linear combina-
tions of the canonical solutions at 8. In other words, there exists a matrix A, ;€ C ™ with

H* = HP Aposg.
We call Ay~ g the transition matrix along the path a~> 8. We naturally have the relation
Dpopoy = BproyBarp

for composed paths. In terms of generalized values of a solution f to (2.1), we also
obtain

F(B) = ApwpF(n).

These notions extend to the case when the paths start and/or end at singular points,
modulo the precaution that we specify the angles that are used to approach the singular-
ities (in order to determine the branch of the logarithm).

7.5. Transition matrices for sequences

Let us now study the analogue of transition matrices for sequences. Given N € N and
i€{0,...,s—1}, assume that (1.1) has a unique solution (f;),en with fy;=1and fn+;=0
for j€{0,...,5s =1} \ {i}. Then we will denote this solution by (qbl%)neN. We denote by N
the row vector with entries (,bé\l Sy <p§\’_1 if these solutions are all defined and call it the
canonical system of solutions at 7 =N. Given a general solution (f,),en to (1.1), we call
the column vector Fy with entries fy, ..., fn+s—1 the generalized value of (f,,),enatn=N,
so that

f = ®NFy.



JORIS VAN DER HOEVEN 25

By definition, the Fy satisfy a recurrence relation

Fny1 = Anon+1Fny

where An_n+1 was defined in (5.1). More generally, for k€ N and Anx_n+k:=
AN4k—1-N+k - - ANoN+1, We have

Fnyk = ANnoN+kEN-

Setting AN N4k = AR,1+k_,N, this relation extends to the case when k € Z. Dually, we also
have

N N+k
OV = OV ANLN 4k

We call An_ N4k the transition matrix between n=N and n=N +k. We have seen in sec-
tion 5.2 how to compute Ay_n+k in time O(M(klog (N + k) log k)) using binary splitting.

7.6. Transition matrices at infinity

In section 7.2, we introduced the canonical system of solutions ®* of (1.1) at infinity.
Given a solution (f,)sen of (1.1), this leads to the corresponding notion of generalized
value F, € C? at infinity with

f = P F.. (7.7)
For any N € N, the matrix Ay_ . with

Fo = ANooFnN,
ON = P®AN_w

is called the transition matrix between N and n = co, whenever it exists.

Using a combination of the techniques so far, we may compute the transition
matrix Ay_« as follows. Consider one of the canonical solutions (f,)en = (4)5],1)”61\;
of (1.1) at n=N and the corresponding power series solution f € K{{z}} of (2.1) at the
origin. Given one of the singularities ax of L, we may use the algorithms from [21] to
compute the transition matrix Ag_,, for L and then re-express f as a K" linear com-
bination of the canonical solutions k%, ..., hi* at z=a;. The collection of these relations
yields f as a K" linear combination of the canonical solutions ¢, ..., ¢ Using the
methods from sections 7.2 and 7.3, we finally obtain f as a KhOIa['y(N)(]K)]-linear com-
bination of ¢7°, ..., ¢s°. Doing this for each 4>,N withi=1,...,s, this yields the transition
matrix Ay _, o € KPOR[y M (K)15%5, For fixed N and large p, we may compute 2 -approx-
imations of the entries of Ay _,«, in time O(M(plog®p)), using the algorithms from [23].

7.7. Analytic solutions to the difference equation

Our main focus in this paper is on the study of sequence solutions to holonomic equa-
tions (1.1). Yet, it is interesting to note that the definition of Mellin transforms of the
canonical solutions ¢ :=h{* generalizes to complex numbers u for which z“*! decreases
sufficiently fast on Hy:

1 (2)
(qu))(u) = i Hk% Z.

Applying this to the theory from section 7.2, this yields a fundamental system of analytic
solutions to the difference equation

Zg(u) f(u+s)+---+Zo(u) f(u)=0

(7.8)
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that extends our fundamental system of sequence solutions. For u € K, we also note that
the integrand of (7.8) is still holonomic over K and Fuchsian. Consequently, we may eval-
uate it with a precision of p bits in time O(M(plog?p)), using the algorithms from [21].
For general u € C, the evaluation can be done in time O(p>/?) using the baby-step-giant-
step technique from [9]. It is also possible to extend the uniform complexity analysis
from section 5 to this setting, but additional care is needed for the treatment of non-
real arguments u. We intend to carry out the detailed analysis in a forthcoming paper.

Acknowledgments. We are grateful to Marc Mezzarobba and Ruiwen Dong for some
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