Abstract

We define the universal exponential extension of an algebraically closed differential
field and investigate its properties in the presence of a nice valuation and in connection
with linear differential equations. Next we prove normalization theorems for algebraic
differential equations over H-fields, as a tool in solving such equations in suitable
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Fearful of extending this paper beyond its due limits, I have abstained from
introducing any researches not essential to the development of that general
method in analysis which it was proposed to exhibit. It may however be re-
marked that the principles on which the method is founded have a much wider
range. They may be applied to the solution of functional equations, to the the-
ory of expansions, and, to a certain extent, to the integration of non-linear
differential equations. The position which I am most anxious to establish is,
that any great advance in the higher analysis must be sought for by an increased
attention to the laws of the combinations of symbols. The value of this princi-
ple can scarcely be overrated [...]

— George Boole, On a general method in analysis [11].

[The] field that is normally classified as algebra really consists of two quite
separate fields. Let us call them algebra one and algebra two, for lack of a
better language. Algebra one is the algebra whose bottom lines are algebraic
geometry or algebraic number theory. Algebra one has by far a better pedi-
gree than algebra two, and has reached a high degree of sophistication and
breadth. [...] Algebra two has had a more accidented history. It can be traced
back to George Boole, who was the initiator of three well-known branches of
algebra two, namely: in the first place, Boolean algebra, in the second place, the
operational calculus that views the derivative as an operator D, on which Boole
wrote two books of great beauty, and finally, invariant theory [...] G. H. Hardy
subtly condemned algebra two in England in the latter half of the nineteenth
century, with the exclamation ‘Too much f(D)!” G. H. Hardy must be turning
in his grave now.

— Gian-Carlo Rota, Combinatorics, representation theory and invariant the-
ory: the story of a ménage a trois [30].






Introduction

This monograph follows up on our book [ADH]. That book contains a model-theoretic
analysis of the ordered differential field T of transseries (introduced by Ecalle [15] in
connection with his work on Dulac’s Problem), including an explicit complete axiom-
atization and a quantifier elimination.

In 2021 we settled one of the main open problems left in [ADH] (see also [4]),
by proving that all maximal Hardy fields are elementarily equivalent, as ordered dif-
ferential fields, to T. Here, a Hardy field is a differential field of germs at +oco of
differentiable one-variable real-valued functions defined on intervals (a, +co). Hardy
fields were introduced by Bourbaki [13], revived in the 1980s by Boshernitzan and
Rosenlicht [12,29], and became important in the study of o-minimal expansions of
the real field [22]. A Hardy field is maximal if it has no proper Hardy field extension.
By Zorn, every Hardy field extends to a maximal one. (There are in fact very many
maximal Hardy fields, by [8, Section 7].)

The full solution of this problem takes a lot of space and is in the unwieldy manu-
script [5]. In the present monograph we have extracted the main differential-algebraic
(that is, non-analytic) parts, because we intend to use this material also for other pur-
poses. It has four chapters, each including its own introduction, with the following
dependencies:

Chapter 4
Slots in H-Fields

Chapter 2 Chapter 3
The Universal Normalizing Holes
Exponential Extension and Slots

Chapter 1

Preliminaries

The application to Hardy fields requires in addition a good dose of analysis and some
model theory, and is presented in [7].

To explain the overall aim of this monograph, consider an arbitrary algebraic dif-
ferential equation with transseries coefficients, for example

"o é/(x)

7 e . 3 X\ L,/
-e +70
Y yy (x )yy x+logx+1

=0 (x > R).

By the general theory from [ADH] this equation happens to have a solution y € T.
(Indeed, this follows from the differential polynomial on the left-hand side of this
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equation having odd degree, see [ADH, pp. 17-18].) However, a concrete solution
cannot be derived in a transparent and direct way from the equation. It is even less
clear why there should also be a solution in a Hardy field.

Our main goal is to reduce algebraic differential equations such as the one above to
normal forms that can be solved more easily and explicitly in various contexts. Some
of this can be accomplished using existing tools from [ADH], but for [7] we need more
precision. After laying the groundwork in Chapters 1, 2, 3 we prove the main results of
this monograph in Chapter 4. Some ideas from Chapters 3 and 4 also occur in [19] in
the more restricted context of grid-based transseries solutions to algebraic differential
equations over R. However, several shortcuts apply in this case that are not available
for [7].

In the rest of this introduction we illustrate some key ideas informally by a few
examples, before stating the main result in detail. We make frequent reference to our
book [ADH]; the section Concepts and Results from [ADH] at the end of this intro-
duction should help in consulting this source.

Solving Quasilinear Equations

Our book [ADH] contains a differential analogue of the Newton diagram method to
reduce arbitrary univariate algebraic differential equations with asymptotic side condi-
tions (asymptotic equations, for short) over certain valued differential fields such as T
to quasilinear equations, which can be considered as a first, crude kind of normal form
for asymptotic equations. An example of a quasilinear equation is

(E) Y —y = xlyy" —e ¥y +x71, y < 1.

“Quasilinear” means that the linear part of the equation (that is, the homogeneous part
of degree 1, placed here on the left-hand side) dominates the rest in a certain sense. Itis
straightforward to compute a formal transseries solution of a quasilinear equation such
as (E) by transfinite recursion: we first determine its dominant term, in this case f :=
—x~!, and then substitute f + y for y, with asymptotic side condition y < f, in the
equation. This yields a new quasilinear equation

(E+p) x 2 Y +y +(-1+ 2x 4 —2x7! e M)y =

2 -5 -2 X

+2x70 —x" e, y<x_l.

x—l yy// _e X y2 —x~

Such an asymptotic equation obtained by an additive change of variables together with
the imposition of a possibly stricter asymptotic constraint is called a refinement of (E).
Applying this method recursively, we obtain a particular solution

Yo = —x Pl o2 p et 26 4k x e 2 e 4
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to (E). This process is really transfinite: computing the first w terms of y.. gives
f = L S s Y S |

and then we refine the original (E) by substituting f + y for y, with the new side con-
dition y < x*'. Likewise for other limit ordinals. In order to obtain the general solution
to (E), we refine (E) by substituting y.. + y for y, with asymptotic side condition y < 1,
which yields

(B 7 2—x -ty 4y +(—l+ 2t - )y =

)C_l yy// —e X y2’ y < 1.

The first term of a non-zero solution to this asymptotic equation is necessarily the first
term of a zero of the linear part of this equation. Further computations show that such
a dominant term is of the form ¢ m with ¢ € RX and m := x5 e 3=%"/2_ It follows
that the general solution of (E) has the form

Ve = Yo +cocm+ e, where ¢ € R and g, < m.

However, this form of the general solution cannot be read off directly from the original
equation (E), and not even from (E, 7). This is due to the fact that the shape of the
linear part of the equation may drastically change under refinement. Only after the
computation of the first three terms of y, do we obtain a refinement that is sufficiently
similar to (E.) to allow us to safely determine the form of the general solution. Here
we note that a particular solution y, is generally not yet available during the resolution
process. This prevents us from working directly with (E.). We thus aim to always
operate with sufficiently good approximations to y, and to (E.) instead.
Things become even worse if we introduce a parameter & to perturb (E) to

(Ee) Y-y =xly —e yr+e, y<1,

This equation is quasilinear for every & < 1. For & = x~! it has continuum many solu-
1

tions in T, as explained above. However, (E ;) has only one solution in T for £ = —x~
Indeed, in the latter case a particular solution is given by
Yar = X x24T mex 22 Tk x e 2 e
and replacing y by y.. + y in (E ) leads to the following counterpart of (E.):
(x 2 x 33— e =260 0+ )y Y H (-2t )y =

x 7y —e ¥ y2, y < 1.

One can show that y = 0 is the only solution to this refinement of (E.), again by
examining its linear part. That the general solution of a quasilinear equation is not
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transparent from the equation and that the resolution process is not uniform under
small perturbations are two major reasons why it is desirable to normalize asymptotic
equations beyond quasilinearity.

The Role of Factoring Linear Differential Operators

Here is an example of the kind of nicely normalized equation that we are after:

’

y o= e ¥ +x7y?, y < 1.
This equation can formally be solved by iterated integration:

y = /e"‘+/x‘1y2

= [e™+ [x7([er+ [x71y?)?

/e"‘+/x‘1 (fe‘x)2+2fx‘l(/e‘x) (fx‘l(/e‘x)2)+---.

It turns out that this expansion converges in the formal transseries setting, but also
analytically to a germ that belongs to a Hardy field. In the formal setting, this requires
so-called distinguished integration, where all integration constants are taken to be zero.
To obtain a Hardy field solution, we systematically integrate from +oo. For details we
refer respectively to [18, Section 6.5] and [7].

Let us consider more generally a quasilinear equation

Q L(y) = R(y), y <1,

where L € T[9]7 is a monic linear differential operator and R € T{Y} is a differential
polynomial. (For greater flexibility, R is allowed to have a non-zero linear part.) First
of all, this requires the (distinguished) integration operator 9! := / to be replaced by
a more general right inverse L' to the R-linear map y > L(y): T — T defined by L.
For L =9 — f (f € T) of order 1, this is easy: identifying each g € T with the R-linear
map y — gy: T — T, we may take

L' =@-nt = e/F oo loe /T,
More generally, if L splits over T, that is, if
L=@-fi)-~-(@—f)  wherefi,...,f, €T,

then we may take

L= @-f) oo @- )7



Desiderata for a Normal Form 7

Now L might not split over T, but it does factor into a product of order 1 and order 2
operators over T. And if 9> + ad + b € T[9] (a, b € T) is irreducible, it splits over the
complexification T[i] of T: there are f, g € T with g # 0 and

F+ad+b = (0-(f-gi+g))@-(f+gi),
a=-(2f+g"),
b=f+g*—f +fsg

so that we can formally invert this second-order operator as
(P +ad+b)"" = (/U8 071 [ (8D 6 (] (F=8D) g 6 g7l o e~ [ (F=81) -1
— oJ(f+sd) o571 4 e—ngig oeJ(f-g)) g .

This discussion is to suggest that factoring linear differential operators (not unlike in
Boole’s work [20, pp. 129-132]) plays a key role in our normalization program, and
that it will involve transseries in T[], and even oscillatory transseries in T[i][e™!]
when inverting such operators.

The framework of asymptotic differential algebra in [ADH] was introduced in
anticipation of this kind of developments, but the Hardy fields in [7] require a very
detailed and explicit treatment. Chapter 2 of this monograph is dedicated to this task
in the abstract setting of H-fields as in [ADH], while relying on Chapter | for miscella-
neous preliminary material. (An H-field is an ordered valued differential field subject
to certain first-order laws. Ordered differential subfields of T extending R as well as
Hardy field extensions of R are H-fields.)

In Chapter 2 we introduce the universal exponential extension of an algebraically
closed differential field and investigate its connection to linear differential equations,
especially in the presence of a compatible valuation on the field. The universal expo-
nential extension of T[i] can be identified with T[i][e'T]: see Section 2.4 as well
as [18, Sections 7.7 and 7.8] for this and the connection with factorization of linear
differential operators over T[4]. For a Liouville closed Hardy field H 2 R one can iden-
tify the universal exponential extension of its algebraic closure K = H|[i] with K [e'/],
an integral domain of germs of C-valued functions. This is a key point in [7] and is
proved there. (An H-field H is said to be Liouville closed if H is real closed and for
all f,g € H, there exists y € H* with y’ + fy = g.)

Desiderata for a Normal Form
Returning to the quasilinear equation (Q), assume now that the coefficients of L and R

lie in an arbitrary H-field H (instead of T). Ideally, when should we consider this
equation to be in normal form? Three natural requirements are:
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(R1) L does not significantly change under refinement.
(R2) L splits over K := H[1].

(R3)  The equation (Q) has a solution which is as unique as possible.

The first requirement amounts to L strongly dominating R. What significantly and
strongly dominating mean here is made precise in terms of the span » = v(L) of L,
which measures how far L is from being “regular singular”. (For example, the span
of the operator on the left-hand side of (E, ) is equal to the quotient of the coeffi-
cients of y” and y, which is asymptotic to x~2.) It turns out that (R1) holds if R is
dominated by »™L for a large enough m, under some additional assumptions such
as order R < order L and y < 1 as the asymptotic side condition in (Q); more general
side conditions y < m where m € H~ can be reduced to this case via a multiplicative
change of variables (replacing y by ym).

Concerning (R2), the condition on H that all monic linear operators in H [9]7 split
over K is very strong. Fortunately, for our main application in [7] and the particular
operators L needed there, such factorizations come almost for free. To sketch this,
consider an immediate (in the sense of valued fields) differentially algebraic H-field
extension H of H and an H-field embedding ¢ of H into a Hardy field. Our main goal
in [7] is to extend ¢ to an embedding of H into a Hardy field. Suppose y € K \ K,
where K := H[i], and we want to extend ¢ to an embedding of H(Re y,Im7y) € H
into some Hardy field. Now the trick is to choose H and y such that the minimal
annihilator P € K{Y} of y over K is of minimal complexity. This means in particular
that P is of minimal order over K, say r, and so K contains all zeros of differential
polynomials over K of order < r, as long as these zeros live in an extension of K of the
form E [i] for some immediate H-field extension E of H. Consequently, all A € K[9]*
of order < r split over K, since their associated Riccati polynomials are of order < r.

This minimality argument relies on working over K instead of H. The interplay
between H and K is subtle: we need minimal elements to be taken in K, but actual
extensions to be done on the level of H-fields. The length of this monograph is partly
due to the fact that some of the material applies to differential-valued fields, and thus
to both H and K, whereas other results need to be developed separately for H and K,
often with minor though crucial differences.

In the present monograph we do not set ourselves the task to actually solve any
asymptotic equations. Instead, we wish to prepare them as much as possible in the
purely algebraic and abstract setting of H-fields. The resulting normalized asymptotic
equations should then be easier to deal with in suitable contexts (Hardy fields, various
kinds of transseries, surreal numbers, etc.).

On a technical level, this is implemented using the notion of a hole in H, that is,
an asymptotic equation P(y) = 0, y < m over H that comes with a solution y in an

immediate H-field extension H of H, but outside H itself; notation: (P, m,y). For our
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purposes, this asymptotic equation can be arranged to be quasilinear, and even non-
singular in a certain sense. (This corresponds to the notion of deep holes.) Therefore,
roughly speaking, a hole in H is a witness that H is not (yet) newtonian. (In [ADH] we
defined H to be newtonian if every quasilinear equation (Q) has a solution in H; this
is really the most fundamental first-order property of T, given by an axiom scheme.)
We then try to modify such a hole (P, m,y) further to bring the associated asymptotic
equation into a normal form P(f + y) = 0, y < n, for some choice of f € H and n < m.
This new equation should satisfy versions of (R1), (R2), (R3) above, and hence be more
amenable to solving in the kind of extension we are really interested in, rather than in
the abstractly given extension H where a solution y — f is already given. For example,
if H 2 R is a Hardy field, we wish to solve this equation in an immediate Hardy field
extension of H.

Turning now to the last requirement (R3), we saw that in T, the equation (E.) has
the unique solution y.. for £ = —x~! and an infinite family (y.) of solutions if & = x .
There are cases in which the existence of more than one solution is unavoidable. For
instance, assume that we start with an H-field H = R(x, e*) with constant field R over
which the equation (E) makes sense. Then H contains no element f with f — y, <x~N.
(This follows from the fact that the first w terms of y, form a divergent power series
inx~!, as can be checked using techniques from [14, 15, 17].) Now consider an imme-
diate H-field extension H of H that contains all solutions ve. Each y. realizes the
same cut in the ordered set H and also satisfies the same algebraic differential equa-
tions over H. In model theoretic terms, this means that all y. realize exactly the same
quantifier-free 1-type over H (in the language of ordered valued differential fields).
Therefore no quantifier-free first-order condition over H can distinguish between two
distinct solutions and there is consequently no first-order normalization process over H
for which the normal form would have a particular y, as its unique solution in H.This
kind of indistinguishability does not necessarily survive under H-field extensions. For
instance, consider an H-field extension H; := H{f, e‘x3/3‘x2/2) of H where f < 1
satisfies f — f = x~' ff”” + x~!. Then for ¢| # ¢, the solutions y., and y., realize
distinct quantifier-free 1-types over Hj.

In view of the above discussion, a more precise formulation of (R3) would be to
require all solutions of (Q) to realize the same quantifier-free 1-type over H. In this
monograph, we introduce an even more stringent requirement. The idea is to investigate
closely how distinguishable and indistinguishable solutions arise. The linear part of the
equation is again the key here, as we already saw when obtaining the general solution y.
from the linear part of (E..). Under the assumption (R1), the asymptotic behavior of the
non-zero solutions to the linear differential equation L(/%) = 0 does not change under
refinement. Now assume that 7 € H \ H satisfies (Q). Roughly speaking, (R3) holds
if y and y + |A| realize the same cut in H, for all i < 1 satisfying L(h) = 0. Here h
typically belongs to the universal exponential extension of H|[1].
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The Main Theorem

Before we state our main result we introduce a few more concepts and motivate some
hypotheses of this theorem. Again, we only do this on an informal level; the precise
definitions are given at the appropriate places in the monograph.

First, in light of (R2), our H-field H had better be sufficiently rich from the outset,
say Liouville closed and w-free. Here, the property of m-freeness is a certain first-
order condition about linear differential equations of order 2, satisfied by T, which
plays a crucial role in [ADH]. With an eye towards factorizations over the complexifi-
cation K = H[i] of H, we also assume that K is 1-linearly newtonian: each quasilinear
equation y’ + fy = g (f, g € K) has a solution y < 1 in K. Minor assumptions are that
the constant field of H is archimedean and the derivation of H is small in the sense
that h < 1 = h’ < 1 forall 4 € H. Both conditions hold for H = T and any Hardy field.

Since our aim is to solve quasilinear equations that do not already have a solu-
tion in H, we will further assume that H is not newtonian. This hypothesis yields a
quasilinear hole (Q, 1, 5) in H, that is, a quasilinear equation Q(y) =0,y < 1 and a
solution b ¢ H thereof in some immediate extension of H. We call such a hole mini-
mal if Q has minimal complexity (among all holes in H), and we say that it is special
ifbisa pseudolimit of a pseudocauchy sequence in H exhibiting a power-type rate of
pseudoconvergence.

One key feature of the general theory of H-fields from [ADH] is that many impor-
tant asymptotic properties are eventual. This means that they hold upon replacing the
derivation 9 of H by a small derivation ¢~'9 with sufficiently small ¢ € H, ¢ > 0.
This corresponds to replacing the underlying “time” variable x by faster times, like e*
or e . We say that ¢ € H with ¢ > 0 is active in H if the derivation ¢~'9 remains
small. For such ¢ the ordered field H equipped with the derivation ¢~'9 is again an
H-field, denoted by H?, and rewriting a differential polynomial P over H in terms of
the new derivation ¢~'9, we obtain an equivalent differential polynomial P? over H?.
Thus any hole (P, m,y) in H naturally gives rise to a hole (P?,m,y) in H?.

The precise formalization of the requirements (R1), (R2), (R3) from above is done
stepwise, via the introduction of progressively stronger normalization properties of
holes. We actually work also with slots: a bit more general than holes and useful inter-
mediate stages in the normalization of holes. Likewise, instead of minimal holes we
often deal with somewhat more general Z-minimal holes and slots.

At the end of the day, the requirements (R1), (R2) and (R3) are formalized through
the concepts of strongly repulsive-normal and ultimate holes. Normality corresponds
to the requirement (R1). The notion repulsive takes care of (R2) and part of (R3); the
terminology is motivated by analytic considerations in [7]. The qualifier strongly and
the property ultimate indicate further contributions to (R3).

Let us now state our main result with all the necessary fine print:
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Normalization Theorem. Let H be an ®-free Liouville closed H-field with small
derivation, archimedean ordered constant field C, and 1-linearly newtonian alge-
braic closure H[i]. Suppose H is not newtonian. Then for some Z-minimal special
hole (Q, 1, Z;) in H with order Q > 1 and some active ¢ > 0 in H with ¢ < 1, the
hole (Q?, 1, E) in H? is deep, strongly repulsive-normal, and ultimate.

The assumption on H that C is archimedean is not first-order in the logical sense; it can
perhaps be dropped. (Corollary 4.3.41 characterizes newtonianity in a less sharp way,
but without this hypothesis on C.) As already mentioned, this Normalization Theo-
rem is an essential tool in [7]. The example (E ) also illustrates that stronger normal
forms are mandatory for the uniform resolution of asymptotic equations depending
on parameters. We expect this to play an important role for a deeper understanding
of definable functions and better effective versions of our quantifier elimination result
from [ADH].

Adyvice

Readers may skip Chapter [, referring back to it when necessary. Section 1.3 discusses
the important concepts of A-freeness and w-freeness. The results in this section are
not needed later in the monograph, but are used in [6], which in turn is needed in [7].
Sections 2.3 and 2.4 explain the role played by the universal exponential extension in
factoring linear differential operators, and hence motivate the definition of “ultimate
hole”. Otherwise these two sections are not used to obtain our normalization results,
but they are needed in [7]. A few subsections and individual items are marked by an
asterisk (*) to indicate that they are not used for our normalizations or in connection
with [7] or other articles by the authors listed in the bibliography. For a summary of
various shades of normality introduced and a list of other important normalization
results proved in this monograph, see Notions of Normality on pp. 20-22.

Concepts and Results from [ADH]

This section collects notation and terminology which is used throughout this mono-
graph. Thus m, n always range over the set N = {0, 1,2, . .. } of natural numbers. Given
an additively written abelian group A we set A* := A \ {0}. Rings (usually, but not
always, commutative) are associative with identity 1. For a ring R we let R* be the
multiplicative group of units of R (consisting of the a € R such that ab = ba = 1 for
some b € R). Let S be a totally ordered set and A € S. We set

Al ={seS:s<aforsomeac A}, Al:={seS:s>aforsomeac A}
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where < is the ordering of S. We say that A is downward closed in S if A = Al
and upward closed in S if A= AT. Fora € S we also let $% := {s € S : s > a}.
Ordered abelian groups and ordered fields are totally ordered, by convention. Let I be
an ordered abelian group, written additively. Then I'> := ', and likewise with >, <,
or < in place of >. The ordered divisible hull of I" is denoted by QI".

Differential rings and fields

Let R be a differential ring, that is, a commutative ring R containing (an isomorphic
copy of) Q as a subring and equipped with a derivation d: R — R. When its deriva-
tion 9 is clear from the context, then for a € R we denote d(a), 9*(a), ...,d" (a), ...
bya',a”,..., a™ ... . IfaeR* thena' := a’ /a denotes the logarithmic derivative
of a, so (ab)t = a’ + b' for all a, b € R*. We have a subring Cg := kerd of R, called
the ring of constants of R, with Q C Cr. A differential field is a differential ring K
whose underlying ring is a field. In this case Ck is a subfield of K, and if K is under-
stood from the context we often write C instead of Ck. Note that a differential field
has characteristic 0.

Often we are given a differential field H in which —1 is not a square, and then H [1]
is a differential field extension with > = —1: the derivation d on H uniquely extends to a
derivation on H[1], and this extension has i in its constant field. For z = a + bi € H[1]
(a,b e HywesetRez:=a,Imz:=b,and 7 := a — bi. Then z — Z is an automorphism
of the differential field H[1i]. If there is also given a differential field extension F of H
in which —1 is not a square, we always tacitly arrange i to be such that H[i] is a
differential subfield of the differential field extension F[i] of F.

Differential polynomials

Let R be a differential ring. We have the differential ring R{Y} = R[Y,Y’,Y”,...] of
differential polynomials in a differential indeterminate Y over R. Let P = P(Y) € R{Y}.
The order of P, denoted by order(P), is the least r € Nsuchthat P € R[Y,Y’,... ,Y(r)].
Let order(P) < r. Then
P=> PY
i

with i ranging over tuples (g, ..., i) € N7, ¥ := Yoo(y’)i ... (Y("))ir coeffi-
cients P; in R, and P; # O for only finitely many i. For such i we set

li| == ig+i1+---+1i,, il := i1 +2ip+ - +ri,.
The multiplicity of P (at 0) is

mulP := min{|i| i iO} eNif P £0, mul P := +0if P =0,
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the degree of P is

deg P := max {|i| : P; # 0} e Nif P # 0, degP = —0if P =0,
and the weight of P is

wtP := max {|[i|| : P; # 0} e Nif P # 0, WtP := —ocoif P = 0.

Ford € N weset Py := 2 jj|=q P;Y? (the homogeneous part of degree d of P), so P =
>4 Pa,and if P # 0, then

mul P = min{d : P4 # 0}, deg P = max{d: P, # 0}.
For a € R we let
P., ;= P(a+Y) and Py, := P(aY)

be the additive conjugate and the multiplicative conjugate of P by a, respectively.
For ¢ € R* we let R? be the compositional conjugate of R by ¢: the differential ring
with the same underlying ring as R but with derivation ¢~'9 (usually denoted by &)
instead of 9. We have an R-algebra isomorphism P — P?: R{Y} — R%{Y} such
that P%(y) = P(y) for all y € R; see [ADH, 5.7].

A differentially algebraic (for short: d-algebraic) extension of a differential field K
is a differential field extension L of K such that for all y € L we have P(y) = 0 for
some differential polynomial P € K{Y}*. See [ADH, 4.1] for more on this.

Complexity and the separant

Let K be a differential field and P € K{Y'} \ K, and set r = order P, s = degy( P,
and t = deg P. Then the complexity of P is the triple c(P) = (r, s, t) € N°; we order N°

lexicographically. Let a € K. Then ¢(P+4) = ¢(P), and c¢(Px,) = c(P) if a # 0. The
differential polynomial Sp := a}a,fr) is called the separant of P; thus c(Sp) < c(P)

(giving complexity (0,0, 0) to elements of K), and S,p = aSp if a # 0. Moreover,

() Sp,, = (SP)+a» Sp,, =a-(Sp)xa» Sps = ¢"(Sp)? for ¢ € K*.

(For Sp,, and Sp,, this is from [ADH, p. 216]; for Spe, express P as a polynomial
inY™) and use (Y")? = ¢"Y ") + lower order terms.)

Linear differential operators

Let R be a differential ring. We associate to R the ring R[d] of linear differential opera-
tors over R; see [ADH, 5.1]. This is the ring extension of R generated over R by an ele-
ment d: we use here the same symbol that denotes the derivation of R, impose 0" # 9"
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for all m # n, require R[9] to be free as a left R-module with basis 1 = 3°,0=9',9?,.. .,
and impose da = ad + a’ (in R[d]) for a € R. Each A € R[] has accordingly the form

2) A =ap+ad+---+a,d" (ag,...,a € R),
and for such A and y € R we put
A(y) := apy +ar1y’ +---+a,y™ €R.

Then (AB)(y) = A(B(y)) for all A, B € R[d] and y € R. The kernel of A € R[d] is
the Cr-submodule
kerA = {y e R: A(y) =0}

of R. If we want to stress the dependence on R, we also write kerg A for ker A.
For A € R[9]¥ there are unique elements ay, . . ., a, of R with a,, # 0 such that (2)
holds. Then order(A) := n is the order of A, and we say that A is monic if a,, = 1.
Let u € R*. For A € R[9] we set A, := u~'Au € R[], the twist of A by u. If A is
monic, then so is A, and A — A, is an automorphism of the ring R[d] which is the
identity on R [ADH, p. 243]; its inverse is B — B,,-1. Let ¢ € R*. Then we have the
ring R?[3] of linear differential operators over the differential ring R? (with deriva-
tion & = ¢~'9), and we have a ring isomorphism A — A?: R[] — R?[3]; it is the
identity on R, with 0¢ = ¢3.

The linear part of P € R{Y} is the linear differential operator

oP i oP n
Lp = ZW(O)B € R[9], so Lp,, = Z 20 (a)d" for a € R.

n n

We have Lp(y) = Pi(y) forall y € R.

Suppose now K is a differential field. Then A € K[d] is said to split over K if
A=c@-f1)-@-f) forsomec € K* and fi,..., f, € K;

cf. [ADH, 5.1]. If A splits over K, then so does aAb for a, b € K*, and A? splits
over K¢ for ¢ € K. In [ADH, 5.2] we defined the functions

3) w:K—>K, w(z) = -(27 +2°)
and
4) oc: K* > K, o(y) = w(z) +y* wherez:= —y'.

Then for A = 40 + f (f € K) we have

(5) Asplitsover K — [ € w(K)
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and if —1 is not a square in K, then
(6) Asplitsover K[i] < f € w(K)Uo(K).

We say that K is linearly closed if every A € K[9]¥ splits over K. By [ADH, 5.8.9]
this holds if K is weakly differentially closed: each P € K{Y} \ K has a zero in K. In
this case K is linearly surjective, thatis, A(K) = K for all A € K[9]*. The differential
field K is said to be r-linearly surjective (r € N) if A(K) = K for every A € K[3]* of
order at most r.

Valued fields

For a field K we have K* = K*, and a (Krull) valuation on K is a surjective map
v: K* — T onto an ordered abelian group I' (additively written) satisfying the usual
laws, and extended to v: K — ', :=T" U {0} by v(0) = oo, where the ordering on I" is
extended to a total ordering on ', by v < oo forall y € I'. A valued field K is afield (also
denoted by K) together with a valuation ring O of that field, and the corresponding
valuation v: K* — T on the underlying field is such that O = {a € K : va > 0} as
explained in [ADH, 3.1].

Let K be a valued field with valuation ring Ok and valuationv: K* — I'r. Then Ok isa
local ring with maximal ideal ox = {a € K : va > 0} and residue field res(K) = Ok /ok .
If res(K) has characteristic zero, then K is said to be of equicharacteristic zero. When,
as here, we use the capital K for the valued field under consideration, then we de-
note 'k, Ok, ok, by I', O, o, respectively. A very handy alternative notation system
in connection with the valuation is as follows. With a, b ranging over K, set

axb & va=vb, asb :© va>vb, a<b : va>vb,

ar=b :© b<a, a-b o b<a, a~b o a-b<a.

It is easy to check that if a ~ b, then a, b # 0 and a =< b, and that ~ is an equivalence
relation on K*. We set K™! := {a € K : a > 1}, in analogy with notation like $>¢ for
an ordered set S and a € S. Likewise with K~!, etc., so K*! = o.

Given a valued field extension L of K, we identify in the usual way res(K) with a
subfield of res(L), and I with an ordered subgroup of I'y . Such a valued field extension
is called immediate if res(K) = res(L) and I" = I'r.. We use pc-sequence to abbreviate
pseudocauchy sequence, and a, ~> a indicates that (a,) is a pc-sequence pseudo-
converging to a; here the a, and a lie in a valued field understood from the context,
see [ADH, 2.2, 3.2].

Next we summarize the complementary processes of coarsening and specialization
of a valued field, which play an important role in Chapters 3 and 4. (For more details
see [ADH, 3.4].) Let K be a valued field and A a convex subgroup of its value group I'.
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Equip I := I'/A with the unique ordering making it an ordered abelian group such
that the residue morphism I" — I" is increasing. Then the map o = vp: KX — I given
by 0f := vf + A is a valuation on K, called the coarsening of v by A, or just the A-
coarsening of v. We denote the asymptotic relations associated with o by a subscript A,
SO <A, <a, €tc., or just by <, X, etc., if A is clear from the context. The valuation
ring of v is O := {a €K :vace AT} with maximal ideal ¢ := {a €K : va> A}. The
valued field (K, O) is called the coarsening of the valued field K by A, or simply
the A-coarsening of K. Let K := O/6 be the residue field of (K, 0), with residue
morphism a — a + 0: O — K. Then for a € O \ 6, the value va only depends on d,
and we obtain a valuation v: K* — A on K with vd := va for a € O \ 0. The valuation
ring of this valuation on K is Oy := {d : a € O}. The valued field (K, Oy ), called the
A-specialization of K, is also denoted by K. The composed map O — Oy — res(K)
has kernel o, and thus induces a field isomorphism res(K) — res(K); we use it to
identify res(K) with res(K).

Valued differential fields

As in [ADH], a valued differential field is a valued field of equicharacteristic zero
together with a derivation, generally denoted by o, on the underlying field. (Unlike [3]
we do not assume in this definition that d is continuous with respect to the valuation
topology.) Let K be a valued differential field and K(Y) the fraction field of K{Y}.
We extend the valuation v: K — I’ and the corresponding relations <, <, etc., first
to K{Y} by

v(P) := min {v(P,-) ti€ N”’} for P € K{Y'} of order < r,

and then (uniquely) to a valuation v: K(Y) — D' (the gaussian extension). We also
define the dominant degree ddeg P for P € K{Y} by

ddeg P := max {d cv(Py) = v(P)} eNifP £0, ddeg P := —0if P = 0.

The dominant weight dwt P of P is defined in the same way, and so is the dominant
multiplicity dmul P of P (at 0), with dmul P = +co if P = 0.

The derivation 0 of a valued differential field K is said to be small if do C o; then 9 is
continuous with respect to the valuation topology of K, and 00 C O [ADH, 4.4.2],s09
induces a derivation on res(K) making the residue map O — res(K) into a morphism
of differential rings.

We say that K is differential-henselian (d-henselian for short) if its derivation is
small, the differential residue field res(K) is linearly surjective, and forevery P € O{Y'}
with Py < Py < 1 there exists y < 1 in K such that P(y) = 0. See [ADH, Chapter 7]
for more, and for the weaker notions of r-d-henselian, r € N.
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Suppose now the derivation of K is small, and A = 3; ¢;0' € K[9] (all a; € K).
In [ADH, 5.6] we defined v(A) := min; v(a;) € ', extending accordingly the rela-
tions <, <, etc., on K to K[d]. For A # 0 we set

dwmA := min {i s v(ap) = U(A)} eN, dwt A := max {i s v(ap) = U(A)} eN,

the dominant weighted multiplicity of A and the dominant weight of A, respectively.
Let y range over K*. Then v(Ay) only depends on vy, not on y, and we can thus
define v4(y) := v(Ay) for y := vy. The quantity dwt(Ay) also only depends on vy, so
we can define dwta (y) := dwt(Ay) for y = vy. Likewise, if 00 C o, then dwm(Ay)
only depends on vy, and we define dwma(y) := dwm(Ay) for y = vy. The set of
exceptional values of A is

E(A) = &k(A) = {vy: dwm(Ay) >O} c T,

it contains v(ker” A), where ker” A := (ker A)*; cf. [ADH, 5.6.7].

Ordered differential fields

An ordered differential field is a differential field K with an ordering on K making K
an ordered field. Likewise, an ordered valued differential field is a valued differential
field K equipped with an ordering on K making K an ordered field (no relation between
derivation, valuation, or ordering being assumed). Let K be an ordered differential
field. We have the convex subring

O = {g€K:|g| < cforsomec e C},
which is a valuation ring of K and has maximal ideal
o = {g € K : |g| < c for all positive ¢ € C}.

We call K an H-field if for all f € K with f > C we have f’ > 0,and O = C + 0. We
view such an H-field K as an ordered valued differential field with its valuation given
by O. Pre-H-fields are the ordered valued differential subfields of H-fields. See [ADH,
10.5] for basic facts about (pre-)H-fields. An H-field K is said to be Liouville closed
if K is real closed and for all f, g € K there exists y € K* with y’ + fy = g. Every
H-field extends to a Liouville closed one; see [ADH, 10.6].

Let K be a pre-H-field. In [ADH, p. 520] we singled out the following subsets:
LK) = (KD AK) = ~(K"D, AK) = ~(K*)".

If K is Liouville closed, then the restriction of the map w to A(K) is strictly increasing
with w(A(K)) = w(A(K)). The restriction of o to I'(K) is strictly increasing, and
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we have w(A(K)) < o (I'(K)); see [ADH, 11.8]. We call K Schwarz closed if K is
Liouville closed and K = w(A(K)) U o(I'(K)) [ADH, 11.8.33].

We alert the reader that in a few places we refer to the Liouville closed H-field T,
of grid-based transseries from [18], which is denoted there by T. Here we adopt the
notation of [ADH] where T is the larger field of logarithmic-exponential series, which
is also a Liouville closed H-field.

Asymptotic fields

In their capacity as valued differential fields, H-fields and pre-H-fields are among so-
called asymptotic fields, which also include the algebraic closure of any pre-H-field
(where this algebraic closure is equipped with the unique derivation extending the
derivation of the pre-H-field and any valuation extending the valuation of the pre-H-
field). That is one of the reasons (not the only one) to consider this notion more closely:
An asymptotic field is a valued differential field K such that for all nonzero f,g < 1
in K we have: f < g © f’ < g’. Let K be an asymptotic field. Then K¢ with ¢ € K*
is also asymptotic. We associate to K its asymptotic couple (I, ), where ¢y : IT* — T
is given by
w(vg) = v(gh) forg e KX with vg # 0.

So the asymptotic couple of K is the ordered abelian value group I" with a function on it
that is induced by the derivation of K; it serves a similar purpose as the value group of
a mere valued field. We put ¥ := (I'?), and if we want to stress the dependence on K
we also write (I'g, ¥ k) and Wk instead of (I', ) and P, respectively. See [ADH,
9.1, 9.2] for more on asymptotic couples, in particular the taxonomy of asymptotic
fields introduced via their asymptotic couples: having a gap, being grounded, having
asymptotic integration, and having rational asymptotic integration. We now consider
various conditions on our asymptotic field K, some mentioned in the last sentence. To
define those conditions, let f, g range over K, and c over the constant field C of K:

H-asymptotic (or of H-type): 0 # f < g < 1 = fT = g, (Pre-H-fields and their alge-
braic closures are H-asymptotic. If K is H-asymptotic and ¢ € K*, then K¢ is H-
asymptotic.)

Differential-valued (or d-valued): for all f = 1 there exists ¢ with f ~ c¢. (H-fields and
their algebraic closures are d-valued.)

Pre-differential-valued (or pre-d-valued): f < 1&0# g < 1= f’ < g". (Pre-H-fields
are pre-d-valued. Every pre-d-valued field has a canonical d-valued extension, its d-
valued hull dv(K), by [ADH, 10.3].)

Grounded: there is a nonzero f * 1 such that for all nonzero g * 1 we have g > f7.
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Asymptotic integration: for all f # 0 there exists g * 1 with g’ =< f. (If K has asymp-
totic integration, then K is ungrounded with I # {0}. Liouville closed H-fields have
asymptotic integration.)

A-free: H-asymptotic, ungrounded, and for all f there exists g = 1 with f — g™ = g7.

o-free: H-asymptotic, ungrounded, and for each f thereisa g > 1 with f — w( gTT) .
(g")?, where w is as in (3).

Here we note that ®-freeness is very robust, and powerful, and that T is ®-free. For
more on this, see [ADH, 13.6] and Section 1.3 below.

Flattening

This is from [ADH, 9.4]. Suppose K is H-asymptotic with asymptotic couple (I', ).
Then we have a convex subgroup Y= {y el : y(y) > 0} of ", and the I"’-coarsen-
ing v”: K* — T'/T? of v is called the flattening of v. The differential field K together
with the valuation ring of o is H-asymptotic. We denote the relations =, ~, <, <
associated to v? by =, ~?, <P, <P respectively. For ¢ € K* we denote the flattened
objects U?;s’ F:ﬁ’ xz,,, ~t(’p, {’/), <z§ associated to the H-asymptotic field K ¢ by a sub-
script ¢. In particular, F; = {y el y(y) > v¢}.

Newtonianity

In order to define newtonian, we assume the asymptotic field K to be ungrounded
with " # {0}. Then an element ¢ € K is said to be active in K if $ # 0 and ¢ > f7 for
some nonzero f # 1.If ¢ is active in K, then the derivation ¢~'9 of K? is small. Let ¢
range over the active elements of K. A property S(¢) of (active) elements ¢ is said
to hold eventually if there is an active ¢ in K such that S(¢#) holds for all ¢ < ¢o;
cf. [ADH, p. 479]. The way to understanding Liouville closed H-fields such as T
involves often eventual behavior of this kind. For example, in [ADH, 11.1] we showed
that for P € K{Y},dmul P?,ddeg P?, and dwt P? are eventually constant. The eventual
values of these quantities are denoted by nmul P, ndeg P, and nwt P, respectively, and
are called the Newton multiplicity of P, the Newton degree of P, and the Newton weight
of P. We call P quasilinear if ndeg P = 1.

Definition 1. An asymptotic field K is said to be newtonian if K is ungrounded of
H-type with I # {0}, and every quasilinear P € K{Y} has a zero in O.

We now list some properties of this notion from [ADH] that we shall frequently use.
For this, assume as before that K is an ungrounded H-asymptotic field with I" # {0}.
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First a consequence of [ADH, 14.0.1 and the remarks after it]:

(7)  IfK is o-free, then K has an immediate d-algebraic exten- [ADH, 14.0.1]
sion which is newtonian and ®-free.

For d-valued K we often need the following:

(8) If K is d-valued, w-free, newtonian, and algebraically [ADH, 14.5.3]
closed, then K is weakly differentially closed.

For more on d-valued K, see [ADH, 14.5.4] and [25, Theorem B].
(9)  IfK is newtonian, then K is linearly surjective. [ADH, 14.4.2]

Next, suppose K is ®-free and d-valued with divisible value group, and L is a valued
differential field extension of K and algebraic over K. Then:

(10)  If K is newtonian, then so is L. [ADH, 14.5.7]
(11) K is newtonian if L is newtonian and L = K(Cp). [ADH, 14.5.6]

For example, the valued differential field T is newtonian by [ADH, 15.0.2], hence its
algebraic closure T[4] is also newtonian by (10), and thus T[] is linearly closed by (8)
and linearly surjective by (9).

See also [ADH, 14.2] for r-newtonian and r-linearly newtonian, useful weakenings of
newtonian that allow for induction on r € N.

Closed H-fields

A closed H-field (or H-closed field) is a Liouville closed, ®-free, and newtonian H-
field. A fundamental fact from [ADH] about the elementary theory of T as an ordered
valued differential field is that it is completely axiomatized by the requirements of
being a closed H-field with small derivation. Moreover, the closed H-fields are exactly
the existentially closed models of the theory of H-fields.

Notions of Normality

In the diagram in Figure 1 we collect various normality conditions on slots and holes
of order > 1, together with the section of first occurrence and a list of preservation
results. Concepts below the dotted line apply to any H-asymptotic field with small
derivation and rational asymptotic integration, while those above it apply to any real
closed H-field with small derivation and asymptotic integration, except for “ultimate”
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Figure 1. Implications between normality conditions.

where we assume also being Liouville closed. Arrows indicate logical implications
between the various conditions.

We conclude with listing significant normalization results that we prove on the way to
the main theorem stated earlier in this introduction. Throughout, r € N>L

Theorem 3.3.33. If K is an ®-free r-linearly newtonian H-asymptotic field with small
derivation and divisible value group, then every Z-minimal slot in K of order r has a
refinement (P, m, a) such that the slot (P?,m,a) in K¢ is deep and normal, eventually.

Below H is an w-free real closed H-field with small derivation, H is an immediate
asymptotic extension of H,and K := H[i], K := H|[1]. Moreover, (P, m,a) is aminimal
hole in K of order r, withm € H* anda = b +c¢i € K\ K (b,c € H).

Theorem 4.3.9. If H is 1-linearly newtonian, then one of the following holds:

(1) b ¢ H and some Z-minimal slot (Q,m, E) in H has a refinement (Q4p, M, b- b)
such that (be, n, b — b) is eventually deep and split-normal;

(ii) ¢ ¢ H and some Z-minimal slot (R, m,¢) in H has a refinement (Ry¢,M,C — ¢)
such that (R?.,n, ¢ - ¢) is eventually deep and split-normal.

Theorem 4.3.33. If H is 1-linearly newtonian, then one of the following holds:
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(i) b ¢ H and some Z-minimal slot (Q,m, Z) in H has a refinement (Q 4p, M, b— b)
such that (be, n, b — b) is eventually deep and almost strongly split-normal;

(ii) ¢ ¢ H and some Z-minimal slot (R, m, ¢) in H has a refinement (Ryc,M,C — ¢)
such that (Rfc, 1, ¢ — c) is eventually deep and almost strongly split-normal.

Moreover, if H is 1-linearly newtonian and either deg P > 1, or b ¢ H and Z(H, Z;)
contains an element of order 1, or ¢ ¢ H and Z(H, ¢) contains an element of order 1,
then (1) holds with “almost” omitted, or (ii) holds with “almost” omitted.

Theorem 4.5.28. Suppose the constant field C of H is archimedean and deg P > 1.
Then one of the following conditions is satisfied:

(i) b ¢ H and some Z-minimal slot (Q, m, E) in H has a special refine-
ment (Q+p,N,b—Db) such that (be, n, b — b) is eventually deep and
repulsive-normal;

(i) ¢ ¢ H and some Z-minimal slot (R, m,c) in H has a special refine-
ment (Ric,M,C—c) such that (Rfc, n, ¢ — c) is eventually deep and
repulsive-normal.

Theorem 4.5.43. Suppose H is Liouwville closed, C is archimedean, 1(K) C K7,
and deg P > 1. Then one of the following conditions is satisfied:

(i) b ¢ H and some Z-minimal slot (Q, m, Z) in H has a special refine-
ment (Q+p, M, b —b) such that (be, n, b — b) is eventually deep, strongly
repulsive-normal, and ultimate;

(i) ¢ ¢ H and some Z-minimal slot (R, m,¢) in H has a special refine-
ment (Ric,n,c—c) such that (Rfc, n, ¢ — c) is eventually deep, strongly
repulsive-normal, and ultimate.



Chapter 1

Preliminaries

After generalities on linear differential operators and differential polynomials in Sec-
tion 1.1, we investigate the group of logarithmic derivatives in valued differential fields
of various kinds (Section 1.2). We also assemble some basic preservation theorems for
A-freeness and ®-freeness (Section 1.3) and continue the study of linear differential
operators over H-asymptotic fields initiated in [ADH, 5.6, 14.2] (Section 1.4). In our
analysis of the solutions of algebraic differential equations over H-asymptotic fields
in Chapter 3, special pc-sequences in the sense of [ADH, 3.4] play an important role;
Section 1.5 explains why. A cornerstone of [ADH] is the concept of newtonianity, an
analogue of henselianity appropriate for H-asymptotic fields with asymptotic integra-
tion [ADH, Chapter 14]. Related to this is differential-henselianity [ADH, Chapter 7],
which makes sense for a broader class of valued differential fields. In Sections 1.6
and 1.7 we further explore these notions. Among other things, we study their persis-
tence under taking the completion of a valued differential field with small derivation
(as defined in [ADH, 4.4]).

1.1 Linear Differential Operators and Differential Polynomials

This section gathers miscellaneous facts of a general nature about linear differential
operators and differential polynomials, sometimes in a valued differential setting. We
discuss splittings and least common left multiples of linear differential operators, and
then prove some useful estimates for derivatives of exponential terms and for Riccati
transforms.

Splittings

In this subsection K is a differential field. Let A € K[9]* be monic of order » > 1. A
splitting of A over K is a tuple (g1,...,8,) € K" suchthat A= (d—g;1)--- (0 —gr).
If (g1,...,gr) is a splitting of A over K and n € K*, then (g — nf, ... 2 8r — n)isa
splitting of A,; = n~' An over K.

Suppose A = Ay --- A, where every A; € K[d] is monic of positive order r; (so r =
r1+ -+ +ry). Given any splittings

(gllv---7g1r1)’ cee (gmla""gmrm)
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of Ay, ..., Ay, respectively, we obtain a splitting
(g117 .. "g1r19 M gm17 .. ',gmrm)
of A by concatenating the given splittings of Ay, ..., A,, in the order indicated, and

call it a splitting of A induced by the factorization A = A; --- A,,. For B € K[d] of
order r > 1 we have B = bA with b € K* and monic A € K|[d], and then a splitting
of B over K is by definition a splitting of A over K. A splitting of B over K remains a
splitting of aB over K, for any a € K*. Thus:

Lemma 1.1.1. IfB € K[0] has orderr > 1, and (g1, . . ., &) is a splitting of B over K
andn € K*, then (g1 —n', ..., g, —n') is a splitting of B.n over K and a splitting
of Bn over K.

Let A € K[9]” and r := order(A). From [ADH, 5.1, 5.7] we know that if A splits
over K, then for any ¢ € K* the operator A? € K?[3] splits over K?; here is how a
splitting of A over K transforms into a splitting of A? over K¢:

Lemma 1.1.2. Let ¢ € K* and
A=c0@-a)---(0-a,) withceK* anday,...,a, €K.
Then in K?[8] we have
A? = c¢"(8-b))---(8—b,) where bj:= ¢_1(aj—(r—j)¢T) G=1,...,r).

Proof. Induction on r. The case r = 0 being obvious, suppose r > 1, and set B :=
(0 —az) - -+ (0 — a,). By inductive hypothesis

B? =¢" ' (8§—b2)---(5—-b,) whereb;:=¢ '(a;—(r—j)p’)forj=2,...,r.
Then
A? = ¢4 (8- (a1/9)) B = c¢" (8- (a1/9)).gr1 (8=b2)-- (8= by)

with
(8= (a1/)),gr1 = 8= (a1/¢) + (r=1)¢'/¢
by [ADH, p. 243]. "

A different kind of factorization, see for example [23], reduces the process of solving
the differential equation A(y) = 0 to repeated multiplication and integration:

Lemma 1.1.3. Let A € K[9]” be monic of orderr > 1. Ifby,...,b, € KX and

A = by---by_1b,(3b; (b)) - (367,
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then (ay,...,a1), whereaj := (by---b;) for j = 1,...,r, is a splitting of A over K.
Conversely, if (a,, ...,a1) is a splitting of A over K and by, ...,b, € K* are such
that b; =aj—aj_1forj=1,...,rwithag :=0, then A is as in the display.

This follows easily by induction on r.

Real splittings

Let H be a differential field in which —1 is not a square. Then we let i denote an
element in a differential field extension of H with 12 = —1, and consider the differential
field K = H[i]. Suppose A € H[d] is monic of order 2 and splits over K, so

A:(a_f)(a_g)s f’gEK'

Then
A=0-(f+8)d+fs-¢.

and thus f € H iff g € H. One checks easily thatif g ¢ H, then there are unique a,b € H
with b # 0 such that

f=a-bi+b", g =a+bi
and thus

A=3-Qa+bHYo+a’+b*>—a +ab'.

Conversely, if a,b € H and b # 0, then for f :=a — bi + bt and g:=a+ bi we
have (0 — f)(d —g) € H[J].

Let now A € H[d] be monic of order r > 1. Recall: A is irreducible iff there are no
monic A, Ay € K[d] of positive order with A = A{A,; cf. [ADH, p. 250].

Lemma 1.1.4. Suppose A splits over K. Then A = Ay - - - A, for some Ay, ...,An
in H[d] that are monic and irreducible of order 1 or 2 and split over K.

Proof. By [ADH, 5.1.35], A = A;--- A, where every A; € H[d] is monic and irre-
ducible of order 1 or 2. By [ADH, 5.1.22], such A; split over K. n

Definition 1.1.5. A real splitting of A (over K) is a splitting of A over K that is induced
by a factorization A = A; - - - A,,, where every A; € H[d] is monic of order 1 or 2 and
splits over K. (Note that we do not require the A; of order 2 to be irreducible in H[d].)

Thus if A splits over K, then A has a real splitting over K by Lemma 1.1.4. Note that
if (g1,...,g,) is areal splitting of A andn € H*, then (g; — nf, ... 2 8r — n') is areal
splitting of A..
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It is convenient to extend the above slightly: for B € H[d] of orderr > 1 wehave B=bA
with b € H* and monic A € H|[9], and then a real splitting of B (over K) is by definition
a real splitting of A (over K).

In later use, H is a valued differential field with small derivation such that —1 is not a
square in the differential residue field res(H). For such H, let O be the valuation ring
of H. We make K a valued differential field extension of H with small derivation by
taking Ox = O + O1 as the valuation ring of K. We have the residue map

a resa: Og — res(K),
sores(K) =res(H)[1], writing here i for resi. We extend this map to a ring morphism
B> resB: Ok[d] — res(K)[9d]

by sending d € O[] to d € res(K)[d].

Lemma 1.1.6. Suppose (g1, ...,gr) € res(K)" is a real splitting of a monic opera-
tor D € res(H)|[d] of order r > 1. Then there are by, . .., b, € Ok such that

B = (0-b1)---(0—-br) € Ol9],
(b1,...,b,) is areal splitting of B, andresbj = g; for j=1,...,r.

Proof. We can assume r € {1,2}. The case r = 1 is obvious, so let r = 2. Then the
case where g1, g» € res(H) is again obvious, so let g; = res(a) — res(b)i + (res b)T,
g2 =res(a) + res(b)i where a,b € O,resb # 0. Set by :=a — bi + b, by := a + bi.
Then by, by € Ok withresb; = g1, resby = gy, and B := (d — b1)(d — by) € O[9] have
the desired properties. u

Least common left multiples and complex conjugation

In this subsection H is a differential field. Recall from [ADH, 5.1] the definition of
the least common left multiple Iclm(Ay, . .., A,,) of operators Ay, ..., A,, € H[d]7,
m > 1: this is the monic operator A € H[d] suchthat H[d]A; N---N H[Jd] A, = H[J] A.
For A, B € H[3]” we have:

max{order(A), order(B)} < order(lclm(A, B)) < order(A) + order(B).
For the inequality on the right, note that the natural H[d]-module morphism
H[d] — (H[J]/H[0]A) x (H[0]/H[J]B)

has kernel H[9] Iclm(A, B), and for D € H[d]*, the H-linear space H[9]/K[d]D has
dimension order D.



Linear Differential Operators and Differential Polynomials 27

We now assume that —1 is not a square in H; then we have a differential field exten-
sion H[i] where i> = —1. The automorphism a + bi — a+bi:=a-bi(abeH)
of the differential field H[i] extends uniquely to an automorphism A s A of the
ring H[i][0] withd = 9. Let A € H[i][9];then A = A & A € H[d]. Hence if A # 0
is monic, then L := Iclm(A, A) € H[9] and thus L = BA = B A where B € H[i][9].

Example 1.1.7. Let A = 0 — a where a € H[i]. If a € H, then lclm(A, A) = A, and
ifa ¢ H, then Iclm(A,A) = (0 —b)(d—a) = (0 — b)(d —a) where b € H[i] \ H.

Let now F be a differential field extension of H in which —1 is not a square; we assume
that 1 is an element of a differential ring extension of F.

Lemma 1.1.8. Let A € H[1][0]” be monic, b € H[i], and f € F[i] with A(f) = b.
Let B € H[i][d] be such that

L := lclm(A, A) = BA.

Then L(f) = B(b) and hence L(Re(f)) = Re(B(b)) and L(Im(f)) = Im(B(b)).
In [7] we shall need a slight extension of this lemma:

Remark 1.1.9. Let F be a differential ring extension of H in which —1 is not a square
and let i be an element of a commutative ring extension of F such that i = —1 and
the F-algebra F[i] = F + Fi is a free F-module with basis 1, i. For f = g + hi € F[i]
with g, h € F we setRe(f) := g and Im( f) := h. We make F[i] into a differential ring
extension of F in the only way possible (which has i’ = 0). Then Lemma 1.1.8 goes
through.

Estimates for derivatives

In this subsection K is an asymptotic differential field with small derivation. We also
fix m € K* with m < 1. Here is a useful bound:

Lemma 1.1.10. Letr € Nand y € K satisfy y < m"*™ < 1. Then P(y) < m""" P for
all P € K{Y}? of order at most r with u = mul(P) > 1.

Proof. Notethat0) #m < 1andr +m > 1. Hence

y/ < (mr+m)/ — (r + m)mr+m—1m/ < mr—l+m
so by induction y() < m" """ forj = 0,...,r. Hence y* < mU+mEI=lEl 5 mmmlil for
nonzero i = (ig,...,i,) € NI+ which yields the lemma. n

Corollary 1.1.11. If f € K and f < m", then f*) <m"* fork =0, ...,n.

Proof. This is a special case of Lemma 1.1.10. ]
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Corollary 1.1.12. Ler f € K* and n > 1 be such that f < m". Then f*) < m"*
fork=1,...,n.

Proof. Notethatm” #0,s0 f' < (m")’ = nm" 'm’ < m"~! [ADH, 9.1.3]. Now apply
Corollary 1.1.11 with f’, n — 1 in place of f, n. ]

Estimates for Riccati transforms

In this subsection K is a valued differential field with small derivation. We recall
from [ADH, 5.8] that for a homogeneous differential polynomial P € K{Y} of de-
gree d € N the Riccati transform Ri(P) € K{Z} of P satisfies

Ri(P)(z) = P(y)/y? forye K*, z=y.
We put R,, := Ri(Y"") € Q{Z}, so
Ro=1, Ri=Z, Ry=2Z*+7,
For A =ag+aid+---+a,d" € K[d] (ap,...,a, € K) we also let
Ri(A) :=agRy + a1R, + --- + a,R, € K{Z}.
For later use we prove variants of [ADH, 11.1.5], where z ranges over K.
Lemma 1.1.13. Ifz > 1, then R,(z) = 2" (1 + €) with ve > v(z™") + 0(vz) > 0.

Proof. Thisisclearforn =0andn = 1. Supposez > 1,n > 1,and R,,(z) = 7"(1 + €)
with € as in the lemma. As in the proof of [ADH, 11.1.5],

T ’

Ru(2) = 2" (1 +e+nz—(1 +€)+ ).
< Z
Now v(z") > o(vz): this is obvious if z" < 1, and follows from v (y) = o(y) fory # 0
if 7/ = 1 [ADH, 6.4.1(iii)]. This gives the desired result in view of €’ < 1. ]
Lemma 1.1.14. Suppose 00 C o. If z %= 1, then R, (z) = 7" (1 + €) with € < 1.

Proof. The case z > 1 follows from Lemma 1.1.13. For z < 1, proceed as in the proof
of that lemma, using 00 C o. [

By [ADH, 9.1.3 (iv)] the condition dO C o is satisfied if K is d-valued, or asymptotic
with ¥ N T # (. The following observation is not used later:

Lemma 1.1.15. Suppose K is asymptotic and 0 # z < 7 < 1. Then R,(z) ~ z("~1
Jorn> 1.
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Proof. Induction onn gives z< 2/ < -~ < z™ < 1 for all n. We show R,,(z) ~ z"~1)
for n > 1, also by induction. The case n = 1 is clear from R; = Z, so suppose n > 1
and R, (z) ~ z"*~. Then

Ru+1(z) = 2R, (2) + Ry (2)

where R,,(z)" ~ z™ by [ADH, 9.1.4(ii)] and zR,,(z) = zz"~ D < z(»=1) < 7" There-
fore Ry41(2) ~ 2. o

1.2 The Group of Logarithmic Derivatives

Let K be a differential field. The map y > y": KX — K is a morphism from the
multiplicative group of K to the additive group of K, with kernel C*. Its image

(K*)" = {yT : yeKX}

is an additive subgroup of K, which we call the group of logarithmic derivatives of K.
The morphism y > y' induces an isomorphism K* /C* — (K*)T. To shorten notation,
set0":=0,50 K" = (K*).For ¢ € K* wehave ¢(K?)" = K. The group K* is divisible
iff both C* and K are divisible. If K is algebraically closed, then K* and hence K are
divisible, making K Ta Q-linear subspace of K. Likewise, if K is real closed, then the
multiplicative subgroup K> of K* is divisible, so KT = (K>)T is a Q-linear subspace
of K.

Lemma 1.2.1. Suppose K is divisible, L is a differential field extension of K such
that L' N K = K¥, and M is a differential field extension of L and algebraic over L.
Then M" N K = KT.

Proof. Let f € M* be such that f7 € K. Then f* € L, so forn := [L(f) : L],
nf" = wpye(fN) = Negyie(H)F e L’
by an identity in [ADH, 4.4]. Hence anf € KT, and thus fT e K. [}

In particular, if K7 is divisible and M is a differential field extension of K and algebraic
over K,then M" n K = KT

In the next two lemmas a, b € K;; distinguishing whether ornot a € K" helps to describe
the solutions to the differential equation y’ + ay = b:

Lemma 1.2.2. Suppose 0K = K, and let L be differential field extension of K such
that Cy, = C. Suppose also a € K'. Then for some yo € KX and y; € K,

{yeL:y +ay=b} = {yeK:y +ay=>b} = Cyp +y;.
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Proof. Take yy € K* with yg = —a, s0 y, + ayo = 0. Twisting d + a € K[d] by yo
(see [ADH, p. 243]) transforms the equation y" + ay = b into z’ = y; 'b. This gives
ay) € Kwith y] +ay; = b. Using C, = C, these yo, y1 have the desired properties. m

Lemma 1.2.3. Let L be a differential field extension of K such that L' N K = K.
Assume a ¢ K'. Then there is at most one y € L with y’ + ay = b.

Proof. If y{, y, are distinct solutions in L of the equation y’ + ay = b, then we
have —a = (y; — y2)" € L' N K = K7, contradicting a ¢ K. [

Logarithmic derivatives under algebraic closure

In this subsection K is a differential field. We describe for real closed K how K ' changes
if we pass from K to its algebraic closure. More generally, suppose the underlying field
of K is euclidean; in particular, —1 is not a square in K. We equip K with the unique
ordering making K an ordered field. For y = a + bi € K[i] (a,b € K) we let |y| € K*
be such that |y|> = a®> + b>. Then y — |y|: K[i] — K? is an absolute value on K [i],
ie, forallx,y € K[i],

X[ =0 & x=0,  |xy[ = Ixllyl,  x+yl < x[+]yl.
For a € K we have |a| = max{a, —a}. We have the subgroup
S:={yekl[i]:lyl=1} = {a+bi:a,beK, a2+b2=1}

of the multiplicative group K[i]*. By an easy computation all elements of K[i] are
squares in K [i]; hence K [i]" is 2-divisible. The next lemma describes K [i]; it partly
generalizes [ADH, 10.7.8]. For a, b € K, put wr(a, b) := ab’ — a’b [ADH, 4.1].

Lemma 1.2.4. We have K[i]* = K~ - Swith K> NS = {1}, and
K[i]" = K@ ST (internal direct sum of subgroups of K[i]7).

For a,b € K with a + bi € S we have (a + bi)" = wr(a, b)i. Thus K[i]'nK = K.

Proof. Lety =a + bi € K[i]* (a,b € K), and take r € K> with 7> = a® + b*; then y
r-(y/r)withy/r € S. Thus K[i]X = K> - S, and clearly K> NS = {1}. Hence K [i] "
K"+ 8. Supposea € K*,s € S,anda’ = s7; thena = cs with ¢ € Ckril» and Ckrij
C[i] by [ADH, 4.6.20], hence max{a, —a} = |a| = |c| € C, so a € C and thus a'
sT = 0; therefore the sum is direct. Now if a, b € K and |a + bi| = 1, then

(a+bi)" = (a’ +b'i)(a - bi)
(aa’ + bb") + (ab’ — a’b)i
%(a2 + bz), + (ab’ —a’'b)i = (ab’ —a’b)i = wr(a,b)i. ]
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Corollary 1.2.5. Fory € K[i]* we have Rey' = |y|", and the group morphism
yi- Rey': K[i]* - K
has kernel CS.

If K is real closed and O a convex valuation ring of K, then O[i] = O + Oi is the
unique valuation ring of K[i] that lies over O, and so § € O[i]*, hence y = |y| for
all y € K[i]*. Thus by [ADH, 10.5.2(i)] and Corollary 1.2.5:

Corollary 1.2.6. If K is a real closed pre-H-field, then for all y, z € K[i]*,
y<z = Rey' <Rez'.
We also have a useful decomposition for S:
Corollary 1.2.7. Suppose K is a real closed H-field. Then
S = Sc-(Sn(1+o0kpi)))
where Sc 1= S N C[i]* and S N (1 + ok[i]) are subgroups of O[i]*.

Proof. The inclusion 2 is clear. For the reverse inclusion, leta, b € K, a>+b*=1and
take the unique ¢,d € C witha —c < landb—d < 1. Thenc?> + d*> =1 and a + bi ~
c+di,and so (a + bi)/(c +di) € SN (1 + okyi])- ]

Logarithmic derivatives in asymptotic fields

Let K be an asymptotic field. If K is henselian and k := res K, then by [ADH, remark
before 3.3.33], K* is divisible iff the groups k> and I" are both divisible. Recall that
in [ADH, 14.2] we defined the O-submodule

I(K) = {yeK: y< f forsome f € O}
of K. We have 00 C I(K), hence (1 +0)" € (0*)" C I(K). One easily verifies:

Lemma 1.2.8. Suppose K is pre-d-valued. If1(K) C 9K, then I(K) =90. If1(K) C K™,
then 1I(K) = (0*)", with 1(K) = (1 + 0)" if K is d-valued.

If K is d-valued or K is pre-d-valued without a gap, then
I(K) = {yeK:y< f forsome f € o}.

For ¢ € K* we have ¢ I(K?) = I(K). If K has asymptotic integration and L is an
asymptotic extension of K, then I(K) = I(L) N K. The following is [ADH, 14.2.5]:

Lemma 1.2.9. If K is H-asymptotic, has asymptotic integration, and is 1-linearly
newtonian, then it is d-valued and 90 = 1(K) = (1 + 0)".
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We now turn our attention to the condition I(K) C K. If this condition holds, then
also I(K?) € (K?)" for ¢ € K*, where

(KN = A{¢™ f')f: feK*} = ¢7'K".
By [ADH, Section 9.5 and 10.4.3]:

Lemma 1.2.10. Let K be of H-type. If K is d-valued, or pre-d-valued without a gap,
then K has an immediate henselian asymptotic extension L with 1(L) C L.

Corollary 1.2.11. Suppose K has asymptotic integration. Let L be an asymptotic
field extension of K such that L* = K*C[(1 + or). Then L"=K"+(1+o01)", and
ifI(K) €K', then L' N K = K.

Proof. Let f € L*, and take b € K*, ¢ € C}\, g € op with f = bc(1 + g); then fi=
b" + (1 +g)7, showing LT = K™ + (1 + o7)". Next, suppose I(K) C K7, let b, c, f, g
be as before, and assume a := f T € K; then

a-b'e(l+o)'nK c (L)NK = I(K) c K'
and hence a € K'. This shows LT n K = K. [

Two cases where the assumption on L in Corollary 1.2.11 is satisfied: (1) L is an
immediate asymptotic field extension of K, because then L* = K*(1 + or); and (2)
L is a d-valued field extension of K with " = I';..

If F is a henselian valued field of residue characteristic zero, then clearly the sub-
group 1 + op of F* is divisible. Hence, if K and L are as in Corollary 1.2.11 and in
addition K is divisible and L is henselian, then LT is divisible.

Example 1.2.12. Let C be a field of characteristic 0 and Q be a subgroup of Q
with 1 € Q. The Hahn field C((tQ) = C[[x9]], with x = t™!, is given the natural
derivation with ¢’ = 0 for all ¢ € C and x” = 1: this derivation is defined by

( Z cqxq) = Z chxq_l (all ¢, € O).
qeQ qeQ

Then C((¢2)) has constant field C, and is d-valued of H-type. Thus K := C((+9)) sat-
isfies I(K) C KT by Lemma 1.2.10. Hence by Lemma 1.2.8,

I(K) = (1+0) = {fek: f<x'=t} = ot.

It follows easily that K™ = Ot @ I(K) (internal direct sum of subgroups of K) and
thus (K)" = Q @ o C O. In particular, if Q = Z (so K = C((t))), then (K')' =Z @
tC[[#]]. Moreover, if L := P(C) € C((+9)) is the differential field of Puiseux series
over C, then (L))" =Q® oy.



The Group of Logarithmic Derivatives 33

The real closed case

In this subsection H is a real closed asymptotic field whose valuation ring O is convex
with respect to the ordering of H. (In later use H is often a Hardy field, which is why we
use the letter H here.) The valuation ring of the asymptotic field extension K = H|[1]
of H is then Og = O + Oi, from which we obtain I(K) = I(H) & I(H)i. Let

S = {yeK: |y|:1}, W = {wr(a,b): a,be H, a2+b2:1},

so § is a subgroup of O such that ST =Wi and K™ = H" ® Wi by Lemma 1.2.4.
Since 90 C I(H), we have W C I(H), and thus: W = I(H) < I(H)i C K.

Lemma 1.2.13. The following are equivalent:
(i) I(K) CK';
(i) W=1(H) C H".

Proof. Assume (i). Then I(H)i C I(K) € KT, so W = I(H) by the equivalence preced-
ing the lemma. AlsoI(H) CI(K)and K" N H = H' (by Lemma 1.2.4), thusI(H) C H',
so (ii) holds. For the converse, assume (ii). Then

I(K) = (H)®I(H)i ¢ HeWi = K. n
Applying now Lemma 1.2.9 we obtain:

Corollary 1.2.14. If H is H-asymptotic and has asymptotic integration, and K is 1-
linearly newtonian, then K is d-valued and I(K) C K'; in particular, W = 1(H).

Corollary 1.2.15. Suppose H has asymptotic integration and W = 1(H). Let F be a
real closed asymptotic extension of H whose valuation ring is convex. Then

F[i]'nK = (F' nH) @ I(H)i.
If in addition H' = H, then F[i]' N K = H®1(H)i = K.
Proof. We have
FFNnHCF[i]'nK and I(H)i=WicK nHicF[i]'nKk,
so (FT N H)®1(H)i C F[i]T N K. For the reverse inclusion, F[i]" = FT @ Wi, with
Wr = {wr(a,b): a,b e F, a®>+b*> =1} C I(F),

hence

(F'nH)® (W nH)i
(FF'nH)® ((F)nH)i = (F' nH) @ (H)i,

Fli]'nK

N

using [(F) N H = 1(H), a consequence of H having asymptotic integration. If H" = H
then clearly F' N H = H, hence F[i]' N K = K. ]
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Trigonometric closure (*)

In this subsection H is a real closed H-field. Let O be its valuation ring and o the
maximal ideal of O. The algebraic closure K = H[i] of H is a d-valued H-asymptotic
extension with valuation ring Ox = O + O1i. We have the “complex conjugation” auto-
morphism z = a + bt — 7 = a — bi (a, b € H) of the valued differential field K. For

such z, a, b we have
lz| = VzZ = Va2 +b? € H>.

Lemma 1.2.16. Suppose @ € H and 0’ € K'. Then 6’ € do, and there is a unique y ~ 1

in K such that y' = @'i. For this y we have |y| = 1, so y~! = 3.

Proof. From6'i € KT we get®’ e W CI(H),s00 < 1,hence 6’ € 90 = do. Let z € K*
and 7' = @’i. Then Re z' = 0, thus by Corollaries 1.2.5 and 1.2.7 we have z = cy
withc € Cgandy € SN (1 +ok) where S={a € K : |a| = 1}. Hence y ~ 1, |y| =1,
and y' = @’i.Ifalso y; € K and y; ~ l,y'll' =6"i,theny; = ciy withc; € Cg,s0cy =1
in view of y ~ yj. u

By [ADH, 10.4.3], if an element y of an H-asymptotic extension L of K satisfies y ~ 1
and y' € dog, then the asymptotic field K (y) C L is an immediate extension of K, and
so is any algebraic asymptotic extension of K(y).

Call H trigonometrically closed if for all @ < 1 in H there is a (necessarily unique) y in K
such that y ~ 1 and y' = 6i. (By convention “trigonometrically closed” includes “real
closed”.) For such 8 and y we think of y as e'? and accordingly of the elements % =
%y_] and % = yfz—yl_] of H as cos 6 and sin 6; this explains the terminology. By
Lemma 1.2.16 the restrictions 8 < 1 and y ~ 1 are harmless. Our aim in this subsection
is to construct a canonical trigonometric closure of H.

Our interest in this notion comes from the condition I(K) € KT, which appears
as a natural hypothesis at many points in Chapter 4, especially in Section 4.4. Note
that if I(K) C K", then H is trigonometrically closed. As a partial converse, we have:
if ((H) € H' N oH and H is trigonometrically closed, then I(K) C K; this is an easy

consequence of I(K) = I(H) + I(H)i. Thus for Liouville closed H we have:
H is trigonometrically closed <= I1(K) C K'.

Note also that for trigonometrically closed H there is no y in any H-asymptotic exten-
sion of K such that y ¢ K, y ~ 1, and y' € (d0)i. If H is Schwarz closed, then H is
trigonometrically closed by the next lemma:

Lemma 1.2.17. Suppose H is Liouville closed and w(H) is downward closed. Then H
is trigonometrically closed.
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Proof. Let0 # 6 < 1in H. By Lemma 1.2.16 it suffices to show that then 6’1 € K.
Note that i := 8’ € [(H)¥; we arrange h > 0. Now

f = w(=h")+4h*> = o(2h),  2he H> N1(H),

hence 2h € H> \I'(H) by [ADH, 11.8.19]. So f € w(H)! = w(H) by [ADH, 11.8.31],
and thus dimc,, ker49? + f > 1 by [ADH, p. 258]. Put A := 3> — h'9 + h> € H[9]. The
isomorphism y — yVh: ker(49% + f) — ker A of C-linear spaces [ADH, 5.1.13]
then yields an element of ker” A that for suggestiveness we denote by cos 6. Put sin 6 :=
—(cos 0)’/h. Then

(sin@)’ = —(cos®)” /h+ (cosO)'h'/h
= (~h'(cos @) + h*cos0)/h + (cos)'h'/h = hcos@
and thus y™ = 0’ for y := cos @ + isin 9 € K*. u

If H is H-closed, then H is Schwarz closed by [ADH, 14.2.20], and thus trigonomet-
rically closed. Using also Lemma 1.2.13 and remarks preceding it this yields:

Corollary 1.2.18. If H is H-closed, then 1I(K) C KT = H & I(H):i.

Suppose now that H is not trigonometrically closed; so we have 8 < 1 in H such
that 0’1 ¢ K'. Then [ADH, 10.4.3] provides an immediate asymptotic extension K (y)
of K with y ~ 1 and y' = 6i. To simplify notation and for suggestiveness we set

-1 -1
y+y . y-y
0 = , 0 = —>
Ccos > sin 2
S0
y =cosf +1isiné, (cos0)? + (sin6)* = 1.
Moreover

(cos @) = —@"siné, (sinf)’ = 0’ cos 6.

It follows that H* := H(cos 8, sin 0) is a differential subfield of K (y) such that K(y) =
H™[1], and thus H*, as a valued differential subfield of H(y), is an asymptotic exten-
sion of H.

Lemma 1.2.19. H* is an immediate extension of H.

Proof. Since (y~!)" = —#’i, the uniqueness property stated in [ADH, 10.4.3] allows
us to extend the complex conjugation automorphism of K (which is the identity on H
and sends 1 to —i) to an automorphism o of the valued differential field K(y) such
that o(y) = y~!'. Then o-(cos §) = cos @ and o (sinf) = sin 6, so H* = Fix(c). Let k
be the residue field of H; so k [resi] is the residue field of K and of its immediate exten-
sion K(y). Now 0 (Ok(y)) = Ok (y), so o induces an automorphism of this residue
field k [resi] which is the identity on k and sends res1i to —res i. Hence res i does not
lie in the residue field of H*, so this residue field is just k. [
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Equip H* with the unique field ordering making it an ordered field extension of H in
which Og+ is convex; see [ADH, 10.5.8]. Then H* is an H-field, and its real closure
is an immediate real closed H-field extension of H.

Lemma 1.2.20. The H-field H* embeds uniquely over H into any trigonometrically
closed H-field extension of H.

Proof. Let H be a trigonometrically closed H-field extension of H. Take the unique
element z of H* such that z ~ 1 and z" = 6’i. Then any H-field embedding H* — H*
over H extends to a valued differential field embedding H*[i] = K(y) — H*[i] send-
ing 1 € K toi € H*[i], and this extension must send y to z. Hence there is at most
one H-field embedding H* — H* over H. For the existence of such an embedding,
the uniqueness properties from [ADH, 10.4.3] yield a valued differential field embed-
ding K(y) — H*[i] over H sending i € K to 1 € H*[1] and y to z. This embedding
maps H* into H*. The uniqueness property of the ordering on H* shows that this
embedding restricts to an H-field embedding H* — H*. u

By iterating the extension step that leads from H to H™, alternating it with taking real
closures, and taking unions at limit stages we obtain:

Proposition 1.2.21. H has a trigonometrically closed H-field extension H™¢ that
embeds uniquely over H into any trigonometrically closed H-field extension of H.

This is an easy consequence of Lemma 1.2.20. Note that the universal property stated
in Proposition 1.2.21 determines H"*¢ up-to-unique-isomorphism of H-fields over H.
We refer to such H"2 as the trigonometric closure of H. Note that H™€ is an immediate
extension of H, by Lemma 1.2.19, and that H"2[i] is a Liouville extension of K and
thus of H.

A trigonometric extension of H is a real closed H-field extension E of H such that for
all a € E there are real closed H-subfields Hy C H| C --- C H,, of E such that

(1) Hy=Hand a € Hy;
(2) forj=0,...,n—1thereare; € Hjandy; € Hj,([i] € E[i] suchthaty; ~ 1,
H}i = y; and H 1 [1] is algebraic over H;[1](y;).
If E is a trigonometric extension of H, then E is an immediate extension of H and E[i]

is an immediate Liouville extension of K and thus of H. The next lemma states some
further easy consequences of the definition above:

Lemma 1.2.22. If E is a trigonometric extension of H, then E is a trigonometric
extension of any real closed H-subfield F 2 H of E. If H is trigonometrically closed,
then H has no proper trigonometric extension.



The Group of Logarithmic Derivatives 37

Induction on m shows: if E is a trigonometric extension of H, then forall ay, . ..,a,, €
E there are real closed H-subfields Hy € Hy C --- € H,, of E such that Hy = H,
ai,...,anm € Hy and (2) above holds. This helps in proving:

Corollary 1.2.23. A trigonometric extension of a trigonometric extension of H is a
trigonometric extension of H, and H"8 is a trigonometric extension of H.

Asymptotic fields of Hardy type

Let (T, %) be an asymptotic couple, ¥ := ¢(I'*), and let y, 6 range over I'. Recall
that [y] denotes the archimedean class of y [ADH, 2.4]. Following [28, Section 3] we
say that (T, y) is of Hardy type if for all y, 6 # 0 we have [y] < [6] © ¢ (y) = ¥ (9).
Then (T, ) is of H-type, and  induces an order-reversing bijection [['#] — W.If I’
is archimedean, then (T, y) is of Hardy type. If (T, ¢) is of Hardy type, then so
is (I, + ) for each §. We also say that an asymptotic field is of Hardy type if its
asymptotic couple is. Every asymptotic subfield and every compositional conjugate
of an asymptotic field of Hardy type is also of Hardy type. Moreover, every Hardy
field is of Hardy type [ADH, 9.1.11]. Let now A be a convex subgroup of I'. Note
that A contains the archimedean class [§] of each 6 € A. Hence, if § € A and y ¢ A,
then [6] < [y] and thus:

Lemma 1.2.24. If (I, ¢) is of Hardy type and y & A, 5 € A%, then Y (y) < ¥ (6).

Corollary 1.2.25. Suppose (I', ) is of Hardy type with small derivation, y,§ # 0,
W (6) <0,and [y'] > [6]. Then y(y) < ¥ (6).

Proof. Let A be the smallest convex subgroup of I" with § € A; then y’ ¢ A, and we
have y(6) € A by [ADH, 9.2.10(iv)]. Thus y ¢ A by [ADH, 9.2.25]. n

In [1, Section 7] we say that an H-field H is closed under powers if for all ¢ € C
and f € H thereisay € H* with y' = ¢ 7. (Think of y as £€.) Thus if H is Liouville
closed, then H is closed under powers. In the rest of this subsection we let H be an
H-field closed under powers, with asymptotic couple (I, ) and constant field C. We
recall some basic facts from [1, Section 7]. First, we can make the value group I" into
an ordered vector space over the constant field C:

Lemma 1.2.26. Forallc € C andy = vf with f € H* and eachy € H* withy" = c fT,
the element vy € I" only depends on (c,7y) (not on the choice of f and y), and is denoted
by ¢ - y. The scalar multiplication (¢,y) > ¢ - y: C XTI — I" makes T into an ordered
vector space over the ordered field C.

Let G be an ordered vector space over the ordered field C. From [ADH, 2.4] recall
that the C-archimedean class of a € G is defined as

[a]c := {b €G: %|a| < |b] <€ cla| for some ¢ € C>}.
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Thus if C = Q, then [a]q is just the archimedean class [a] of a € G. Moreover, if C*
is an ordered subfield of C, then [a]c+ C [a]¢ for each a € G, with equality if C*
is cofinal in C. Hence if C is archimedean, then [a] = [a]¢ for every a € G. We
put [G]c := {[a]c tae€ G} and linearly order [G]¢ by

[alc < [blc = [alc # [b]c and |a| < |b|.

Thus [G] ¢ has smallest element [0]¢c = {0}. We also set [G¥]¢c = [G]c \ {[O]c}.
From [1, Proposition 7.5] we have:

Proposition 1.2.27. For all y,5 # 0 we have
[Yle < [6le = v ) =y(5).
Hence {r induces an order-reversing bijection [[#]¢c — ¥ = ¢ (I'%).

Proposition 1.2.27 yields:

Corollary 1.2.28. H is of Hardy type < [y] = [v]c for all y. Hence if C is archi-
medean, then H is of Hardy type; if I # {0}, then the converse also holds.

1.3 A-freeness and m-freeness

This section contains preservation results for the important properties of A-freeness and
-freeness from [ADH]. Let K be an ungrounded H-asymptotic field with " # {0},
and as in [ADH, 11.5], fix a logarithmic sequence (£,) for K and define the pc-
sequences (A,) = (—KZ,T) and (0,) = (w(A,)) in K, where w(z) := =27’ — z2. Recall
that K is A-free iff (A,) does not have a pseudolimit in K, and K is ®-free iff ()
does not have a pseudolimit in K. If K is w-free, then K is A-free. We refer to [ADH,
11.6, 11.7] for this and other basic facts about A-freeness and w-freeness used below.
As in [ADH], L being A-free or ®-free includes L being an ungrounded H-asymptotic
field with I'p, # {0}.

Preserving A-freeness and w-freeness

In this subsection K is an ungrounded H-asymptotic field withT" # {0}, and ({,,), (A,),
(®,) are as above. If K has a A-free H-asymptotic field extension L such that I'* is
cofinal in FZ, then K is A-free, and similarly with “w-free” in place of “A-free” [ADH,
remarks after 11.6.4, 11.7.19]. The property of ®-freeness is very robust; indeed,
by [ADH, 13.6.1]:

Theorem 1.3.1. If K is ®-free and L is a pre-d-valued d-algebraic H-asymptotic
extension of K, then L is ®-free and T'~ is cofinal in T’} .



A-freeness and ®-freeness 39

In contrast, A-freeness is more delicate: Theorem 1.3.1 fails with “A-free” in place of
“m-free”, as the next example shows.

Example 1.3.2. The H-field K = R{®w) from [ADH, 13.9.1] is A-free, but its H-field
extension L = R(A) is not, and this extension is d-algebraic: 21’ + A> + @ = 0.

In the rest of this subsection we consider cases where parts of Theorem 1.3.1 do hold.
Recall from [ADH, 11.6.8] that if K is A-free, then K has (rational) asymptotic integra-
tion, and K is A-free iff its algebraic closure is A-free. Moreover, A-freeness is preserved
under adjunction of constants:

Proposition 1.3.3. Suppose K is A-free and L = K(D) is an H-asymptotic extension
of K with D 2 C a subfield of Cy. Then L is A-free withT'y, =T.

We are going to deduce this from the next three lemmas. Recall that K is pre-d-valued,
by [ADH, 10.1.3]. Let dv(K) be the d-valued hull of K (see [ADH, 10.3]).

Lemma 1.3.4. Suppose K is A-free. Then L := dv(K) is A-free and T =T.

Proof. The first statement is [16, Theorem 10.2], and the second statement follows
from [ADH, 10.3.2(1)]. [ ]

If L = K(D) is a differential field extension of K with D D C a subfield of Cy,
then D = Cr, and K and D are linearly disjoint over C [ADH, 4.6.20]. If K is d-valued
and L = K(D) is an H-asymptotic extension of K with D 2 C a subfield of Cy, then L
is d-valued and I';, = I" [ADH, 10.5.15].

Lemma 1.3.5. Suppose K is d-valued and A-free, and L = K (D) is an H-asymptotic
extension of K with D 2 C a subfield of Cr. Then L is A-free.

Proof. First, (A,) is of transcendental type over K: otherwise, [ADH, 3.2.7] would
give an algebraic extension of K that is not A-free. Next, our logarithmic sequence (£,)
for K remains a logarithmic sequence for L.

Zorn and the V3-form of the A-freeness axiom [ADH, 1.6.1(ii)] reduce us to the
case D = C(d), d ¢ C, d transcendental over K, so L = K(d). Suppose L is not A-
free. Then A, ~ A € L, and such A is transcendental over K and gives an immediate
extension K(A) of K by [ADH, 3.2.6]. Hence L is algebraic over K(A), so res L is
algebraic over res K (A) = res K = C and thus d is algebraic over C, a contradiction. m

Lemma 1.3.6. Suppose K is A-free, L is an H-asymptotic extension of K, and L =
K(d) withd € Cr. Then L is pre-d-valued.

Proof. Let L? be an algebraic closure of the H-asymptotic field L, and let K* be the
algebraic closure of K inside L?. Then K? is pre-d-valued by [ADH, 10.1.22]. Replac-
ing K, L by K%, K*(d) we arrange that K is algebraically closed. We may assume d ¢ C,
so d is transcendental over K by [ADH, 4.1.1, 4.1.2].



40 Preliminaries

Suppose first that res(d) € res(K) Cres(L),andtake b € O suchthaty:=b—d < 1.
Then b’ ¢ do: otherwise y/ = b’ = ¢’ withd € 0,50y =6 € K and hence d € K, a
contradiction. Also vb’ € (I'”)’: otherwise vb’ < (I'”)’, by [ADH, 9.2.14], and vb’
would be a gap in K, contradicting A-freeness of K. Hence L = K(y) is pre-d-valued
by [ADH, 10.2.4, 10.2.5(iii)] applied to s := b’.

If res(d) ¢ res(K), then res(d) is transcendental over res(K) by [ADH, 3.1.17],
hence I'r, =T by [ADH, 3.1.11], and so L has asymptotic integration and thus is pre-
d-valued by [ADH, 10.1.3]. [

Proof of Proposition 1.3.3. By Zorn we reduce to the case L = K(d) with d € Cy.
Then L is pre-d-valued by Lemma 1.3.6. By Lemma 1.3.4, the d-valued hull K; :=
dv(K) of K is A-free with I'x, = I', and by the universal property of d-valued hulls we
may arrange that K is a d-valued subfield of L := dv(L) [ADH, 10.3.1]. The proof
of [ADH, 10.3.1] gives L; = L(E) where E = Cr,, and so L; = K;(E). Hence by
Lemma 1.3.5 and the remarks preceding it, L; is A-free with I'y, = ', =I'. Thus L
is A-free with I'y, =T n

Lemma 1.3.7. Let H be a A-free real closed H-field. Then the trigonometric clo-
sure H™E of H is A-free.

Proof. We show that H* as in Lemma 1.2.19 is A-free. There H*[1] = K(y) where K
is the H-asymptotic extension H[i] of H and y ~ 1, y' ¢ KT, y' € idoy. Then K is
A-free, so K(y) is A-free by [16, Proposition 7.2], hence H* is A-free. [

In Example 1.3.2 we have a A-free K and an H-asymptotic extension L of K that is
not A-free, with trdeg(L|K) = 1. The next proposition shows that the second part of
the conclusion of Theorem 1.3.1 nevertheless holds for such K, L.

Proposition 1.3.8. The following are equivalent:
(1) K has rational asymptotic integration;

(ii) for every H-asymptotic extension L of K with trdeg(L|K) < 1 we have that T<
is cofinal in T’} .

Proof. For (i) = (ii), assume (i), and let L be an H-asymptotic extension of K such
that trdeg(L|K) < 1. Towards showing that I"* is cofinal in I'; we can arrange that K
and L are algebraically closed. Suppose towards a contradiction that y € I'y, satis-
fiesI'S <y <0.Then¥ <y’ < (I'”)’,and soI"is dense in I" + Qy’ by [ADH, 2.4.16,
2.4.17], in particular, y ¢ I' + Qy’. Thus y, ¥’ are Q-linearly independent over I", which
contradicts trdeg(L|K) < 1 by [ADH, 3.1.11].

As to (ii)) = (i), we prove the contrapositive, so assume K does not have rational
asymptotic integration. We arrange again that K is algebraically closed. Then K has
a gap vs with s € K*, and so [ADH, 10.2.1 and its proof] gives an H-asymptotic
extension K(y) of K with y’ = sand 0 < vy < I'”. [
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Recall from [ADH, 11.6] that Liouville closed H-fields are A-free. To prove the next
result we also use Gehret’s theorem [16, Theorem 12.1(1)] that an H-field H has up
to isomorphism over H exactly one Liouville closure iff H is grounded or A-free.
Here isomorphism means of course isomorphism of H-fields, and likewise with the
embeddings referred to in the next result:

Proposition 1.3.9. Let H be a grounded or A-free H-field. Then H has a trigonomet-
rically closed and Liouville closed H-field extension H' that embeds over H into any
trigonometrically closed Liouville closed H-field extension of H.

Proof. We build real closed H-fields Hy € Hy € H, C --- as follows: Hy is a real
closure of H, and, recursively, H,, 1 is a Liouville closure of H,,,, and Hy;> := H;llgﬂ
is the trigonometric closure of Hy,+1. Then H* := | J,, H, is a trigonometrically closed
Liouville closed H-field extension of H. Induction using Lemma 1.3.7 shows that
all H,, with n > 1 are A-free, and that Hy, has for all n up to isomorphism over H
a unique Liouville closure. Given any trigonometrically closed Liouville closed H-
field extension E of H we then use the embedding properties of Liouville closure and
trigonometric closure to construct by a similar recursion embeddings H,, — E that

extend to an embedding H* — E over H. |

For H as in Proposition 1.3.9, the H* constructed in its proof is minimal: Let E 2 H be
any trigonometrically closed Liouville closed H-subfield of H*. Then induction on n
yields H,, C E for all n, so E = H*. It follows that any H" as in Proposition 1.3.9 is
isomorphic over H to H*, and we refer to such H" as a trigonometric-Liouville closure
of H. Here are some useful facts about H'':

Corollary 1.3.10. Let H be a A-free H-field. Then Cyu is a real closure of Cg,
the H-asymptotic extension K := HV[i] of H" is a Liouville extension of H satis-
fring (KY) € (K")T, and T';; is cofinal in I'5.. Moreover,

His o-free — HY is o-free.

Proof. The construction of H* in the proof of Proposition 1.3.9 gives that Cg- is a real
closure of Cy and the H-asymptotic extension K* := H*[i] of H* is a Liouville exten-
sion of H with I(K*) C (K*). Induction using Lemma 1.3.7 and Proposition 1.3.8
shows that H,, is A-free and I'j; is cofinal in F,jn, for all n, so I'y; is cofinal in I';..
The final equivalence follows from Theorem 1.3.1 and a remark preceding it. |

Proposition 1.3.8 and [ADH, remarks after 11.6.4 and after 11.7.19] yield:

Corollary 1.3.11. Suppose K has rational asymptotic integration, and let L be an H-
asymptotic extension of K with trdeg(L|K) < 1. If L is A-free, then so is K, and if L is
o-free, then so is K.
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We also have a similar characterization of A-freeness:

Proposition 1.3.12. The following are equivalent:
(1) K is A-free;

(ii) every H-asymptotic extension L of K with trdeg(L|K) < 1 has asymptotic
integration.

Proof. Assume K is A-free, and let L be an H-asymptotic extension of K satisfy-
ing trdeg(L|K) < 1. By Proposition 1.3.8, I' is cofinal in I', so L is ungrounded.
Towards a contradiction, suppose vf (f € L) is a gap in L. Passing to algebraic
closures we arrange that K and L are algebraically closed. Set A := —f7. Then for all
activeain L wehave A + a’ < a by [ADH, 11.5.9] and hence A, ~> Aby [ADH, 11.5.6].
By A-freeness of K and [ADH, 3.2.6, 3.2.7], the valued field extension K(A) 2 K is
immediate of transcendence degree 1, so L 2 K () is algebraic and " = T';,. Hence v f
is a gap in K, a contradiction. This shows (i) = (ii).

To show the contrapositive of (ii) = (i), suppose A € K is a pseudolimit of (A,).
If the algebraic closure K? of K does not have asymptotic integration, then clearly (ii)
fails. If K? has asymptotic integration, then —A creates a gap over K by [ADH, 11.5.14]
applied to K? in place of K, hence (ii) also fails. ]

The next two lemmas include converses to Lemmas 1.3.4 and 1.3.5.

Lemma 1.3.13. Let E be a pre-d-valued H-asymptotic field. Then:

(1) if E is not A-free, then dv(E) is not A-free;

(ii) if E is not ®-free, then dv(E) is not o-free.
Proof. This is clear if E does not have rational asymptotic integration, because then
neither does dv(E), by [ADH, 10.3.2]. Assume E has rational asymptotic integration.
Then dv(E) is an immediate extension of £ by [ADH, 10.3.2], and then (i) and (ii) fol-

low from the characterizations of A-freeness and ®-freeness in terms of nonexistence
of certain pseudolimits. ]

Lemma 1.3.14. Let E be a d-valued H-asymptotic field and F an H-asymptotic exten-
sion of E such that F = E(CF). Then:

(1) if E is not A-free, then F is not A-free;

(i1) if E is not ®-free, then F is not ®-free.

Proof. By [ADH, 10.5.15] E and F have the same value group. The rest of the proof
is like that for the previous lemma, with F instead of dv(E). ]

In the rest of this subsection K is in addition a pre-H-field and L a pre- H-field extension
of K. The following is shown in the proof of [16, Lemma 12.5]:
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Proposition 1.3.15 (Gehret). Suppose K is a A-free H-field and L is a Liouville H-
field extension of K. Then L is A-free and T'< is cofinal inT'}.

Example 1.3.16. Let K = R(®w) be the A-free but non-w-free H-field from [ADH,
13.9.1]. Then K has a unique Liouville closure L, up to isomorphism over K, by [16,
Theorem 12.1(1)]. By Proposition 1.3.15, L is not ®-free; another proof of this fact
is in [2]. By [ADH, 13.9.5] we can take here K to be a Hardy field, and then L is
isomorphic over K to a Hardy field extension of K [ADH, 10.6.11].

Applying Corollary 1.3.10 to H := R(®) yields a Liouville closed H-field H" that
is not w-free but does satisfy I(K") c (K")T for K% := HU[i].

Lemma 1.3.17. Suppose K is A-free, h € A(L)Y, 0 := w()) € K, and w(A(K)) <o <
o (C(K)). Then Ay ~ A, and the pre-H-subfield K(A) = K(A) of L is an immediate
extension of K (and so K{\) is not A-free).

Proof. From A(L) < A(L) [ADH, p. 522] and A(K) € A(L) we obtain A < A(K).
The restriction of w to A(L)! is strictly increasing [ADH, p. 526] and A(K) € A(L),
s0o w(A(K)) < ® = w()) gives A(K) < A. Hence A, ~> A by [ADH, 11.8.16]. More-
over 0, ~ ®by [ADH, 11.8.30]. Thus K(A) is an immediate extension of K by [ADH,
11.7.13]. [

Achieving o-freeness for pre-H-fields

In the rest of this section H is a pre-H-field and L is a Liouville closed d-algebraic H-
field extension of H. Thus if H is w-free, then so is L, by Theorem 1.3.1. The lemmas
below give conditions guaranteeing that L is o-free, while H is not.

Lemma 1.3.18. Suppose H is grounded or has a gap. Then L is m-free.

Proof. Suppose H is grounded. Let H, be the ®-free pre-H-field extension of H intro-
duced in connection with [ADH, 11.7.17] (where we use the letter F instead of H).
Identifying H,, with its image in L under an embedding H, — L over H of pre-H-
fields, we apply Theorem 1.3.1 to K := H, to conclude that L is ®-free.

Next, suppose H has a gap 8 = vb where b € H*. Take a € L such that a’ = b
and a * 1. Then a := va satisfies @’ = 8, and so the pre-H-field H(a) C L is grounded,
by [ADH, 9.8.2 and remarks following its proof]. Now apply the previous case to H(a)
in place of H. |

Lemma 1.3.19. Suppose H has asymptotic integration and divisible value group,
and s € H creates a gap over H. Then L is ®-free.

Proof. Take f € L* with f7 = 5. Then by [ADH, remark after 11.5.14], vf is a gap
in H(f) = H(f), so L is ®-free by Lemma 1.3.18 applied to H{f) in place of H. m
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Lemma 1.3.20. Suppose H is not A-free. Then L is ®-free.

Proof. By [ADH, 11.6.8], the real closure H™ of H inside L is not A-free, hence
replacing H by H™ we arrange that H is real closed. If H does not have asymptotic
integration, then we are done by Lemma 1.3.18. So suppose H has asymptotic inte-
gration. Then some s € H creates a gap over H, by [ADH, 11.6.1], so L is ®-free by
Lemma 1.3.19. ]

Corollary 1.3.21. Suppose H is A-free and . € A(L) is such that ® := w(\) € H
and w(A(H)) < ® < o(I'(H)). Then L is o-free.

Proof. By Lemma 1.3.17, the pre-H-subfield H{A) = H() of L is an immediate non-
A-free extension of H. Now apply Lemma 1.3.20 to H{A) in place of H. ]

1.4 Complements to [ADH] on Linear Differential Operators

In this section we tie up loose ends from the material on linear differential operators
in [ADH, 14.2] and [3, Section 8]. Throughout K is an ungrounded asymptotic field
with T = v(K*) # {0}, a, b, f, g, h range over arbitrary elements of K, and ¢ over
those active in K, in particular, ¢ # 0. Recall our use of the term “eventually”: a
property S(¢) of ¢ is said to hold eventually if for some active ¢¢ in K, S(¢) holds for
all ¢ < ¢o.

We shall consider linear differential operators A € K[9]* and setr := order A. In[ADH,
11.1] we showed that for each y € I" the quantity dwt4¢ (y) is eventually constant; its
eventual value is denoted by nwt,4 (7). We also introduced the set

E°(A) = BL(A) == {yel: nwia(y) > 1} = ﬂ%(A¢)
¢

of eventual exceptional values of A. For a # 0 we have &¢(aA) = &°(A) and &°(Aa) =
&°(A) — va. An easy consequence of the definitions: &°(A/) = &°(A) for f # 0. A
key fact about &°(A) is that if y € KX, vy ¢ &°(A), then A(y) < A?y, eventually.
Since A%y # 0 for y € K*, this gives v(ker* A) C &°(A).

Lemma 1.4.1. If L is an ungrounded asymptotic extension of K, then & (A) NT" C
&°(A), with equality if ¥ is cofinal in Wr.

Proof. For the inclusion, use that dwt(A?) decreases as v¢ strictly increases [ADH,
11.1.12]. Thus its eventual value nwt(A), evaluated in K, cannot strictly increase when
evaluated in an ungrounded asymptotic extension of K. |

In the rest of this section we assume in addition that K is H-asymptotic with asymptotic
integration. Then by [ADH, 14.2.8]:
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Proposition 1.4.2. If K is r-linearly newtonian, then v(ker” A) = &°(A).

Remark 1.4.3. If K is d-valued, then |v(ker” A)| = dim¢ ker A < r by [ADH, 5.6.6],
using a reduction to the case of “small derivation” by compositional conjugation.

Corollary 1.4.4. Suppose K is d-valued, €°(A) = v(ker” A), and 0 # f € A(K).
Then A(y) = f for some y € K with vy ¢ &°(A).

Proof. Lety € K, A(y) = f, with vy maximal. Then vy ¢ &°(A): otherwise we have
azekerAwithz~y, s0A(y—2z)=fandov(y—-z) > vy. [

Corollary 1.4.5. Suppose K is @-free. Then 3., cr nwta(y) = [E°(A)| < 7.

Proof. By (7) on p. 20 we have an immediate newtonian asymptotic extension L of K.
Then L is d-valued by Lemma 1.2.9, hence [6°(A)| = |&; (A)| < r by Proposition 1.4.2
and Remark 1.4.3. By [ADH, 13.7.10] we have nwta(y) < 1 for all y € T, and there-
fore 3, crnwta(y) = [E°(A)]. n

In [ADH, 11.1] we defined v, : I' — I" by requiring that for all y € T":

(1.4.1) vas (y) = V5 (y) +nwta(y)ve, eventually.

We recall from that reference that for a # 0 and y € " we have

UVaa(y) = va+v5(y), V5, (y) = 05 (va + 7).

As an example from [ADH, p. 481], v5(y) =y + ¢(y) for y € "\ {0} and v5(0) = 0.
By [ADH, 14.2.7 and the remark preceding it] we have:

Lemma 1.4.6. The restriction of v, to a function T \ °(A) — T is strictly increasing,
and v(A(y)) = v5,(vy) for all y € K with vy € T\ °(A). Moreover, if K is w-free,
then v;(r \&°(A)) =T.

The following is [ADH, 14.2.10] without the hypothesis of ®-freeness:

Corollary 1.4.7. Suppose K is r-linearly newtonian. Then for each f # O there exists
ay € K* such that A(y) = f, vy ¢ €°(A), and v, (vy) = vf.

Proof. Ifr =0,then &°(A) = 0 and our claim is obviously valid. Suppose r > 1. Then K
is d-valued by Lemma 1.2.9, and v(ker* A) = &°(A) by Proposition 1.4.2, Moreover,
by [ADH, 14.2.2], K is r-linearly surjective, hence f € A(K). Now Corollary 1.4.4
yields y € K* with A(y) = f and vy ¢ °(A). By Lemma 1.4.6 we have v (vy) =
v(A(y)) = of. ]

From the proof of [ADH, 14.2.10] we extract the following:
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Corollary 1.4.8. Suppose K is r-linearly newtonian with small derivation,
and A € O[d] withag:=A(1) =1, and f < 1. Then thereis y € K* suchthat A(y) = f
andy ~ f[ao. For any such y we have vy ¢ &°(A) and v, (vy) = vf.

Proof. The case r = 0 is trivial. Assume r > 1, so K is d-valued by Lemma 1.2.9.
Hence f < 1, thatis, f/ < f,so f) < fforalln> 1 by [ADH, 4.4.2]. Then Af < f
by [ADH, (5.1.3), (5.1.2)], and A(f) ~ aof, so Awy € O[d] and A, (1) ~ ao. Thus
we may replace A, f by A.y, 1 to arrange f = 1. Now ag < 1 gives dwm(A) = 0,
so dwt(A?) = 0 eventually, by [ADH, 11.1.11(ii)], that is, nwt(A) = 0. Also A?(1) =
A(l) = ag < 1, s0 v°(A) = 0. Arguing as in the proof of [ADH, 14.2.10] we obtain
y € K* with A(y) = 1 and y ~ 1/ay. It is clear that vy = 0 ¢ &(A) and v§ (vy) =
v°(A) = 0 = vf for any such y. [

In the next few subsections below we consider more closely the case of order r = 1,
and in the last subsection the case of arbitrary order.

First-order operators
In this subsection A = d — g. By [ADH, p. 481],
&°(A) = 8(A) = {vy cyeK*, v(g —y#) > ‘P}
has at most one element. Moreover, |v(ker” A)| = dimc ker A < 1in view of CX € O*.
Proposition 1.4.2 holds under a weaker assumption on K for r = 1:
Lemma 1.4.9. Suppose 1(K) C K'. Then v(ker” A) = &°(A).

Proof. Tt remains to show “2”. Suppose &°(A) = {0}. Then g — y' € I(K) with y < 1
in K, hence g € I(K) C K', so g = h' with h < 1, and thus 0 = vh € v(ker” A). The
general case reduces to the case &°(A) = {0} by twisting. ]

Lemma 1.4.10. Suppose L is an ungrounded H-asymptotic extension of K. Then
& (A)NT =&°(A).

Proof. Lemma 1.4.1 gives &5 (A) NI" C &°(A). Next, let vy € (A), y € K*. Then
we have v(g — y") > W and so v(g — y*) € (I"™)’ since K has asymptotic integration.
Hence v(g — y') > W, and thus vy € &¢ (A), by [ADH, p. 481]. n

Recall also from [ADH, 9.7] that for an ordered abelian group G and U C G, a func-
tion 7: U — G is said to be slowly varying if n(a) — n(B) = o(a — B) for all a # B
in U; then the functiony — y + 1(y): U — G is strictly increasing. The quintessential
example of a slowly varying function is ¢ : T'* — I' [ADH, 6.5.4(ii)].
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Proposition 1.4.11. There is a unique slowly varying function y5: I'\ €(A) - T
such that for all y € K* with vy ¢ &¢(A) we have v(A(y)) = vy + Y a(vy).

Proof. For d-valued K, use [3, 8.4]. In general, pass to the d-valued hull L := dv(K)
of K from [ADH, 10.3] and use 'y, = I" [ADH, 10.3.2]. ]

If b # 0, then &°(Awp) = &°(A) —vband ya,, (y) =Ya(y +vb) fory e '\ & (Axp).

Example. We have &°(9) = {0} and ¢, = ¢. More generally, if g = b" where b # 0,
then A.p = d and so &¢(A) = {vb} and Y4 (y) = ¥ (y —vb) fory € I\ {vh}.

If T is divisible, then I \ v(A(K)) has at most one element by [ADH, 11.6.16]. Also,
K is A-free iff v(A(K)) = I’ forall A = 9 — g by [ADH, 11.6.17].

Lemma 1.4.12. Suppose K is A-free and f # 0. Then for some y € K* we
have A(y) =< f and vy ¢ E°(A). (Hencey > y + Yya(y): T'\ &(A) — T is surjec-
tive.)

Proof. [ADH, 11.6.17] gives y € K* with A?y < f eventually. Now
A%y = ¢yd—(g-y")y inK?[8], §:=¢"0.
Since v(A?y) = vf eventually, this forces g — y' = ¢ eventually, so vy ¢ &(A). =

Call A steep if g =" 1, thatis, g > 1 and g * 1. If K has small derivation and A is
steep, then g < g by [ADH, 9.2.10].

Lemma 1.4.13. Suppose K has small derivation, A is steep, and 'y € K> with A(y) =
f#0 ¢g> f, andvy ¢ €(A). Theny ~ —f/g.
Proof. We have
(fle)' -g=f"-¢"-g~-g>4,
hence v(f/g) & €°(A), and

A(flg) = (fle) - (fle)g = (fle)-(fT-g"—g) ~ (flg)-(-g) = —F.

Since A(y) = f ~ A(—f/g) and vy,v(f/g) € T'\ &(A), by Proposition 1.4.11 this
givesy=u- f/gwhereu < 1.Nowu' <1 <gand(f/g)" = fT—g" <g,hencey" < g
and so

=AM =y-0"-g) ~-ye.
Therefore y ~ —f/g. ]

Lemma 1.4.14. Suppose K has small derivation andy € K* is such that A(y) = f #0,
g—fT 2 1andvy ¢ €(A). Theny ~ f/(f - g).
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Proof. From g — f7 = 1 we get vf ¢ &°(A). Now A(y) = f < f(fT —g) = A(f),
soy < f by [ADH, 5.6.8], and v(y/f) ¢ &°(Aws) = E°(A) —vf. The operator A..; =
d— (g — f7)issteep, so Lemma 1.4.13 applies to Awr, y/f, l intherole of A, y, f. =

Suppose K is A-free and f # 0. Then [ADH, 11.6.1] gives an active ¢ in K such
that T — g — ¢" = ¢ for all ¢ < ¢. The convex subgroups FZ of I" become arbitrarily
small as we let v¢ increase cofinally in P!, so ¢ {’p $o eventually, and hence 7 — g —
o >Z§ ¢ eventually, thatis, ¢ "' (f/¢) — g/¢ >Z§ 1 eventually. So replacing K by K%,
Aby ¢~ 'A? =5 - (g/¢) in K?[5], and f and g by f/¢ and g/¢, for suitable ¢, we
arrange fT — g > 1. Thus by Lemma 1.4.14:

Corollary 1.4.15. Suppose K is Afree, y € K*, A(y) = f # 0, and vy ¢ &°(A).
Theny ~ f/((f/qﬁ)Jr — g), eventually.

Example. If K isA-freeandy € K,y" = f #0,y % 1,theny ~ f/(f/¢)", eventually.

From K to K[i]

In this subsection K is a real closed H-field. Then K[i] (i> = —1) is an H-asymptotic
extension of K, with ' ;) = I". Consider a linear differential operator B = d — (g + hi)
over K[i]. Note that g + hi € K[i]" iff g € K' and hi € K[i]", by Lemma 1.2.4.
Under further assumptions on K, the next two results give explicit descriptions of ¥ g
when g € KT,

Proposition 1.4.16. Suppose K[i] is 1-linearly newtonian and g € K'. Then:
() if hi € K[1]T, then for some 8 € T we have
&(B) = By, ys(y) = y(y-p) forally e '\ {B};
(i) ifhi ¢ K[i]" and g = b7, b # 0, then
&°(B) = 0, Yp(y) = min(y(y —vb),vh) forally €T.

Proof. As to (i), apply the example following Proposition 1.4.11 to K[i], B, g + hi in
the roles of K, A, g. For (ii), assume ki ¢ K[i]", g = b', b # 0. Replacing B by B.,
we arrange g = 0, b = 1, B = 9 — hi. Corollary 1.2.14 gives K[i]" = KT ® I(K)1,
so h ¢ I(K), and thus vh € ¥!. Let y € K[i]*, and take z € K* and s € I(K) such
that yT =zt + si. Then vh < vs, hence

o(y" = hi) = min(v(z"),v(s - h)) = min(v(z"),vs,0h) = min(v(y"),vh),
where the last equality uses v(y") = min (v(z"), vs). Thus v(y" — hi) € P! and
v(B(y)) —vy = v(y" = hi) = min(o(y"),vh) = min(y(vy),vh),

which gives the desired result. |
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Corollary 1.4.17. Suppose K is o-free and g € K', g = b", b # 0. Then either for

some B €Tl we have E°(B) = {B} and yp(y) = Yy (y — B) for each v € T\ {B},
or &(B) = 0 and y(y) = min(y(y — vb),vh) forall y € T.

Proof. By (7) on p. 20 we have an immediate newtonian extension L of K. Then L
is still a real closed H-field [ADH, 10.5.8, 3.5.19], and L[i] is newtonian by (10), so
Proposition 1.4.16 applies to L in place of K. ]

Higher-order operators
We begin with the following observation:

Lemma 1.4.18. Let B € K[0]” and y € . Then nwtag(y) = nwtg(y), and
y ¢ 8°(B) = nwtap(y) = nwta(v5(y)) and vyg(y) = 5 (v3(y)).

Proof. We have nwtsp(y) = dwtap)s(y) eventually, and (AB)? = A?B?. Hence
by [ADH, 5.6] and the definition of v$,(y) in (1.4.1):

dwtae (vge (¥)) + dwtge (y)
dwtao (v (y) + nwtg(y)vg) + nwtg(y), eventually,

nwtag(y)

so nwtap(y) = nwtg(y). Now suppose y ¢ &¢(B). Then nwtg(y) = 0, so
nwtag(y) = dwtae (V3 (y)) = nwta (v3(y)), eventually.
Moreover, v apys» = Uasps = Vae © Upe, hence using (1.4.1):
vagys (¥) = vae(vps(y)) = vae(vy(y)), eventually,

and thus eventually

vag(¥) = veapye (¥) — nwiap(y)ve

vae (V3 (y)) —nwta (V5 (¥))ve = 05 (v5(y)). =

Lemmas 1.4.6 and 1.4.18 yield:
Corollary 1.4.19. Let B € K[3]*. Then

E(AB) = (v5)7'(&°(A)) U&°(B)
and hence |8°(AB)| < |&°(A)| + |&°(B)|, with equality if vy, (F \&¢(B)) =T.
As an easy consequence we have a variant of Corollary 1.4.5:

Corollary 1.4.20. If A splits over K, then |€°(A)| < r.
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To study vf, in more detail we introduce the function
Ya: T\E(A) T, youi(y)-v.

For monic A of order 1 this agrees with i 4 as defined in Proposition 1.4.11. For A = a
(a #0) we have &°(A) = 0 and Yy 2(y) = va forall y e T

Lemma 1.4.21. Let B € K[0]* andy € T'\ &(AB). Then

Vas(y) = valvp() +¥5(7).
Proof. We have y ¢ &°(B) and v (y) € &°(A) by Corollary 1.4.19, hence
Yap(y) = (vp(V) =y = vp(¥) +¥alvz() =7 = valvp(y) +¥5(y)
by Lemma 1.4.18. .

Thus for a # 0 and y € I" we have

Yaa(y) =va+ya(y)ify ¢ €°(A), Yaa(y) =¢a(va+y)+vaify ¢ E°(A) - va.
Example. Suppose K has small derivation and x € K, x’ < 1. Then vx < 0 and &°(9%) =
{ox,0}, and Y (v) = ¢ (v + ¥(y)) + ¥ (y) fory € T\ &°(3?).

Lemma 1.4.22. Suppose s 4 is slowly varying. Let A be a convex subgroup of I" and
let y, 7z € K* be such that vy, vz ¢ &°(A). Then

va(y) <va(z) &= va(A(y)) < va(A(2)).
Proof. By Lemma 1.4.6 we have
v(A(Y)) —0(A(z)) = v§(vy) =05 (02) = vy — vz +Ya(vy) — ¥a(v2)

and Y (vy) —a(vz) = o(vy — vz) if vy # vz. -

Call A asymptotically surjective if v, (I'\ &°(A)) =T and ¢ 5 is slowly varying. If A is
asymptotically surjective, then so are a A and Aa for a # 0, and if A has order 0, then A
is asymptotically surjective. If K is A-free and A has order 1, then A is asymptotically
surjective, thanks to Proposition 1.4.11 and Lemma 1.4.12.

The next lemma has an obvious proof.

Lemma 1.4.23. Let G be an ordered abelian group and U,V C G. Ifni,m: U - G
are slowly varying, then soisny +n2. Ifn: U — G and {: V — G are slowly varying
andy + {(y) € U for all y € V, then the functiony + n(y + {(y)): V — G is also
slowly varying.

Lemma 1.4.24. If A and B € K[0]” are asymptotically surjective, then so is AB.
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Proof. Let A, B be asymptotically surjective and y € I". This gives @ € I' \ &(A)
with v (@) =y and B € I' \ °(B) with v} (8) = @. Then 8 ¢ &°(AB) by Corol-
lary 1.4.19, and v, 5,(B) = v by Lemma 1.4.18. Moreover, ¥ 4 is slowly varying by
Lemmas 1.4.21 and 1.4.23. u

A straightforward induction on r using this lemma yields:

Corollary 1.4.25. If K is h-free and A splits over K, then A is asymptotically surjec-
tive.

We can now add to Lemma 1.4.6:
Corollary 1.4.26. Suppose K is ®-free. Then A is asymptotically surjective.

Proof. By the second part of Lemma 1.4.6 it is enough to show that 4 is slowly
varying. For this we may replace K by any m-free extension L of K with ¥ cofinal
in Wz . Thus we can arrange by (7) and (10) (see p. 20) that K is newtonian, and by
passing to the algebraic closure, algebraically closed. Then A splits over K by (8) and
Lemma 1.2.9, so A is asymptotically surjective by Corollary 1.4.25. |

1.5 Special Elements

Let K be a valued field and let @ be an element of an immediate extension of K such
that @ ¢ K. Recall that

v@-K) = {v(@-a):ack}

is a nonempty downward closed subset of I" := v(K*) without a largest element. Call &
special over K if some nontrivial convex subgroup of I" is cofinal in v(a — K) [ADH,
p. 167]. In this case v(a — K) N T # 0, and there is a unique such nontrivial convex
subgroup A of I', namely

A={6el:|o]lev@-K)}

We also call @ almost special over K if a/m is special over K for some m € K*.
If T' # {0} is archimedean, then a is special over K iff v(a — K) =T, iff @ is the
limit of a divergent c-sequence in K. (Recall that “c-sequence” abbreviates ‘“cauchy
sequence” [ADH, p. 82].) In the next lemma a ranges over K and m, 1 over K*.

Lemma 1.5.1. Suppose a < m and a/m is special over K. Then for all a, n, ifa — a <
n < m, then (a — a) /n is special over K.

Proof. Replacing a, a, m, n by a/m, a/m, 1, n/m, respectively, we arrange m = 1.
So let @ be special over K with @ < 1. It is enough to show: (1) @ — a is special over K,
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for all a; (2) for all n, if @ < n < 1, then a/n is special over K. Here (1) follows
fromv(a@ — a — K) = v(a — K). For (2), note that if @ < n < 1, then vn € A with A as
above, and so v(a/n — K) = v(a — K) —vn = v(a - K). [

The remainder of this section is devoted to showing that (almost) special elements
arise naturally in the analysis of certain immediate d-algebraic extensions of valued
differential fields. We first treat the case of asymptotic fields with small derivation,
and then focus on the linearly newtonian H-asymptotic case.

We recall some notation: for an ordered abelian groupT'and @ € ', 8 € ',y €T
we mean by “a > B+ o(y)”thata > 8 — (1/n)y forall n > 1, while “a < 8 + o(y)”
is its negation, that is, @« < 8 — (1/n)y for some n > 1; see [ADH, p. 312]. Here and
later inequalities are in the sense of the ordered divisible hull QI" of the relevant I'.

A source of special elements

In this subsection K is an asymptotic field with small derivation, value group I' =
v(K*) # {0}, and differential residue field k; we also let r € N*!. Below we use
the notion neatly surjective from [ADH, 5.6]: A € K[d]* is neatly surjective iff for
all b € K* there exists a € K* with A(a) = b and v4 (va) = vb. For use in the next proof,
recall from [ADH, 7.1] the notion of a valued differential field being r-differential-
henselian (or r-d-henselian, for short). We often let fbe an element in an immediate
asymptotic extension K of K, but in the statement of the next lemma we take fe K:

Lemma 1.5.2. Assume k is r- linearly surjective, and let A € K[3]% of order < r be
neatly surjective, y € QI', y > 0, f € K*, and U(A(f)) U(Af) +y. Then A(f) =
and v(f f) = v(f) + 7y +o0(y) for some f € K.

Proof. SetB := g‘lAf, where we take g € K* such thatvg = v(Af). Then B < 1, Bis
still neatly surjective, and B(1) = g‘lA(f), v(B(1)) > y.Itsuffices to find y € K such
that B(y) =0andv(y — 1) > v + o(y), because then f := fy has the desired property.
If B(1) =0, then y = 1 works, so assume B(1) # 0. By [ADH, 7.2.7] we have an
immediate extension K of K that is r-differential henselian. Then K is asymptotic
by [ADH, 9.4.2 and 9.4.5]. Set R := Ri(B) € K{Z}. Then the proof of [ADH, 7.5.1]
applied to K and B in the roles of K and A yieldsz < 1in K with R(z) = 0.Now R(0) =
B(1), hence by [ADH, 7.2.2] we can take such z with v(z) > B + o(8) where 3 :=
v(B(1)) > . As in the proof of [ADH, 7.5.1] we next take y € K with v(y — 1) > 0
and y' = z to get B(y) = 0, and observe that then v(y — 1) > 8 + o(83), by [ADH,
9.2.10(iv)], sov(y — 1) = v + o(y). It remains to note that y € K by [ADH, 7.5.7]. =

By a remark following the proof of [ADH, 7.5.1] the assumption that k is r-linearly
surjective in the lemma above can be replaced for » > 2 by the assumption that k is
(r — 1)-linearly surjective.
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Next we establish a version of the above with f in an immediate asymptotic extension
of K. Recall that an asymptotic extension of K with the same value group as K has
small derivation, by [ADH, 9.4.1].

Lemma 1.5.3. Assume k is r-linearly surjective, A € K[d]” of order < r is neatly
surjective, y € QI', ¥ > 0, K is an immediate asymptotic extension of K, f € K*,
and v(A(f)) = v(Af) + . Then for some f € K we have

A(f) =0,  o(f=1) = o(f) +y+o(y).

Proof. By extending K we can arrange that K is r-differential henselian, so A remains
neatly surjective as an element of K [3], by [ADH, 7.1.8]. Then by Lemma 1.5.2 with K
in the role of K we get f € K such that A(f) =0and U(f— = u(f) +y+o(y). It
remains to note that f € K by [ADH, 7.5.7]. [ ]

We actually need an inhomogeneous variant of the above:

Lemma 1.5.4. Assume k is r-linearly surjective, A € K[3]% of order < r is neatly sur-
Jective, b e K,y € QI', ¥y > 0, v(A) = 0(y), v(b) = o(y), K is an immediate asymptotic
extension of K, f € K, f < 1, and v(A(f) = b) > y + o(y). Then

A(f) = b, o(f-f) = (1/2)y+o(y)
for some f € K.

Proof. Take y € K with A(y) = b and v(y) > o(y). Then A(3) = A(f) — b for g :=
f=y,500(A(g)) >y +o(y) and v(g) > o(y). We distinguish two cases:

(D) v(g) = (1/2)y + o(y). Then v(f— y) = (1/2)y + o(y), so f := y works.
(2) v(g) < (1/2)y + o(y). Then by [ADH, 6.1.3],
v(Ag) < (1/2)y +o(y), v(A(®)) > ¥ +o(y),

s0 v(A(g)) > v(Ag) + (1/2)y. Then Lemma 1.5.3 gives a g € K such that A(g) =0
and v(g — g) > (1/2)y + o(y). Hence f := y + g works. [

Recall from [ADH, 7.2] that O is said to be r-linearly surjective if for every A in K [9]*
of order r with v(A) = 0 there exists y € O with A(y) = 1.

Proposition 1.5.5. Assume O is r-linearly surjective and P € K{Y}, order(P) < r,
ddeg P = 1, and P(a) = 0, where a < 1 lies in an immediate asymptotic extension of K
and @ ¢ K. Then a is special over K.

Proof. The hypothesis on O yields: k is r-linearly surjective and all A € K[d]* of
order < r are neatly surjective. Let 0 < y € v(a — K); we claim that v(a — K) has an
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element > (4/3)y. We arrange P < 1. Take a € K with v(a — a) = y. Then P, < 1,
ddeg P,, =1, so
P+u,1 = 1, P+a,>1 < 1, P = P((Z) + P+a,1 + P+u,>1
and
0 = P(a) = Pia(@—a) = P(a) + Prg1(a—a) + Prg>1(a—a),
with
U(P+a,l(a_ a) + P+a,>l(a_ a)) >vy+o(y),
and thus v(P(a)) > y + o(y). Take g € K* with vg = y and set Q := g7 ' Py 4 xq,
soQ =Qp+ Q1+ Q-1 with
QO = Q(O) = g—lP(a)’ Ql = g_l(P+a,])><g, Q>l = g_l(P+a,>l)><g>
hence
v(Qo) = o(y), v(Q1) =0(y), v(Q>1)=7y+o(y).
We setf:: g " (@-a),so Q(f) = Oandfx 1,and A := Lo € K[9]. Then Q(f) =0
gives

Qo+A(f) = Qo+Qi(f) = —0-1(f), withov(Q-1(F)) = v +o0(y),

50 0(Qo + A(f)) = y + o(y). Since v(A) = v(Q1) = o(y), Lemma 1.5.4 then gives
an f € K witho(f — f) > (1/3)y. In view of a — a = gf, this yields

v(@-(a+gf)) = y+uo(f-f) > (4/3)y,

which proves our claim. It gives the desired result. |

A source of almost special elements

In this subsection K, T, k, and r are as in the previous subsection, and we assume
that O is r-linearly surjective. (So k is r-linearly surjective, and sup ¥ = 0 by [ADH,
9.4.2].) Let a be an element in an immediate asymptotic extension of K such thata ¢ K
and K (a ) has transcendence degree < r over K. We shall use Proposition 1.5.5 to show:

Proposition 1.5.6. If T is divisible, then a is almost special over K.

Towards the proof we first note that & has a minimal annihilator P(Y) over K of or-
der < r. We also fix a divergent pc-sequence (a,) in K such that a, ~ a. (See [ADH,
4.1] for “minimal annihilator”, and [ADH, 4.4] for “minimal differential polynomial
of (a,) over K”.) We next show how to improve @ and P (without assuming divisibility
of IN):
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Lemma 1.5.7. For some b in an immediate asymptotic extension of K we have:
(i) v(@-kK)=ovb-K);
(i) (ap) has a minimal differential polynomial Q over K of order < r such that Q
is also a minimal annihilator of b over K.

Proof. By [ADH, 6.8.1, 6.9.2], (a,) is of d-algebraic type over K with a minimal
differential polynomial Q over K such that order Q < order P < r. By [ADH, 6.9.3,
9.4.5] this gives an element b in an immediate asymptotlc extension of K such that Q
is a minimal annihilator of » over K and ap, ~ b. Then QO and b have the desired
properties. ]

Proof of Proposition 1.5.6. Replace @ and P by b and QO from Lemma 1.5.7 (and
rename) to arrange that P is a minimal differential polynomial of (a,) over K. Now
assuming I is divisible, [26, Proposition 3.1] givesa € K and g € K* witha —a < g
and ddeg P, xg = 1.

Set F := P,q,xg and f:=(@d-a)/g. Thenddeg F = 1, F(f) =0, and f < 1
Applying Proposition 1.5.5 to F" and ]? in the role of P and a yields a nontrivial convex
subgroup A of I" that is cofinal in v(f— K). Setting @ := vg, it follows that @ + A is
cofinal in v((a@ — a) - K) = v(a - K). n

We can trade the divisibility assumption in Proposition 1.5.6 against a stronger hypoth-
esis on K, the proof using [26, 3.3] instead of [26, 3.1]:

Corollary 1.5.8. If K is henselian and k is linearly surjective, then @ is almost special
over K.

The linearly newtonian setting

In this subsection K is an ®-free r-linearly newtonian H-asymptotic field, r > 1. Thus K
is d-valued by Lemma 1.2.9. We let ¢ range over the elements active in K. We now
mimick the material in the previous two subsections. Note that for A € K [8] * and any
element f in an asymptotic extension of K we have A(f ) < A? f since A(f ) A?(f )

Lemma 1.5.9. Assume that A € K[3]* has order < r, v € (QI'), f € K*, such
that v(A(f)) > v(A? f) + v, eventually. Then there exists an f € K with A(f) =0
>

and vo(f = f) Z v(f) +y +o(y).

Proof. Take ¢ such that v¢ > ' and v(A(f)) > v(A?f) + . Next, take 8 € T such
that 8 > y and v(A(f)) > v(A? ) + B. Then v > B, s0 B > I'  hence the valuation
ring of the flattening (K%, v q)) is r-linearly surjective, by [ADH, 14.2.1]. We now apply

Lemma 1.5.2 to
(K?.0%), A%, Bi=p+T),
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inthe role of K, A, y to give f € K with A(f) = Oandv&(f— )= v[:b(f) +B+0(B).
Then also v(f— f) = v(f) + B + 0(pB), and thus v(f— f) = v(f) +v+ o(y). [

Lemma 1.5.10. Assume A € K[9]* has order < r, K is an immediate d- algebraic
asymptotic extension of K, y € QI', y > 0, f e K*, and U(A(f)) v(A?F) + v even-
tually. Then A(f) = 0 and v(f )= v(f) + vy + o(y) for some f € K.

Proof. Since K is m-free, so is K by Theorem 1.3.1. By (7) on p. 20 we can extend K
to arrange that K is also newtonian. Then by Lemma 1.5.9 with K in the role of K
we get [ € K with A(f) = 0 and v(f f) = v(f) +v + o(y). Now use that f € K
by [ADH, line before 14.2.10]. ]

Lemma 1.5.11. Assume A € K[9]% has order < r, b € K, y € QI, y > 0, K is an
immediate d-algebraic asymptotic extension of K, and fe K v( f) > o(y). Assume
also that eventually v(b) > v(A?) + o(y) and v(A(f) b) > v(A?) +y + o(y). Then
for some f € K we have A(f) = b and v(f )= (1/2)y +o(y).

Proof. We take y € K with A(y) = b as follows: If b = 0, then y := 0. If b # 0, then
Corollary 1.4.7 yields y € K> such that A(y) = b, vy ¢ &°(A), and v, (vy) = vb.Inany
case, vy > o(y): when b # 0, the sentence preceding [ADH, 14.2.7] gives v 44 (vy) = vb,
eventually, to which we apply [ADH, 1 6.1.3].

Now A(g) = A(f) = b for g := f — y, 50 0(g) > 0(y), and eventually v(A(3)) >
v(A?) + v + o(y). We distinguish two cases:

(D v(g) = (1/2)y + o(y). Then v(f— y) = (1/2)y + o(y), so f := y works.
(2) v(g) < (1/2)y + o(y). Then by [ADH, 6.1.3] we have eventually

0(A%8) < v(A®)+(1/2)y +o(y),  ©v(A(@) > v(A?) +y+o(y),

so v(A(2)) = v(A?g) + (1/2)y, eventually. Lemma 1.5.10 gives an element g € K
with A(g) =0and v(g — g) > (1/2)y + o(y). Hence f := y + g works. ]

Proposition 1.5.12. Suppose that P € K{Y'}, order P < r, ndeg P = 1, and P(a) =
where a < 1 lies in an immediate asymptotic extension of K and a ¢ K. Then @ is
special over K.

The proof is like that of Proposition 1.5.5, but there are some differences that call for
further details.

Proof. Given 0 < y € v(a — K), we claim that v(a — K) has an element > (4/3)y.
Take a € K with v(a@ — a) = y. Then ndeg P,, = 1 by [ADH, 11.2.3(i)], so eventually

¢ @ ¢
P(a) +a 1 - P+a >1° P+ P(a) + P+a 1 + P+a >1
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and

= P@) = P{,(@-a)
P(a)+ P}, (@—a)+ Pl _ (a-a),

( 1(a—a)+P+a -1 a—a)) > v(P+a1)+)/+0(y),

and thus eventually v(P(a)) > v(PM ) +7v +o0(y). Take g € K* with vg = y and
set Q := g_1P+a,><g’ s0 Q = Qo+ Q1 + Q1 with

Qo = Q(O) = g—lp(a)’ 0 = g_l(P+a,l)><g7 0> = g_l(P+a,>l)><g'

Then v(Qo) = v(P(a)) =y > U(P+a 1) + o(y), eventually. By [ADH, 6.1.3],

(@) = o(PL ) +o(y), Q%) > v(Pl, ) +y+o(y)

for all ¢. Since P¢ ras1 S Pfa |» eventually, the last two displayed inequalities give
U(Qf]) > U(Q?) +y+o(y), eventually.

We setf:: g ' (@-a),so Q(f) :Oand]?x 1.SetA:=Lgp € K[a].ThenQ(f) =0
gives

Qo+A(f) = Qo+0i1(f) = -2, (/)
with U(Q (f)) v(Q¢) +v + o(y), eventually, so
0(Qo + A(f)) = v(A®) +y+0(y), eventually.

Moreover, v(Qo) > v(A?) + o(y), eventually. Lemma 1.5.11 then gives f € K such
that v(f )= (1/3)y.Inviewofa —a = gf this yields

v(@-(a+gf) = y+o(f=f) > @3,
which proves our claim. |

In the rest of this subsection we assume that a ¢ K lies in an immediate asymptotic
extension of K and K{a@') has transcendence degree < r over K.

Proposition 1.5.13. IfT is divisible, then a is almost special over K.

Towards the proof, we fix a minimal annihilator P(Y) of @ over K, so order P < r. We
also fix a divergent pc-sequence (a,) in K such that a, ~> a. We next show how to
improve a and P if necessary:

Lemma 1.5.14. For some b in an immediate asymptotic extension of K we have:
(i) v(@-a)=uvb- a)foralla € K;
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(i) (ap) has a minimal differential polynomial Q over K of order < r such that Q
is also a minimal annihilator of b over K.

Proof. By the remarks following the proof of [ADH, 11.4.3] we have P € Z(K, a).
Take Q € Z(K, @) of minimal complexity. Then order O < order P < r, and Q is a
minimal differential polynomial of (a,) over K by [ADH, 11.4.13]. By [ADH, 11.4.8
and its proof] this gives an element b in an immediate asymptotic extension of K such
that (i) holds and Q is a minimal annihilator of b over K. Then QO and b have the desired
properties. u

Proof of Proposition 1.5.13. Assume I is divisible. Replace a, P by B QO from Lem-
ma 1.5.14 and rename to arrange that P is a minimal differential polynomial of (a,)
over K. By [ADH, 14.5.1] wehavea € K, g € K* witha — a = gandndegP+a xg = 1.

Set F := Piy xg andf =(a —a)/g Then ndeg F =1, F(f) =0, andf 1. Apply-
ing Proposition 1.5.12 to F' and f in the role of P and @ yields a nontrivial convex
subgroup A of I' that is cofinal in v(f— K). Setting « := vg, it follows that a + A is
cofinal in v((a — a) - K) = v(a - K). n

Corollary 1.5.15. If K is henselian, then a is almost special over K.

The proof is like that of Proposition 1.5.13, using [25, 3.3] instead of [ADH, 14.5.1].

The case of order 1 (*)

We show here that Proposition 1.5.12 goes through in the case of order 1 under weaker
assumptions: in this subsection K is a 1-linearly newtonian H-asymptotic field with
asymptotic integration. Then K is d-valued with I(K) C K', by Lemma 1.2.9, and
A-free, by [ADH, 14.2.3]. We let ¢ range over elements active in K. In the next two
lemmas A € K[9]* has order < 1,y € QI, y > 0, and K is an immediate asymptotic
extension of K.

Lemma 1.5.16. Let f € K* be such that v(A(f)) > v(A?f) + v eventually. Then
there exists f € K such that A(f) =0andv(f - f) 2 v(f) + .

Proof. Note that order(A) = 1; we arrange A =9 — g (g € K). If A(f) = 0, then fis
in K [ADH, line before 14.2.10], and f := f works. Assume A(f) # 0. Then

U(A(ﬁ(]?)) = U(A(f)) > U(Aqﬁ]?) +v> U(Ad’f), eventually,

o) U(f) € &°(A), and Lemma 1.4.9 yields an f € K with f ~ fand A(f) =0. We
claim that this f has the desired property. Set b := A( f) By the remarks preceding
Corollary 1.4.15 we canreplace K, K, A, bby K?, K?, ¢~ 'A?, ¢~ ' b, respectively, for
suitable ¢, to arrange that K has small derivation and 5" — g = 1. Using the hypothesis
of the lemma we also arrange vb > v(A f ) + . Itremains to show that for g := f f#0
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we have 0(2) > v( f) +y. Now A(2) = b withv(2) ¢ °(A), henceg ~ b/(bT —g) <" b
by Lemma 1.4.14, and thus v(g) > vb > v(Af) + 7y, so it is enough to show v(Af) >
o(f). Now b = A(f) =f(fT-g)and Af = (9 + f7 - g). As vb > v(Af) +y >
U(Af) this yields U(f -g)>0,s0 U(Af) = v(f) [

Lemma 1.5.17. Let b € K and fe K with v(f) > o(y). Assume also that eventu-
ally v(b) > v(A?) + o(y) andu(A(f) b) > v(A?) +y + o(y). Then for some f € K
we have A(f) = b and v(f )= (1/2)y +o(y).

The proof is like that of Lemma 1.5.11, using Lemma 1.5.16 instead of Lemma 1.5.10.
In the same way Lemma 1.5.11 gave Proposition 1.5.12, Lemma 1.5.17 now yields:

Proposition 1.5.18. [fP € K{Y}, orderP< 1,ndegP =1, and P(a) =0, wherea < 1
lies in an immediate asymptotic extension of K and a ¢ K, then a is special over K.

Remark. Proposition 1.5.13 does not hold for » = 1 under present assumptions. To
see this, let K be a Liouville closed H-field which is not ®-free, as in Example 1.3.16
or [2]. Then K is 1-linearly newtonian by Corollary 1.7.29 below. Consider the pc-
sequences (A,) and (®,) in K as in [ADH, 11.7], let ® € K with 0, ~» ®, and P =
2Y’ +Y? + ®. Then [ADH, 11.7.13] gives an element A in an immediate asymptotic
extension of K but not in K with A, ~> A and P(A) = 0. However, A is not almost
special over K [ADH, 3.4.13, 11.5.2].

Relating Z (K, @) and v(a — K) for special @

In this subsection K is a valued differential field with small derivation o # 0 such
that T" # {0} and I'> has no least element. We recall from [3] that a valued differential
field extension L of K is said to be strict if for all ¢ € K*,

do C ¢o = dor, C ¢or, 00 C ¢po = 90 C ¢or.

(If K is asymptotic, then any immediate asymptotic extension of K is automatically
strict, by [3, 1.11].) Let @ lie in an immediate strict extension of K witha < landa ¢ K,
and a is special over K. We adopt from [3, Sections 2, 4] the definitions of ndeg P
for P € K{Y}” and of the set Z(K,a) € K{Y}* of differential polynomials vanishing
at (K,a). Also recall that '(9) := {v¢ : ¢ € K*, do C ¢o}.

Lemma 1.5.19. Let P € Z(K,a) and P < 1. Then v(P(a)) > v(a - K).

Proof. Take a divergent pc-sequence (a,) in O with a, ~ @, and as in [ADH, 11.2]
let a := ckx(ap). Then ndeg, P > 1 by [3, 4.7]. We arrange y,, := v(a — a,) to be
strictly increasing as a function of p, with 0 < 2y, < y,(,) for all p. Take g, € o
with g, < @ — a,; then 1 < d := ndeg, P = ndeg P, xg, for all sufficiently large p,
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and we arrange that this holds for all p. We have @ = a,, + g,y, with y, < 1, and
P@) = Prapg,(5p) = D (Prayxg,)i(p)-
i

Pick for every p an element ¢, € K* such that 0 < v(¢,) € I'(9) and (Pfgp,xgp)i <

(P¢p )a for all i. Then for all p and i,

+ap,Xgp

®p 4 2 :
(P+up,><gp)i(yp) = (P+Zp,><gp)i(yp) < (P+Zp,><gp)i < (P+Zp,><gp)d with
b
v((P+Zp,><gp)d) > d7p + O(VP) Z Ypt O(Yp)’

where for the next to last inequality we use [ADH, 11.1.1, 5.7.1, 5.7.5, 6.1.3]. There-
fore v(P(@)) > y, + o(y,) for all p, and thus v(P(a)) > v(a - K). n

We also have a converse under extra assumptions:

Lemma 1.5.20. Assume K is asymptotic and ¥ C v(a — K). Let P € K{Y} be such
that P < 1 and v(P(a)) > v(a — K). Then P € Z(K, Q).

Proof. Let A be the nontrivial convex subgroup of I' that is cofinal in v(a — K).
Let « := cf(A). Take a divergent pc-sequence (a,)p<« in K such that a, ~ a. We
arrange y,, := v(a — a,) is strictly increasing as a function of p, with y, > 0 for all p;
thus a,, < 1 for all p. Consider the A-coarsening i = v, of the valuation v of K; it has
valuation ring O with differential residue field K. Consider likewise the A-coarsening
of the valuation of the immediate extension L = K{a) of K. Let a* be the image of a
in the differential residue field L of (L, o). Note that L is an immediate extension
of K. The pc-sequence (a,) then yields a sequence (d,) in K with v(a* — d,) = ¥,
for all p. Thus (d,) is a c-sequence in K with d, — a*, so P(d,) — P(a*) by [ADH,
4.4.5]. From v(P(a)) > A we obtain P(a*) = 0, and so P(d,) — 0. So far we have
not used our assumption that K is asymptotic and ¥ C v(a — K). Using this now, we
note that for @ € A~ we have 0 < @’ = a + ', so @’ € A, hence the derivation of K is
nontrivial. Thus we can apply [ADH, 4.4.10] to K and modify the a, without chang-
ing y, = v(a* — d,) to arrange that in addition P(d,) # 0 for all p. Since k = cf(A),
we can replace (a,) by a cofinal subsequence so that P(a,) ~> 0, hence P € Z(K,a)
by [3, 4.6]. ]

To elaborate on this, let A be a convex subgroup of I" and K the valued differential
residue field of the A-coarsening v, of the valuation v of K. We view K in the usual

way as a valued differential subfield of the valued differential residue field K of the
A-coarsening of the valuation of K by A; see [ADH, pp. 159-160 and 4.4.4].

Corollary 1.5.21. Suppose K is asymprotic and ¥ C v(a — K), and A is cofinal in
v(@—K). Let P € K{Y} with P < 1. Then P € Z(K, @) if and only if P(2) = 0 in K.
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Also, P is an element of Z(K, @) of minimal complexity if and only if P is a minimal
annihilator of @ over K and P has the same complexity as P.

Proof. The first statement is immediate from Lemmas 1.5.19 and 1.5.20. For the
rest use that for R € O{Y} we have c(R) < c(R) and that for all Q € K{Y} there
isan R € O{Y} with Q = R and Q; # 0iff R; # 0 for all i, so ¢(R) = c(R). ]

1.6 Differential Henselianity of the Completion

Let K be a valued differential field with small derivation. We let T := v(K*) be the
value group of K and k := res(K) be the differential residue field of K, and we letr € N.
The following summarizes [ADH, 7.1.1, 7.2.1]:

Lemma 1.6.1. The valued differential field K is r-d-henselian iff for each P in K{Y'}
of order < r with ddeg P = 1 there isa 'y € O with P(y) = 0.

Recall that since the derivation of K is small, it is continuous [ADH, 4.4.6], and
hence extends uniquely to a continuous derivation on the completion K¢ of the valued
field K [ADH, 4.4.11]. We equip K with this derivation, which remains small [ADH,
4.4.12], so K¢ is an immediate valued differential field extension of K with small
derivation, in particular, k = res(K°).

Below we characterize in a first-order way when K¢ is r-d-henselian. We shall use
tacitly that for P € K{Y'} we have P(g) < Py, for all g € K; to see this, replace P
by Pxg to reduce to g = 1, and observe that P(1) = 25 =0 P[] 5 P-

Lemma 1.6.2. Let P € K°{Y}, b € K° withb < 1 and P(b) =0, and y € I'". Then
there is an a € O with v(P(a)) > y.

Proof. To find an a as claimed we take f € K satisfying f =< P and replace P, y
by f~'P,y — vf, respectively, to arrange P < 1 and thus P,;, =< 1. We also assume b # 0.
Since K is dense in K¢ we cantake a € K suchthata ~ b (soa € O)and v(a — b) > 2y.
Then with g := a — b, using [ADH, 4.5.1(i) and 6.1.4] we conclude

v(P(a)) = v(P15(8)) > v((Psp)xg) > v(Psp) +vg +0(vg) = vg +0(vg) >y
as required. ]

Recall that if K is asymptotic, then so is K by [ADH, 9.1.6].

Lemma 1.6.3. Suppose K is asymptotic, I' # {0}, and for every P € K{Y} of order at
most r with ddeg P = 1 and everyy € I'” there is an a € O withv(P(a)) > y. Then K°
is r-d-henselian.
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Proof. The hypothesis applied to P € O{Y} of order < r with ddeg P = deg P = 1
yields that k is r-linearly surjective. Letnow P € K°{Y} be of order < r withddeg P = 1.
We need to show that there exists b € K¢ with b < 1 and P(b) = 0. First arrange P < 1.
By [ADH, remarks after 9.4.11] we can take b < 1 in an immediate d-henselian asymp-
totic field extension L of K¢ with P(b) = 0. We prove below that b € K°. We may
assume b ¢ K, sov(b — K) has no largest element, since L 2 K is immediate. Note also
that ddeg P,;, = 1 by [ADH, 6.6.5(i)]; since P(b) = 0 we thus have ddeg P,p xg = 1
forall g < 1in L™ by [ADH, 6.6.7].

Claim: Lety €I and a € K withv(b — a) > 0. Thereisay € O such that v(P(y)) >y
andv(b —y) =z v(b - a).

To prove this claim, take g € K* with vg = v(b — a). Then by [ADH, 6.6.6] and
the observation preceding the claim we have ddeg P, x¢ = ddeg Py x¢ = 1. Thanks
to density of K in K¢ we may take Q € K{Y} of order < r such that P,, xs ~ O
and v(Pya,xg — Q) > v. Then ddeg Q = 1, so by the hypothesis of the lemma we
have z € O with v(Q(z)) > y. Sety := a + gz € O; then v(P(y)) = v(Pra,x¢(2)) >y
and v(b —y) =v(b—a—-gz) > v(b—a) = vg as claimed.

Letnow y € I'”; to show that b € K¢, itis enough by [ADH, 3.2.15, 3.2.16] to show that
thenv(a — b) >y forsomea € K.LetA:=Lp,, € L[d];then A < 1. Since |8 (A)| <r
by [ADH, 7.5.3], the claim gives ana € O withv(P(a)) > 2y and0 <v(b —a) ¢ EL(A).
Putg:=a—-band R := (P+p)>1. Then R < 1 and

P(a) = Pup(8) = A(g) +R(g)
where by the definition of &7,(A) and [ADH, 6.4.1(iii), 6.4.3] we have in QI:
v(A(g)) = vavg) = vg+o(vg) < vR+(3/2)vg < vr(vg) < v(R(g))
and so v(P(a)) = vg + o(vg) > 2y. Therefore v(a — b) = vg > vy as required. n

The last two lemmas yield an analogue of [ADH, 3.3.7] for r-d-henselianity and a
partial generalization of [ADH, 7.2.15]:

Corollary 1.6.4. Suppose K is asymptotic and T # {0}. Then the following are equiv-
alent:
(i) K€ isr-d-henselian;

(ii) forevery P € K{Y} of order at most r with ddeg P = 1 and everyy € T~ there
exists a € O withv(P(a)) > .

In particular, if K is r-d-henselian, then so is K°.
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1.7 Complements to [ADH] on Newtonianity

In this section K is an ungrounded H-asymptotic field withT" = v(K*) # {0}. Note that
then K° is also H-asymptotic. We let r range over N and ¢ over the active elements
of K. Our first aim is a newtonian analogue of Corollary 1.6.4:

Proposition 1.7.1. For d-valued and w-free K, the following are equivalent:
(i) K€ is r-newtonian;
(ii) forevery P € K{Y} of order at most r withndeg P = 1 and everyy € I'” there
isan a € O withv(P(a)) > y.

If K is d-valued, w-free, and r-newtonian, then so is K°.

The final statement in this proposition extends [ADH, 14.1.5]. Towards the proof we
first state a variant of [ADH, 13.2.2] which follows easily from [ADH, 11.1.4]:

Lemma 1.7.2. Assume K has small derivation and let P,Q € K{Y}* and ¢ < 1.
Then P? <P P, and so we have the three implications

P<’Q0 = P?<P Q¢ PO = PPl PP = PSP Q0
The last implication gives: P ~b QO = ndeg P = ndeg Q and nmul P = nmul Q.

For P? =< P and the subsequent three implications in the lemma above we can drop
the assumption that K is ungrounded.

Lemma 1.7.3. Suppose K is d-valued, w-free, and for every P € K{Y} of order at
most r withndeg P = 1 and everyy € I'” there is an a € O withv(P(a)) > y. Then K°
is d-valued, ®-free, and r-newtonian.

Proof. By [ADH, 9.1.6 and 11.7.20], K€ is d-valued and w-free. Let P € K°{Y'} be of
order < r with ndeg P = 1. We need to show that P(b) = 0 for some b < 1 in K¢. To
find b we may replace K, P by K¢, P?; in particular we may assume that K has small
derivationand I # T By (7) (see p. 20) we can take b < 1 in an immediate newtonian
extension L of K¢ such that P(b) = 0. We claim that b € K°. To show this we may
assume b ¢ K, so v(b — K) does not have a largest element. By [ADH, 11.2.3(1)] we
have ndeg P, = 1 and so ndeg P,j, xg = 1 for all g < 1in L* by [ADH, 11.2.5], in
view of P(b) = 0.

Claim: Lety €I~ and a € K withv(b — a) > 0. There isa 'y € O such that v(P(y)) >y
andv(b —y) = v(b — a).

The proof is similar to that of the claim in the proof of Lemma 1.6.3: Take g € K*
with vg = v(b — a). Then ndeg P, xg = ndeg P,p xg = 1 by [ADH, 11.2.4] and the
observation preceding the claim. Density of K in K€ yields Q € K{Y} of order < r
with 0(Pya,xg — Q) > ¥ and Py xg ~b 0, the latter using I'" # . Then ndeg Q =
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ndeg P4 xg = 1 by Lemma 1.7.2, so the hypothesis of the lemma gives z € O such
that v(Q(z)) > . Setting y := a + gz € O we then have v(P(y)) = v(P1a,xg(2)) >y
andov(b—y)=v(b—a-gz) 2 vg =v(b-a).

Lety e I'”; to get b € K¢, it is enough to show that then v(a — b) > y for some a € K.
Let A := Lp,, € L[d]. Since |&} (A)| < r by [ADH, 14.2.9], by the claim we can
take a € O with v(P(a)) > 2y and 0 < v(b — a) ¢ &; (A). Now put g := a — b and
take ¢ withvg ¢ &4 (A?); note thatthen A? = LP¢ Replacmg K,L,PbyK? L% P?,
respectively, we arrange vg ¢ &7 (A), and (changmg ¢ if necessary) ddeg P,;, = 1. We
also arrange P,p < 1, and then (Pp)>1 < 1. As in the proof of Lemma 1.6.3 above
we now derive v(a — b) = vg > 7. ]

Combining Lemmas 1.6.2 and 1.7.3 now yields Proposition 1.7.1. |

To show that newtonianity is preserved under specialization, we assume below that
YNNI~ #0, so K has small derivation. Let A # {0} be a convex subgroup of I
with ¢y (A*) € A. Then 1 € A where 1 denotes the unique positive element of I' fixed by
the function ¢: use that ¢ (y) > 1 for 0 < y < 1. (Conversely, any convex subgroup G
of I with 1 € G satisfies ¥ (G*) C G.) Let i be the coarsening of the valuation v of K
by A, with valuation ring O, maximal ideal o of O, and residue field K = O/o. The
derivation of K is small with respect to o, and K with the induced valuation v: K* — A
and induced derivation as in [ADH, p. 405] is an asymptotic field with asymptotic cou-
ple (A, ¥|A*), and so is of H-type with small derivation. If K is d-valued, then so is K
by [ADH, 10.1.8], and if K is o-free, then so is K by [ADH, 11.7.24]. The residue
map a > d :=a+06: O — K is a differential ring morphism, extends to a differ-
ential ring morphism P — P: O{Y} — K{Y} of differential rings sending ¥ to Y,
and ddeg P = ddeg P for P € O{Y} with P # 0.

We now restrict ¢ to range over active elements of O. Thenvg < 1+ 1, sov¢ € A,
and hence ¢ is a unit of O. It follows that ¢ is active in K, and every active element
of K lying in its valuation ring is of this form. Moreover, the differential subrings O
of K and 0% := (0)? of K? have the same underlying ring, and the derivation of K¢ is
small with respect to o. Thus the differential residue fields K = O/oand K? := 0% /o
have the same underlying field and are related as follows:

K¢ = (K)?.

For P € O{Y} we have P? ¢ O¢{Y }, and the image of P¢ under the residue mor-
phism O?{Y} — K?{Y} equals P%; hence ndeg P = ndeg P for P € O{Y} satisfy-
ing P # 0. These remarks imply:

Lemma 1.7.4. If K is r-newtonian, then K is r-newtonian.

Combining Proposition 1.7.1 and Lemmas 1.7.3 and 1.7.4 yields:
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Corollary 1.7.5. Suppose K is d-valued, o-free, and r-newtonian. Then K and its
completion are d-valued, W-free, and r-newtonian.

We finish with a newtonian analogue of [ADH, 7.1.7]:

Lemma 1.7.6. Suppose (K, O) is r-d-henselian and K is r-newtonian. Then K is r-
newtonian.

Proof. Let P € K{Y} be quasilinear of order < r; we need to show the existence
of b € O with P(b) = 0. Replacing K, P by K¢, P for suitable ¢ (and renaming)
we arrange ddeg P = 1; this also uses [ADH, 7.3, subsection on compositional conju-
gation]. We can further assume that P < 1. Put Q := P € K{Y}, sondeg Q = 1, and thus
r-newtonianity of K yields an a € O with Q(a) = 0. Then P(a) < 1, Py,1 ~ Py =< 1,
and Py, ~1 < 1. Since (K, O) is r-d-henselian, this gives y € o with P,,(y) = 0, and
then P(b) =0forb :=a+y € O. [

Lemmas 1.7.4, 1.7.6, and [ADH, 14.1.2] yield:

Corollary 1.7.7. K is r-newtonian iff (K, O) is r-d-henselian and K is r-newtonian.

Invariance of Newton quantities

In this subsection P € K{Y}*. We recall that in [ADH, 11.1] we associated to P
its Newton weight nwt P, Newton degree ndeg P, and Newton multiplicity nmul P
at 0, all elements of N, as well as the element v°(P) of I'; these quantities do not
change when passing to an H-asymptotic extension L of K with ¥ cofinal in ¥,
cf. [ADH, p. 480], where the assumptions on K, L are slightly weaker. Thus by Theo-
rem 1.3.1, these quantities do not change for ®-free K in passing to an H-asymptotic
pre-d-valued d-algebraic extension of K. Below we improve on this in several ways.
First, for order P < 1 we can drop ¥ being cofinal in ¥y, by a strengthening of [ADH,
11.2.13]:

Lemma 1.7.8. Suppose K is H-asymptotic with rational asymptotic integration, and
let P € K[Y,Y']?. Then there are w € N, a € ', A € K[Y]?*, and an active ¢o in K
such that for every asymptotic extension L of K and active f < ¢g in L,

Pl = fPAY)(Y)+ Ry, RyeL/[V,Y'], o(Rf) > v(PT)+a.
For such w, A we have for any ungrounded H-asymptotic extension L of K,
nwtz P = w, ndeg; P = degA+w, nmulp P = mulA+w, o} (P)=uv(A).

Proof. Letw be as in the proof of [ADH, 11.2.13]. Using its notations, this proof yields
an active ¢ in K such that

(1.7.1) wy +v(Ay) < jy+v(Aj)
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forall y > v(¢o) in W' and j € J \ {w}. This gives 8 € QI such that 8 > ¥ and (1.7.1)
remains true forall y € I" with v(¢g) < y < . Since (QI, ) has asymptotic integration,
Bisnotagapin (QL,¥),s0 B> By > ¥ with By € QI'. This yields an element @ € (QI")~
such that for all v € QI" with v(¢g) < v < Bo we have

(1.7.2) wy +v(Ay) +a < jy+v(A))

Since I" has no least positive element, we can decrease a to arrange @ € I'”. Now (1.7.2)
remains true for all elements y of any divisible ordered abelian group extending QI'
with v(¢g) < y < Bo. Thus w, @, A = Ay, and ¢ are as required.

For any ungrounded H-asymptotic extension L of K we obtain for active f < ¢¢
in L that v(P¥) = v(A) + wo(f), so v] (P) = v(A) in view of the identity in [ADH,
11.1.15] defining v§ (P). [

For quasilinear P we have:

Lemma 1.7.9. Suppose K is A-free and ndeg P = 1. Then there are active ¢q in K
and a,b € K with a < b # 0 such that either (i) or (ii) below holds:

i) Pf Nt:ﬁo a + bY for all active f < ¢ in all H-asymptotic extensions of K;
(i) P/ Ni:ﬁo %b Y’ for all active f <X ¢g in all H-asymptotic extensions of K.

In particular, for each ungrounded H-asymptotic extension L of K,
nwtz P=nwtP < 1, ndeg; P =1, nmuly P =nmulP, v} (P)=21°(P).

Proof. From [ADH, 13.7.10] we obtain an active ¢g in K and a,b € K witha < b
such that in K% {Y}, either P% ~Z)0 a + bY or P% ~3)0 bY’ (so b # 0). In the
first case, set A(Y) := a + bY, w := 0; in the second case, set A(Y) := bY’, w := 1.

Then P = A + R where R <z§0 b < P% in K%{Y}.

Let now L be an H-asymptotic extension of K. Then R *Epo P% remains true
in L%{Y}, and if f < ¢ is active in L, then P/ = (P#)//%0 = (f/po)*A + RT/ %0
where R// 0 <E’po P/ by Lemma 1.7.2 and the remark following its proof. As to Vi (P) =
v®(P) for ungrounded L, the identity from [ADH, 11.1.15] defining these quantities

shows that both are vb in case (i), and v(b) — v(¢p) in case (ii). [
Lemma 1.7.9 has the following consequence, partly generalizing Corollary 1.4.5:

Corollary 1.7.10. Suppose K is M-free, A € K[3]* and L is an ungrounded H-asymp-
totic extension of K. Then fory € T the quantitiesnwta (y) < 1 and v, (y) do not change
when passing from K to L; in particular,

&°(A) = {y eT:nwta(y) =1} = & (A)NT.

This leads to a variant of Corollary 1.4.20:
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Corollary 1.7.11. Suppose K is A-free. Then |&°(A)| < order A for all A € K[3]*.

Proof. By [ADH, 10.1.3], K is pre-d-valued, hence by [ADH, 11.7.18] it has an ®-free
H-asymptotic extension. It remains to appeal to Corollaries 1.4.5 and 1.7.10. |

For completeness we next state a version of Lemma 1.7.9 for ndeg P = 0; the proof
using [ADH, 13.7.9] is similar, but simpler, and hence omitted.

Lemma 1.7.12. Suppose K is A-free and ndeg P = 0. Then there are an active ¢ in K
and a € K* such that P¥ ~L;50 a for all active f < ¢o in all H-asymptotic extensions
of K.

In particular, for K, P as in Lemma 1.7.12, no H-asymptotic extension of K contains
any y < 1 such that P(y) = 0.

For general P and w-free K we can still do better than stated earlier:

Lemma 1.7.13. Suppose K is ®-free. Then there are w € N, A € K[Y]?, and an
active ¢q in K such that for all active f < ¢ in all H-asymptotic extensions of K,

PF b (f0) A(Y)(Y))".
For such w, A, ¢o we have for any ungrounded H-asymptotic extension L of K,

nwty P = w, ndeg; P = degA +w,
v(A) — wu(eo).

Proof. By [ADH, 13.6.11] we have active ¢ in K and A € K[Y]? such that

nmul;, P = mul A + w, vy (P)

P = A-(Y)”+R, w:=nwtP, ReK®{y}, R<} P™

(Here ¢ and A are the e and aA in [ADH, 13.6.11].) The rest of the argument is just
like in the second part of the proof of Lemma 1.7.9. ]

Remarks on newton position

For the next lemma we put ourselves in the setting of [ADH, 14.3]: K is w-free,
P € K{Y}*, and a ranges over K. Recall that P is said to be in newron position at a
if nmul P,, = 1. Suppose P is in newton position at a; then A := Lp, € K[d]*.
Recall the definition of v°(P, a) = v (P, a) € I's: if P(a) = 0, then v°(P, a) = oo;
if P(a) # 0, then v°*(P, a) = vg where g € K* satisfies P(a) < (P+a)fb,><g eventu-
ally, that is, ve (vg) = v(P(a)) eventually. In the latter case nwta (vg) = 0, that is,
vg ¢ 8°(A), and v (vg) = v(P(a)), since vy0 (vg) =15 (vg) + nwta(vg)v¢g eventually.
Forany f € K*, P/ is also in newton position at a, and v® (P, a) = v°(P, a). Note also
that P, is in newton position at 0 and v°(P.,,0) = v°(P, a). Moreover, in passing
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from K to an w-free extension, P remains in newton position at a and v°(P, a) does
not change, by Lemma 1.7.13.

In the rest of this subsection P is in newton position at a, and a is an element of an H-
asymptotic extension K of K such that P(a) = 0. (We allow a € K.) We first generalize
part of [ADH, 14.3.1], with a similar proof:

Lemma 1.7.14. v*(P,a) > 0 and v(a — a) < v°(P, a).

Proof. This is clear if P(a) = 0. Assume P(a) # 0. Replace P, @, a by P.,,a — a, 0,
respectively, to arrange a = 0. Recall that K¢ has small derivation. Sety := v*(P,0) €’
and take g € K withvg =y. Now (Pf’)xg =< Py, eventually, and nmul P = 1 gives P(0) <
Pf’, eventually, hence g < 1. Moreover, for j > 2, Pf’ e P;(’, eventually, so (P?)Xg -
(Pj.’)xg, eventually, by [ADH, 6.1.3]. Thus for j > 1 we have (P¥,); = (Pj.”)xg <
P(0), eventually; in particular, there is no y < 1 in any H-asymptotic extension of K
with Pyxg(y) = 0. Since P(a) = 0, this yields v(a) < y = v°(P,0). m

Here is a situation where v(a — a) = v°(P, a):

Lemma 1.7.15. Suppose ¥ is cofinal in ¥z and we have a — a < 1 and v(a - a) ¢
%I%(A) where A := Lp_,. Then v(a — a) = v°(P, a).

Proof. Note that Kis ungrounded, so %I%(A) is defined, and X is pre-d-valued. As in
the proof of Lemma 1.7.14 we arrange a = 0. As an asymptotic subfield of K.K (a)is
pre-d-valued. Hence K{a') is w-free by Theorem 1.3.1. The remarks preceding Lem-
ma 1.7.14 then allow us to replace K by K{a) to arrange a € K. The case a = 0 is
trivial, so assume O # @ < 1. Now nmul P = 1 gives for j > 2 that Pip e Pf, eventually,
hence (Pf’)x,; - (P_?)xa, eventually, by [ADH, 6.1.3]. Moreover, Pi(a) = A(a) =
A?%(a) < A?a, eventually, using v(a@) ¢ %I%(A) in the last step, so for j > 2, eventually

Pi(@) = (P])a » (P{)xa = P{(@) = P;(@).

Also Py(a) # 0, since A?a # 0. Then P(a) = 0 gives P(0) < Py(a). Thus v(P(0)) =
vae (v(@)), eventually, so v°(P,0) = v(a) by the definition of v°(P, 0). n

Corollary 1.7.16. Suppose K is ungrounded and equipped with an ordering mak-
ing it a pre-H-field, and assume a —a < 1 and v(a — a) ¢ %Ie? (A) where A := Lp,,,.
Then v(a — a) = v°(P, a).

Proof. In view of Lemma 1.4.1 and using [ADH, 14.5.11] we can extend Kto arrange
that it is an ®-free newtonian Liouville closed H-field. Next, let H be the real closure
of the H-field hull of K{a), all inside K. Then H is o-free, by Theorem 1.3.1, and
hence has a Newton-Liouville closure L inside K [ADH, 14.5]. Since L < K by [ADH,
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16.2.5], we have v(a — a) ¢ &; (A). Now L is d-algebraic over K by [ADH, 14.5.9],
so V¥ is cofinal in ¥y, by Theorem 1.3.1. It remains to apply Lemma 1.7.15. ]

Newton position in the order 1 case (*)

In this subsection K is assumed to be A-free, P € K{Y} has order 1, and a € K. We
basically copy here a definition and two lemmas from [ADH, 14.3] with the ®-free
assumption there replaced by the weaker A-freeness, at the cost of restricting P to have
order 1.

Suppose nmul P = 1, Py # 0. Then [ADH, 11.6.17] yields g € K* with Py =< Pf”xg,

eventually. Since Py < P¢, eventually, we have g < 1. Moreover, if i > 2, then Pf’ e P?,
eventually, hence P{/”Xg - Pfx . eventually. Therefore ndeg Pxg = 1.

Define P to be in newton position at a if nmul P,, = 1. Suppose P is in newton
position at a; set Q := P4, s0 Q(0) = P(a).If P(a) # 0, then the above yields g € K*
with P(a) = Q(0) < Qﬁxg, eventually; as vg does not depend on the choice of such g,
we set v°(P, a) :=vg.If P(a) = 0, then we set v°(P,a) := oo € I'y. In passing from K
to a A-free extension, P remains in newton position at a and v°(P, a) does not change,
by Lemma 1.7.8. In the rest of this subsection we assume P is in newton position at a.

Lemma 1.7.17. If P(a) # O, then there exists b € K with the following properties:
(1) P is in newton position at b, v(a — b) = v°(P, a), and P(b) < P(a);
(ii) for all b* € K withv(a — b*) 2 v°*(P,a): P(b*) < P(a) ®a—-b~a-b";
(iii) forall b* € K witha — b ~ a — b*, P is in newton position at b* and v* (P, b*) >
v°(P, a).
This is shown as in [ADH, 14.3.2]. Next an analogue of [ADH, 14.3.3], with the same
proof, but using Lemma 1.7.17 in place of [ADH, 14.3.2]:

Lemma 1.7.18. If there is no b with P(b) = 0 and v(a — b) = v°(P, a), then there is
a divergent pc-sequence (ap)p<a in K, indexed by all ordinals p smaller than some
infinite limit ordinal A, such that ap = a, v(a, — a,) = v°(P,a,) forallp < p’ < 4,
and P(a,) ~ 0.

The next result is proved just like Lemma 1.7.14:

Lemma 1.7.19. Suppose P(a) = 0 where a is in an H-asymptotic extension of K.
Then v*(P,a) > 0 and v(a — a) < v°(P, a).

Next an analogue of Lemma 1.7.15 using Propositions 1.3.8 and 1.3.12 in its proof:

Lemma 1.7.20. Suppose a in an ungrounded H-asymprotic extension K of K satis-
fiesP(@)=0,a—a<1,andv(a —a) ¢ E.(A) where A := Lp,,. Then v(a —a) =
v°(P,a) *
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Proof. We arrange a = 0 and assume a # 0. Then L := K(a) has asymptotic integra-
tion, by Proposition 1.3.12, and v(a) ¢ &; (A) by Lemma 1.4.10 (applied with L, K
in place of K, L). Moreover, ¥ is cofinal in Wy by Proposition 1.3.8. As in the proof
of Lemma 1.7.15 this leads to P{(a) = A(a) = A?(a) < A?a, eventually, and then
as in the rest of that proof we derive v°(P,0) = v(a). [

Zeros of differential polynomials of order and degree 1

In this subsection K has asymptotic integration. We fix a differential polynomial
P(Y) = a(Y +gY —u) € K{Y} (a,g,u €K, a#+0),

and set A := Lp = a(d + g) € K[9d]. Section 1.2 gives for each y € K the equiva-
lence y € I(K) < vy > W. Therefore by Section 1.4, &°(A) =0 & g ¢ I(K) + KT,
and v(ker} A) C &°(A) for each immediate H-asymptotic field extension K of K.
Thus:

Lemma 1.7.21. If g ¢ I(K) + KT, then each immediate H-asymptotic extension of K
contains at most one y such that P(y) = 0.

If 9K = K and g € K7, then P(y) = 0 for some y € K, and if moreover K is d-
valued, then any y in any immediate H-asymptotic extension of K with P(y) = 0
lies in K. (Lemma 1.2.2.) If y < 1 in an immediate H-asymptotic extension of K sat-
isfies P(y) = 0, then by [ADH, 11.2.3(ii), 11.2.1] we have

nmul 7 = nmul P, = mulP,, = 1.

Lemma 1.7.18 yields the following partial converse (a variant of [3, Lemma 8.5]):

Corollary 1.7.22. Suppose K is h-free and nmul P = 1. Then there isay < 1 in an
immediate H-asymptotic extension of K with P(y) = 0.

Proof. Replacing K by its henselization and using [ADH, 11.6.7], we arrange that K
is henselian. Suppose that P has no zero in 0. Then P is in newton position at 0, and so
Lemma 1.7.18 yields a divergent pc-sequence (a,),<a in K, indexed by all ordinals p
smaller than some infinite limit ordinal A, with ag = 0, v(a, — ay) = v°(P, a,) for
all p < p” < A,and P(a,) ~ 0. Since deg P = order P = 1 and K is henselian, P is a
minimal differential polynomial of (a,) over K, and v(a,) = v°(P,0) > 0 for p > 0.
Hence [ADH, 9.7.6] yields a pseudolimit y of (a,) in an immediate asymptotic exten-
sion of K with P(y) = 0 and y < 1, as required. ]

We say that P is proper if u # 0 and g + u® >" 1. If P is proper, then so is bP for
each b € K*. For m € K* we have

Pum = am(Y’ + (g +m")Y —um™1),
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hence if P is proper, then so is Py. If u # 0, then P is properiffa ' A,, =0+ (g +u’)
is steep, as defined in Section 1.4. Note that

P? = ag(Y' + (/)Y — (u/9)).

Lemma 1.7.23. Suppose K has small derivation, and P is proper. Then P? is proper
(with respect to K?) for all ¢ < 1.

Proof. Let ¢ < 1. Then we have ¢ < 1 and hence ¢" <* ¢’ < 1 <* g + u'. Thus
g+ u/9) = (g+u) = ¢~ g+u 1w g,

hence (g/¢) + ¢~ (u/¢)t > 1 and so (g/¢) + ¢~ (u/¢)" >Z) 1. Therefore P? is
proper (with respect to K ¢). |

Lemma 1.7.24. Suppose K is h-free and u # 0. Then there is an active ¢g in K such
that for all ¢ < ¢o, P? is proper with g + (u/¢)T ~ g + (u/¢o)".

Proof. The argument before Corollary 1.4.15 yields an active ¢o in K such
that u™ + g — ¢ = ¢ for all ¢ < ¢. For such ¢ we have ¢ — gbg < ¢o as noted just
before [ADH, 11.5.3], and so (u/¢)" + g ~ (u/$o)" + g. The argument before Corol-
lary 1.4.15 also gives ¢~ ' (u/¢) " + g/ >Z§ 1 eventually, and if ' (u/p)" + g/ >'fﬁ 1,
then P? is proper. n

Lemma 1.7.25. We have nmul P = 1 iffu < g or u € I(K). Moreover, if K is A-free,
nmul P =1, andu # 0, then u <z§ g+ (u/9)7, eventually.

Proof. For the equivalence, note that the identity above for P¢ yields:
nmulP =0 & u ' g, andu/¢ = 1 eventually.

Suppose K is A-free, nmul P = 1, and u # 0. If u € I(K), then u < ¢ <|;> g+ (u/¢),

eventually, by Lemma 1.7.24. Suppose « ¢ I(K). Then v(«) € W' and u < g. Hence
by [ADH, 9.2.11] we have (u/¢)" < u < g, eventually, and thus u < g ~ g + (u/$)",
eventually. Thus u <Z) g+ (u/¢)", eventually. ]

Assume now P(y) = 0 with y in an immediate H-asymptotic extension of K; there-
fore A(y) = u. Note: if vy € '\ &°(A), then u # 0. From Lemma 1.4.14 we get:

Lemma 1.7.26. If K has small derivation, P is proper, and vy € T'\ &¢(A), then y ~
u/(g+ub).

By Lemmas 1.7.24 and 1.7.26, and using Lemma 1.7.25 for the last part:
Corollary 1.7.27. If K is A-free and vy € I" \ &°(A), then

y~ul/(g+ (u/¢)T) eventually.
If in addition nmul P = 1, then y < 1.
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A characterization of 1-linear newtonianity
In this subsection K has asymptotic integration. We first expand [ADH, 14.2.4]:

Proposition 1.7.28. The following are equivalent:
(i) K is 1-linearly newtonian;
(ii) every P € K{Y} withnmul P = deg P = 1 and order P < 1 has a zero in o;
(iii) K is d-valued, A-free, and 1-linearly surjective, with I(K) C K.

Proof. The equivalence of (i) and (ii) is [ADH, 14.2.4], and the implication (i) = (iii)
follows from [ADH, 14.2.2, 14.2.3, 14.2.5]. To show (iii) = (ii), suppose (iii) holds,
and let g,u € K and P =Y’ + g¥ — u with nmul P = 1. We need to find y € o such
that P(y) = 0. Corollary 1.7.22 gives an element y < 1 in an immediate H-asymptotic
extension L of K with P(y) = 0. It suffices to show that then y € K (and thus y € o).
If g ¢ KT, then this follows from Lemma 1.7.21, using I(K) € K" and 1-linear surjec-
tivity of K; if g € K7, then this follows from Lemma 1.2.2 and 0K = K. ]

By the next corollary, each Liouville closed H-field is 1-linearly newtonian:

Corollary 1.7.29. Suppose KT = K. Then the following are equivalent:
(i) K is 1-linearly newtonian;
(i) K is d-valued and 1-linearly surjective;
(iii) K is d-valued and oK = K.

Proof. Note that K is A-free by [ADH, remarks following 11.6.2]. Hence the equiv-
alence of (i) and (ii) follows from Proposition 1.7.28. For the equivalence of (ii)
with (iii), see [ADH, example following 5.5.22]. [

Linear newtonianity descends

In this subsection H is d-valued with valuation ring O and constant field C. Let r e N>
If H is o-free, I is divisible, and H has a newtonian algebraic extension K = H(Ck),
then H is also newtonian, by (11). Here is an analogue of this for r-linear newtonianity:

Lemma 1.7.30. Let K = H(Ck) be an algebraic asymptotic extension of H which is
r-linearly newtonian. Then H is r-linearly newtonian.

Proof. Take abasis B of the C-linear space Cx with 1 € B, and let b range over B. We
have H(Ck) = H[Ck], and H is linearly disjoint from Cg over C [ADH, 4.6.16], so B
is a basis of the H-linear space H[Ck].Let P € H{Y} withdeg P = 1 and order(P) < r
be quasilinear; then P as element of K{Y } remains quasilinear, since 'y = I"by [ADH,
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10.5.15]. Let y € Ok be a zero of P. Take y;, € H (b € B) with y;, = 0 for all but finitely
many b and y = ), yp b. Then y;, € O for all b, and

0 = P(y) = Po+Pi(y) = Po+ Y Pi(yp)b.
b

so P(y1) = Po+ P1(y1) = 0. L]

Thus if H[i] with i> = —1 is r-linearly newtonian, then H is r-linearly newtonian.

Cases of bounded order

In the rest of this section r € N>!. We define K to be strongly r-newtonian if K is
r-newtonian and for each divergent pc-sequence (a,) in K with minimal differen-
tial polynomial G (Y) over K of order < r we have ndeg, G = 1, where a := cg(a,).
Given P € K{Y}*, a K-external zero of P is an element a of some immediate asymp-
totic extension K of K with P(@) = 0 and @ ¢ K. Now [ADH, 14.1.11] extends as
follows with the same proof:

Lemma 1.7.31. Suppose K has rational asymptotic integration and K is strongly r-
newtonian. Then no P € K{Y}* of order < r can have a K -external zero.

The following is important in certain inductions on the order. A differential field F is
r-linearly closed (r € N)if every A € F[3]* of order < r splits over F. So F is linearly
closed iff it is r-linearly closed for all » € N.

Lemma 1.7.32. Suppose K has asymptotic integration, is 1-linearly newtonian, and
r-linearly closed. Then K is r-linearly newtonian.

Proof. Note that K is A-free and d-valued by Proposition 1.7.28. Let P € K{Y} be
such that nmul P = deg P = 1 and order P < r; by [ADH, 14.2.6] it suffices to show
that then P has a zero in 0. By [ADH, proof of 13.7.10] we can compositionally con-
jugate, pass to an elementary extension, and multiply by an element of K* to arrange
that K has small derivation, Py <" 1, and P; < 1. Let A := Lp. The valuation ring
of the flattening (K, o®) is 1-linearly surjective by [ADH, 14.2.1], so all operators
in K[9] of order 1 are neatly surjective in the sense of (K, v"). Since A splits over K,
we obtain from [ADH, 5.6.10(ii)] that A is neatly surjective in the sense of (K, vb).
As v’ (A) = 0and v’ (Pg) > 0, this gives y € K with v”(y) > 0 such that Py + A(y) =0,
that is, P(y) = 0. [

Using the terminology of K-external zeros, we can add another item to the list of
equivalent statements in Proposition 1.7.28:
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Lemma 1.7.33. Suppose K has asymptotic integration. Then we have:

K is 1-linearly newtonian <<= K is A-freeandno P € K{Y} withdegP =1

and order P = 1 has a K-external zero.

Proof. Suppose K is 1-linearly newtonian. Then by (i) = (iii) in Proposition 1.7.28, K
is A-free, d-valued, 1-linearly surjective, and I(K) C K'. Let P € K{Y} where deg P =
order P = 1 and y in an immediate asymptotic extension L of K with P(y) = 0.
Then [ADH, 9.1.2] and Corollary 1.2.11 give L' " K = K", s0 y € K by Lemmas 1.2.2
and 1.2.3. This gives the direction =. The converse follows from Corollary 1.7.22
and (ii) = (i) in Proposition 1.7.28. ]

Here is a higher-order version of Lemma 1.7.33:
Lemma 1.7.34. Suppose K is ®-free. Then

K is r-linearly newtonian &= no P € K{Y} withdegP = 1andorderP < r

has a K-external zero.

Proof. Suppose K is r-linearly newtonian. Then K is d-valued by Lemma 1.2.9. Now
let P € K{Y} be of degree 1 and order < r, and let y be in an immediate asymptotic
extension L of K with P(y) =0. Then A(y) =bfor A := Lp € K[d], b :=—-P(0) e K.
By [ADH, 14.2.2] there is also a z € K with A(z) = b, hence y — z € kerp, A =ker A
by [ADH, remarks after 14.2.9] and so y € K. This gives the direction =. For the con-
verse note that every quasilinear P € K{Y } hasazeroa < 1inanimmediate asymptotic
extension of K by (7) on p. 20. ]

We also have the following r-version of (7):

Proposition 1.7.35. If K is A-free and no P € K{Y}* of order < r has a K-external
zero, then K is ®-free and r-newtonian.

Proof. The w-freeness follows as before from [ADH, 11.7.13]. The rest of the proof
is as in [ADH, p. 653] with P restricted to have order < r. n

Application to solving asymptotic equations

Here K is d-valued, ®-free, with small derivation, and M is a monomial group of K.
See [ADH, 3.3] for “monomial group”, and [ADH, 13.8] for “asymptotic equation”.
We leta, b, y range over K. In addition we fixa P € K{Y}” of order < r and a <-closed
set & C K*. (Recall that r > 1.) This gives the asymptotic equation

(E) P(Y) =0, Y e&.

This gives the following r-version of [ADH, 13.8.8], with basically the same proof:
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Proposition 1.7.36. Suppose T is divisible, no Q € K{Y}* of order < r has a K-
external zero, d := ndegg P > 1, and there is no f € & U {0} with mul P,y = d.
Then (E) has an unraveler.

Here is an r-version of [ADH, 14.3.4] with the same proof:

Lemma 1.7.37. Suppose K is r-newtonian. Let g € K* be an approximate zero of P
with ndeg Py = 1. Then there exists y ~ g such that P(y) = 0.

For the next three results we assume the following:

C is algebraically closed, T is divisible, and no Q € K{Y}* of order < r has a K -ex-
ternal zero.

These three results are r-versions of [ADH, 14.3.5, 14.3.6, 14.3.7] with the same
proofs, using Propositions 1.7.35 and 1.7.36 instead of (7) and [ADH, 13.8.8]:

Proposition 1.7.38. Ifndege P > mul(P) = 0, then (E) has a solution.

Corollary 1.7.39. K is weakly r-differentially closed: for each Q € K{Y} \ K of or-
der < rthereisay € K with Q(y) = 0.

Corollary 1.7.40. Suppose g € K* is an approximate zero of P. Then P(y) = 0 for
somey ~ g.

A useful equivalence

Suppose K is w-free. (No small derivation or monomial group assumed.) Recall that
we assume r > 1. Here is an r-version of [25, 3.4]:
Corollary 1.7.41. The following are equivalent:

(1) K is r-newtonian,

(ii) K is strongly r-newtonian;

(iii) no P € K{Y}* of order < r has a K-external zero.
Proof. Since K is o-free it has rational asymptotic integration [ADH, p. 515]. Also,
if K is 1-newtonian, then K is henselian [ADH, p. 645] and d-valued [ADH, 14.2.5].

For (i) = (i1), use [25, 3.3], for (ii) = (iii), use Lemma 1.7.31, and for (iii) = (i), use
Proposition 1.7.35. u

Next an r-version of (8):

Corollary 1.7.42. Suppose K is r-newtonian, T is divisible, and C is algebraically
closed. Then K is weakly r-differentially closed, so K is (r + 1)-linearly closed and
thus (r + 1)-linearly newtonian.
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Proof. To show that K is weakly r-differentially closed we arrange by compositional
conjugation and passing to a suitable elementary extension that K has small derivation
and K has a monomial group. Then K is weakly r-differentially closed by Corollar-
ies 1.7.39 and 1.7.41. The rest uses [ADH, 5.8.9] and Lemma 1.7.32. ]



Chapter 2

The Universal Exponential Extension

Let K be an algebraically closed differential field. In Section 2.2 below we extend K in
a canonical way to a differential integral domain U = Ug whose differential fraction
field has the same constant field C as K, called the universal exponential extension
of K. (The universal exponential extension of T[i] appeared in [18] in the guise of
“oscillating transseries”; we explain the connection at the end of Section 2.4.) The
underlying ring of U is a group ring of a certain abelian group over K, and we there-
fore first review some relevant basic facts about such group rings in Section 2.1. The
main feature of U is that if K is 1-linearly surjective, then each A € K[d] of orderr € N
which splits over K has r many C-linearly independent zeros in U. This is explained
in Section 2.4, after some differential-algebraic preliminaries in Section 2.3, where
we consider a novel kind of spectrum of a linear differential operator over a differen-
tial field. In Section 2.5 we introduce for H-asymptotic K with small derivation and
asymptotic integration the ultimate exceptional values of a given linear differential
operator A € K[3]*. These help to isolate the zeros of A in U much like the excep-
tional values of A help to locate the zeros of A in immediate asymptotic extensions
of K as in Section 1.4.

Of this chapter, the construction of U (Sections 2.1 and 2.2) and the set of ultimate
exceptional values with its basic properties (Section 2.5) are essential in Chapter 4,
but the definition of “ultimate exceptional values” uses notation and terminology from
Sections 2.3 and 2.4. In [7] we discuss the analytic meaning of U when K is the alge-
braic closure of a Liouville closed Hardy field containing R as a subfield. In a follow-up
paper [9] we use the main theorem of [7] together with the results from Sections 2.3
and 2.4 to study the solutions of linear differential equations over Hardy fields.

2.1 Some Facts about Group Rings

In this section G is a torsion-free abelian group, written multiplicatively, K is a field,
and vy, & range over G. For use in Section 2.2 below we recall some facts about the
group ring K[G]: a commutative K-algebra with 1 # 0 that contains G as a subgroup
of its multiplicative group K[G]* and which, as a K-linear space, decomposes as

K[G] = @ Ky (internal direct sum).
Y
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Hence for any f € K[G] we have a unique family ( f;) of elements of K, with f,, = 0
for all but finitely many 7, such that

(2.1.1) f= 5
Y

We define the support of f € K[G] as above by
supp(f) = {y: f, #0} € G.

In the rest of this section f, g, h range over K[G]. For any K-algebra R, every group
morphism G — R* extends uniquely to a K-algebra morphism K[G] — R.

Clearly K[G]* 2 K*G; in fact:
Lemma 2.1.1. The ring K|G] is an integral domain and K[G]* = K*G.

Proof. We take an ordering of G making G into an ordered abelian group; see [ADH,
24]. Let f,g # 0 and set

y~ := minsupp(f), y* := maxsupp(f), ¢ :=minsupp(g), 6" := maxsupp(g);

soy” <y*and§~ < 6*. Wehave (fg),-s- = fy-8s- # 0, and likewise with y*, §*
in place of y~, 6. In particular, fg # 0, showing that K[G] is an integral domain.
Now suppose fg = 1. Then supp(fg) = {1}, hence y=6~ =1 =y"6%,soy™ =™,
and thus f € K*G. ]

Lemma 2.1.2. Suppose K has characteristic 0 and G # {1}. Then the fraction field Q
of K[G] is not algebraically closed.

Proof. Lety € G \ {1} andn > 1. We claim that there is no y € Q with y> = 1 — y". For
this, first replace G by its divisible hull to arrange that G is divisible. Towards a contra-
diction, suppose f,g € K[G]* and f? = g2(1 — y"). Take a divisible subgroup H of G
that is complementary to the smallest divisible subgroup < of G containing y, so G =
HyZand G NnyY = {1}. Then K[G] € K(H)[yY] (inside Q), so we may replace K, G
by K(H), y9 to arrange G = y<. For suitable m > 1 we apply the K-algebra automor-
phism of K[G] given by y — y™ to arrange f, g € K[y, y~'] (replacing n by mn).
Then replace f, g by y™ f, y™g for suitable m > 1 to arrange f, g € K[y]. Now use
that 1 — 7y is a prime divisor of 1 — y" of multiplicity 1 in the UFD K[y] to get a
contradiction. -

The K-linear map
feu(f):=f: K[G] > K

is called the frace of K[G]. Thus
tr(fg) = Z Frgy1-
Y
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We claim that tr oo~ = tr for every automorphism o of the K-algebra K[G]. This
invariance comes from an intrinsic description of tr( f) as follows: given f we have
a unique finite set U € K[G]* = K*G such that f = Y,y u and u; /up ¢ K* for all
distinct uy,up € U; if U N K* = {c}, then tr(f) = ¢; if UN K* = 0, then tr(f) = 0.
If Gy is a subgroup of G and Kj is a subfield of K, then K[ Gy] is a subring of K[G],
and the trace of K[G] extends the trace of Ky[Go].

The automorphisms of K[G]

For a commutative group H, written multiplicatively, Hom(G, H) denotes the set of
group morphisms G — H, made into a group by pointwise multiplication. Any y €
Hom(G, K*)—sometimes called a character—gives a K-algebra automorphism f
fy of K[G] defined by

2.1.2) fo= D Fx My
Y

This yields a group action of Hom(G, K*) on K[G] by K-algebra automorphisms:
Hom(G, K*) x K[G] — K[G], . f) e fr

Sending y € Hom(G,K*) to f + f, yields an embedding of the group Hom(G, K*)
into the group Aut(K[G]|K) of automorphisms of the K-algebra K [G]; its image is
the (commutative) subgroup of Aut(K[G]|K) consisting of the K-algebra automor-
phisms o of K[G] such that o-(y)/y € K* for all y. Identify Hom(G, K*) with its
image under this embedding. From K[G]* = K*G we obtain o-(K*G) = K*G for
all o € Aut(K[G]|K), and using this one verifies easily that Hom(G, K*) is a normal
subgroup of Aut(K[G]|K). We also have the group embedding

Awt(G) — Aut(K[G]|K)

assigning to each o~ € Aut(G) the unique automorphism of the K -algebra K[ G| extend-
ing o . Identifying Aut(G) with its image in Aut(K[G]|K) via this embedding we
have Hom(G, K*) N Aut(G) = {id} and Hom(G, K*) - Aut(G) = Aut(K[G], |K)
inside Aut(K[G]|K), and thus Aut(K[G]|K) = Hom(G, K*) = Aut(G), an internal
semidirect product of subgroups of Aut(K[G]|K).

The gaussian extension

In this subsection v: K* — T is a valuation on the field K. We extend v to a map
ve: K[G]* — T by setting

(2.1.3) vof = myinvfy (f € K[G]* asin (2.1.1)).
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Proposition 2.1.3. The map vy: K[G]* — T is a valuation on the domain K|[G].

Proof. We can reduce to the case that G is finitely generated, since K[G]
is the directed union of its subrings K[Gg] with Gy a finitely generated
subgroup of G. We then have a group isomorphism G — Z" inducing a
K-algebra isomorphism K[G] — K[X, X;', ..., X,, X; '] (with distinct indetermi-

nates Xi, ..., X;;) under which v, corresponds to the gaussian extension of the
valuation of K to K(Xi, ..., X,) restricted to its subring K[ X, Xl‘l, o X, X,;‘];
see [ADH, 3.1]. ]

We call v, the gaussian extension of the valuation of K to K[G]. We denote by <,
the dominance relation on Q := Frac(K[G]) associated to the extension of vs to a
valuation on the field Q [ADH, (3.1.1)], with corresponding asymptotic relations =<,
and <,. For the subring O[G] of K[G] generated by G over O we have

O[G] = {f: f<g1}.

The residue morphism O — k := O/o extends to a surjective ring morphism O[G] —
k[G] with y +— v for all v and whose kernel is the ideal

olGl:= {f: f =1}

of O[G]. Hence this ring morphism induces an isomorphism O[G]/o[G] = k[G].
If Gy is subgroup of G and K| is a valued subfield of K, then the restriction of v, to a
valuation on Ky[Gy] is the gaussian extension of the valuation of Ky to Ko[Go].

An inner product and two norms

In the rest of this section H is a real closed subfield of K with K = H[i] where i® = —1.
In later use H will be a Hardy field, which is why we use the letter H here. Note that the
only nontrivial automorphism of the (algebraically closed) field K over H is complex
conjugation:

z=a+bi—>7Z:=a-bi (a,b € H).

= hrh
Y

so (f*)* = f,and f > f*liesin Aut(K[G]lH). We define the function

For f asin (2.1.1) we set

(f.8) = (/.8 + K[G]xK[G] = K

by
(f.8) = t(fg") = > f&y
Y
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One verifies easily that this is a “positive definite hermitian form” on the K-linear
space K[G]: it is additive on the left and on the right, and for all f, g and all A € K:

(Af.8) = AUf.8). (8. ) =(f.8). (f. f) € H”,and (f, f) =0 & f =0, and thus
also (f,Ag) = A(f, g). (Hermitian forms are usually defined only on C-linear spaces

and are C-valued, which is why we used quotation marks, as we do below for norm
and orthonormal basis; see [21, Chapter XV, §5] for the more general case.) Note:

(f.gh)y = w(f(gh)*) = (fg".h).

Lemma 2.14. Let u,w € K[G]*. If u ¢ K*w, then {(u,w) =0, and if u € K*uw,
then (u, w) = uw*.

Proof. Take a,b € K* and vy, 6 such that u = ay, w = b6. If u ¢ K*w, then y # 6,
so {u,w) = 0.If u € K*w, then y = 6, hence (u, w) = ab = uw*. [

For z € K we set |z| := Vzz € H?, and then define || - ||: K[G] — H? by
IFIP = (F 0 = DL IAP
Y

As in the case H = R and K = C one derives the Cauchy-Schwarz Inequality:

IKF- 1 < IFI-Hlgll-
Thus || - || is @ “norm” on the K-linear space K[G]: for all f,g and all 1 € K,

If+ell < A+ Mgl [afl =1 - AL IfIl=0 e f=0.

Note that G is an “orthonormal basis” of K[G] with respect to (, ), and f, = (f,y).
We also use the function || - ||; : K[G] — H?” given by

Il = > 1A,
Y

which is a “norm” on K[G] in the sense of obeying the same laws as we mentioned

for || - ||. The two “norms” are in some sense equivalent:
A< LAl < lisupp(H]- LI
where the first inequality follows from the triangle inequality for || - || and the second

is of Cauchy-Schwarz type. Moreover:
Lemma 2.1.5. Letu € K[G]*. Then || full = ||f|l llull and || fully = Il /1l lull:.
Proof. We have

Iy = Frfv) = (Fry"s ) = (£.1) = Ifl

using y* = y~!. Together with K[G]* = K*G this yields the first claim; the second
claim follows easily from the definition of || - ||;. ]
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Corollary 2.1.6. [[fgll < Ilf1l - llglly and || fglls < LNl - llglh-

Proof. By the triangle inequality for || - || and the previous lemma,

Ifell < D eyl = D NIl = 11F1 Y lgyl = 1 gls.
Y Y Y

The inequality involving || fg||; follows likewise. [

In the next lemma we let y € Hom(G, K*); we recall from (2.1.2) the automor-
phism f +— f, of the K-algebra K[G].

Lemma 2.1.7. (f,)" = (f"), iff [x(y)| = 1 for all y € supp(f).
Proof. Leta € K; then ((ay),)* = ax(y)y~'and ((ay)*), = ax(y) 'y~ n

Corollary 2.1.8. Let y e Hom(G,K>) with |x(y)|=1forally. Then{f,.8,) =(f.&)
forall f, g, and hence || f, || = || f|| for all f.

Proof. Since tr oo = tr for every automorphism o of the K-algebra K[G],

<f)(ag)(> = tr(f,\/(g,\/)*) = tr((fg*))() = tr(fg*) = (f,8),

where we use Lemma 2.1.7 for the second equality. |

Valuation and norm

Letv: H* — T be a convex valuation on the ordered field H, extended uniquely to a
valuation v: K* — T" on the field K = H[1], so a < |a| for a € K. (See the remarks
before Corollary 1.2.6.) Let v,: K[G]* — T be the gaussian extension of v, given
by (2.1.3).

Lemma 2.1.9. ||f[i S 1 e f<, Land | fli <1 & f <, 1

Proof. Using that the valuation ring of H is convex we have

Il =D 1A= 1 & If1 < Lorally e f, < Lforally &= f<, 1.
Y

Likewise one shows: || f]li <1 & f <, 1. ]
Corollary 2.1.10. || f|| = [Ifll1 =¢ f-

Proof. This is trivial for f = 0, so assume f # 0. Take a € H” with a <, f, and
replace f by f/a, to arrange f =<, 1. Then || f|| =< || f]l1 ¢ 1 by Lemma 2.1.9. ]
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2.2 The Universal Exponential Extension

As in [ADH, 5.9], given a differential ring K, a differential K-algebra is a differen-
tial ring R with a morphism K — R of differential rings. If R is a differential ring
extension of a differential ring K we consider R as a differential K-algebra via the
inclusion K — R.

Exponential extensions

In this subsection R is a differential ring and K is a differential subring of R.Calla € R
exponential over K if a’ € aK. Note thatif a € R is exponential over K, then K [a] is a
differential subring of R. If a € R is exponential over K and ¢ € K*, then a, as element
of the differential ring extension R? of K¢, is exponential over K. Every ¢ € Cg is
exponential over K, and every u € K* is exponential over K. If a, b € R are exponential
over K, then so is ab, and if a € R* is exponential over K, then so is a~!. Hence
the units of R that are exponential over K form a subgroup E of the group R* of
units of R with E 2 Cg - K*; if R = K[E], then we call R exponential over K. An
exponential extension of K is a differential ring extension of K that is exponential
over K. If R = K[ E] where E is a set of elements of R* which are exponential over K,
then R is exponential over K. If R is an exponential extension of K and ¢ € K*, then R?
is an exponential extension of K?. The following lemma is extracted from the proof
of [27, Theorem 1]:

Lemma 2.2.1 (Rosenlicht). Suppose K is a field and R is an integral domain with
differential fraction field F. Let I # R be a differential ideal of R, and letu,, . . .,u, € R*
(n > 1) be exponential over K with u; ¢ u;CyK> fori # j. Then ¥ u; & I.

Proof. Suppose uy, ..., u, is a counterexample with minimal n» > 1. Then n > 2
and }; u; € I, so
Zu: - uJ{Zul = Z(ui/ul)Tui el
i i i>1
Hence (u;/u;)" = 0 and thus u;/u; € C%, for all i > 1, a contradiction. [ ]

Corollary 2.2.2. Suppose K is a field and F = K(E) is a differential field extension
of K with Cg = C, where E is a subgroup of F* whose elements are exponential over K.
Then {y € F* : y is exponential over K} = K*E.

Proof. Lety € F* be exponential over K. Take K-linearly independent uy, . .., u, in E
anday,...,an,by,...,b, € K with b; # 0 for some j, such that

= (i) ().
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Then ¥ ; bjyu; — 3; aju; = 0, and so Lemma 2.2.1 applied with R = F, I = {0}
gives bjyu; € a;ju;K* for some i, j with a;, b; # 0, and thus y € K*E. [

Remark. In the context of Corollary 2.2.2, see [27, Theorem 1] for the structure of
the group of elements of F* exponential over K, for finitely generated E.

Lemma 2.2.3. Suppose Cj is divisible and E is a subgroup of R* containing Cg.
Then there is a group morphism e: EY — E such that e(b)' = b forall b € E*.

Proof. We have a short exact sequence of commutative groups

¢
15 Cf 5 E—E -0,

where ¢ is the natural inclusion and £(a) := a' for a € E. Since Cj is divisible, this

sequence splits, which is what we claimed. |

Let E, e, R be as in the previous lemma. Then e is injective, and its image is a
complement of Cj in E. Moreover, given also a group morphism e: E T — E such
thate(b)" = b forall b € ET, the map b — e(b)e(b)~! is a group morphism E” — Ck.

The universal exponential extension

In the rest of this section we assume K is a differential field with algebraically closed
constant field C and divisible group K' of logarithmic derivatives. (These conditions
are satisfied if K is an algebraically closed differential field.) In this subsection we show
that up to isomorphism over K there is a unique exponential extension R of K satisfy-
ing Cg = C and (R*)T = K. Lemma 2.2.3 then yields a group embedding e: K — R*
such that e(b)" = b for all b € K; this motivates the construction below.

First we describe a certain exponential extension of K: Take a complement A
of KT, that is, a Q-linear subspace of K such that K = K" @ A (internal direct sum
of Q-linear subspaces of K). Below A ranges over A. Let e(A) be a multiplicatively
written abelian group, isomorphic to the additive subgroup A of K, with an isomor-
phism A — e(1): A — e(A). Put

U:=K [e(A)],
the group ring of e(A) over K, an integral domain. As K-linear space,

U = @ Ke(d) (an internal direct sum of K-linear subspaces).
2

For every f € U we have a unique family (f;) in K such that

f=> fre(,
A
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with f, = 0 for all but finitely many A; we call (f;) the spectral decomposition of f
(with respect to A). We turn U into a differential ring extension of K by

e(1) = ae(Q) for all A.

(Think of e(A) as exp( f A).) Thus for f € U with spectral decomposition ( f3),

Fo= ) (i af) e,

p

so f” has spectral decomposition (f] + Af). Note that U is exponential over K by
Lemma 2.1.1: UX = KX e(A), so (U= KT+ A =K.

Example 2.2.4. Let K = C((t9)) be as in Example 1.2.12, so K' = (Q ® 0)t. Take a
Q-linear subspace A of C with C = Q & A, (internal direct sum of Q-linear subspaces
of C), and let

K. = {feK: supp(f)>1},

a C-linear subspace of K. Then A := (K. & A.)t is a complement to K',sot 'A =
K. & A.isacomplementto (K*) in K. Moreover, if L := P(C) C K is the differential
field of Puiseux series over C and L, := K. N L, then L. & A is a complement
to (LY)T.

A subgroup Ag of A yields a differential subring K [e(Ao)] of U that is exponential
over K as well. These differential subrings have a useful property. Recall from [ADH,
4.6] that a differential ring is said to be simple if {0} is its only proper differential ideal.

Lemma 2.2.5. Let Ay be a subgroup of A. Then the differential subring K [e(AQ)]
of U is simple. In particular, the differential ring U is simple.

Proof. Let I # R be a differential ideal of R := K[e(Ao)]. Let f1,..., fn € K* and
let Ay, ...,4, € Ag be distinct such that f = 3 | fie(4;) € I. If n > 1, then Lem-
ma 2.2.1 yields i # j with e(4;)/e(4;) = cg for some constant c in the differential
fraction field of U and some g € K*, so by taking logarithmic derivatives, 1; — 1; € K T
and thus A; = A, a contradiction. Thus f = 0. |

Corollary 2.2.6. Any morphism K [e(/\o)] — R of differential K-algebras, with Ag
a subgroup of A and R a differential ring extension of K, is injective.

The differential ring U is the directed union of its differential subrings of the form Uy =
K [e(Ao)] where Ay is a finitely generated subgroup of A. These Uy are simple by
Lemma 2.2.5 and finitely generated as a K-algebra, hence their differential fraction
fields have constant field C by [ADH, 4.6.12]. Thus the differential fraction field of U
has constant field C.
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Lemma 2.2.7. Suppose R is an exponential extension of K and Ry is a differential
subring of R with Cj; C Cgr, and K C (RS)T. Then Ry = R.

Proof. Let E be the group of units of R that are exponential over K; so R = K[E].
Givenu € Ewehaveu' € K C (RE)()T, hence we have u € Rj with u = ug, SO U = cuyg

with ¢ € Cx C Cg,. Thus E C Ry and so Ry = R. n

Corollary 2.2.8. Every endomorphism of the differential K -algebra U is an automor-
phism.

Proof. Injectivity holds by Corollary 2.2.6, and surjectivity by Lemma 2.2.7. ]

Every exponential extension of K with constant field C embeds into U, and hence is
an integral domain. More precisely:

Lemma 2.2.9. Let R be an exponential extension of K such that Cy is divisible, and
set Ao := AN (RX)T, a subgroup of A. Then there exists a morphism K[e(AO)] — R
of differential K-algebras. Any such morphism is injective, and if Cr = C, then any
such morphism is an isomorphism.

Proof. Let E be as in the proof of Lemma 2.2.7, and let e : ET — E be the map e
from Lemma 2.2.3. Since ET = KT + Ay we have

(2.2.1) E = Ciep(E") = Cher(K)ep(Ao) = CxK*ep(Ao).

The group morphisme(dg) — eg(dg): e(Ag) — E (Ag € Ap) extends uniquely toa K-
algebra morphism ¢: K [e(AO)] — R = K[E]. One verifies easily that ¢ is a differential
ring morphism. The injectivity claim follows from Corollary 2.2.6.If Cg = C, then E =
K*eg(Ag) by (2.2.1), whence surjectivity. ]

Recall that U is an exponential extension of K with Cy = C and (UX)" = K. By
Lemma 2.2.9, this property characterizes U up to isomorphism:

Corollary 2.2.10. IfU is an exponential extension of K with Cyy = C and K € (U*)",
then U is isomorphic to U as a differential K-algebra.

Now U is also an exponential extension of K with Cy = C and with the property that
every exponential extension R of K with Cg = C embeds into U as a differential K-
algebra. This property determines U up to isomorphism as well:

Corollary 2.2.11. Suppose U is an exponential extension of K with Cy = C such
that every exponential extension R of K with Cr = C embeds into U as a differential
K-algebra. Then U is isomorphic to U as a differential K-algebra.

Proof. Any embedding U — U of differential K-algebras gives K € (U*)". [
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The results above show to what extent U is independent of the choice of A. We call U
the universal exponential extension of K. If we need to indicate the dependence of U
on K we denote it by Ug. By [ADH, 5.1.40] every y € U = K{e(A)} satisfies a lin-
ear differential equation A(y) = 0 where A € K[9]*; in the next section we isolate
conditions on K which ensure that every A € K[d]” has a zero y € U* = K* e(A).

Corollary 2.2.10 gives for ¢ € K* an isomorphism Uk = (Ug)? of differential K ¢-
algebras. Next we investigate how Uk behaves when passing from K to a differential
field extension. Therefore, in the rest of this subsection L is a differential field extension
of K with algebraically closed constant field Cr, and L' is divisible. The next lemma
relates the universal exponential extension Uy of L to Ug:

Lemma 2.2.12. The inclusion K — L extends to an embedding 1: Ux — Uy, of dif-
ferential rings. The image of any such embedding t is contained in K[E] where E :=
{ue U} :u" €K}, and if C. = C, then L(Ug) = K[E].

Proof. The differential subring R := K[E] of Uy is exponential over K and satis-
fies (R*)" = K, hence Lemma 2.2.9 gives an embedding Ux — R of differential
K-algebras. Now let t: Ux — U, be any embedding of differential K-algebras. Then
we have ¢(e(A)) € E, so ((Ug) C R;if Cp, = C, then t(Ug) = Rby Lemma2.2.7. m

Corollary 2.2.13. If L' N K = K" and «: Ux — Uy is an embedding of differential
K-algebras, then L* N 1(Ug) = K*.

Proof. Assume L' N K = K™ and identify Ug with a differential K-subalgebra of Uy
via an embedding Ux — Uy, of differential K-algebras. Let a € L* N Uy ; then a’ e
L' NK =K', soa=bcwhere c € Cf, b e K*.Now ¢ = a/b € Cf nU} = C*,
since Uk has ring of constants C. So a € K* as required. |

Suppose L™ N K = K'. Then the subspace L' of the Q-linear space L has a comple-
ment Az 2 A. We fix such Ay and extende: A — e(A) to a group isomorphism Ay, —
e(Ar), also denoted by e, with e(Ar) a multiplicatively written commutative group
extending e(A). Let Up := L [e(AL)] be the corresponding universal exponential ex-
tension of L. Then the natural inclusion Ux — U is an embedding of differential
K-algebras.

Automorphisms of U
These are easy to describe: the beginning of Section 2.1 gives a group embedding
x — o Hom(A, K*) — Aut(K[e(A)]|K)
into the group of K-algebra automorphisms of K [e(A)], given by
T (f) =fr = D fix(e(d)  (y € Hom(A,K¥), f € K[e(A)]).
2
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It is easy to check that if y € Hom(A, C*) € Hom(A, K*), then o, € Auty(U|K), that
is, o is a differential K-algebra automorphism of U. Moreover:

Lemma 2.2.14. The map x — o, : Hom(A, C*) — Auty(U|K) is a group isomor-
phism. Its inverse assigns to any o € Auty(U|K) the function y: A — C* given
by x(A) := o (e(2)) e(=Q). In particular, Auty(U|K) is commutative.

Proof. Let o € Auty(U|K) and let y: A — U* be given by x (1) := o(e(1)) e(-A).
Then y (1) = 0 for all A. It follows easily that y € Hom(A, C*) and oy =0. [

The proof of the next result uses that the additive group Q embeds into C*.
Corollary 2.2.15. If f € Uand o (f) = f for all o € Auty(U|K), then f € K.

Proof. Suppose f € U and o(f) = f for all o € Auty(U|K). For y € Hom(A, C*)
we have f,, = f, thatis, fx (1) = fy forall 4, so y (1) = 1 whenever f; # 0. Now use
that for A # O there exists y € Hom(A, C*) such that y (1) # 1, s0 f; = 0. [

Corollary 2.2.16. Every automorphism of the differential field K extends to an auto-
morphism of the differential ring U.

Proof. Lemma 2.2.3 yields a group morphism u: K — U* such that u(a)’ = a for
alla € K. Let o € Auty(K). Then o extends to an endomorphism, denoted also by o,
of the ring U, such that o(e(2)) = p(o(4)) for all A. Then

a(e(d)) = o(1e(d) = c(Du(c) = u(c) = a(e(),

hence o is an endomorphism of the differential ring U. By Lemma 2.2.5, o is injective,
and by Lemma 2.2.7, o is surjective. |

The real case

In this subsection we assume K = H|[i] where H is a real closed differential subfield
of K andi* = —1.Set S¢ := {c eC:|c|= 1}, asubgroup of C*. Then by Lemmas 2.1.7
and 2.2.14:

Corollary 2.2.17. For o € Auty(U|K) we have the equivalence
o(f)Y=o(f) forall feU = o =0, forsomey € Hom(A,Sc).

Corollaries 2.2.17 and 2.1.8 together give:

Corollary 2.2.18. Let o € Auty(U|K) satisfy o (f*) = o (f)* for all f € U. Then we
have (o (f),o(8)) = ([, &) forall f, g € U, hence |l (f)|| = || f|| for all f € U.
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Next we consider the subgroup
S :={a+bi:abeH, a*+b*>=1}

of K*, which is divisible, hence so is the subgroup S of K. Lemma 1.2.4 yields K =
H' @ ST (internal direct sum of Q-linear subspaces of K) and S T € Hi. Thus we can
(and do) take the complement A of KT in K so that A = A; + Aji where A, A; are
subspaces of the Q-linear space H with A, a complement of H' in H and Aji a com-
plement of S* in Hi. The automorphism a + bi > a + bi := a — bi (a, b € H) of the
differential field K now satisfies in U = K[e(A)] the identity

e(A+p) = e(e(@m  (LueN),

so it extends to an automorphism f — 7 of the ring U as follows: for f € U with
spectral decomposition ( f;), set

fi= D fae@ = > Fre(,
A A

so e(1) = e(1), and f has spectral decomposition (f;). We have ? = f for f € U,
and f — f liesin Auty(U|H).If H' = H, then A, = {0} and hence f = f* for f € U,
where f* is as defined in Section 2.1. For f € U we set

Ref := X(f+f). Imf:=5(f-1).

(For f € K these agree with the usual real and imaginary parts of f as an element
of H[1].) Consider the differential H-subalgebra

U; = {erzfzf}

of U. For f € U with spectral decomposition ( f3) we have f € U, iff f7 = Efor all 1;in
particular U; N K = H. For f € U we have f = (Re f) + (Im f)i withRe f,Im f € Uj,
hence

U = U;® Ui (internal direct sum of H-linear subspaces).

Let D be a subfield of H (not necessarily the constant field of H), so D[1] is a subfield
of K. Let V be a D[i]-linear subspace of U; then V; := V N U; is a D-linear subspace
of V.IfV = V (that is, V is closed under f — f), then Re f,Im f € V, forall f € V,
hence V = V; @ Vi (internal direct sum of D-linear subspaces of V), so any basis of
the D-linear space V; is a basis of the D[i]-linear space V.

Suppose now that V = @ 1 Va (internal direct sum of subspaces of V) where V), is for
each A a D[i]-linear subspace of K e(1). Then V = V iff Ve = V, for all A. Moreover:
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Lemma 2.2.19. Assume H = H', V; = {0}, andV =V. Let 'V C U* be a basis of the
subspace Y1 150 Va of V. Then the maps v — Rev, v — Imv: V — V; are injective,
ReV and ImV are disjoint, and Re V U ImV is a basis of V.

Proof. Note that A = Aji. Let u range over A;” and set V), = V N K* e(ui), a basis
of the D[i]-linear space V. Then V = J, V. a disjoint union. For v € ¥V, we
have v = ae(ui) with a = a, € K*, so

Rev = Fe(ui)+ %e(—m), Imv = Fe(ui) - %e(—ui),

from which it is clear that the two maps V — V; in the statement of the lemma are
injective. It is also easy to check that Re V and Im “V are disjoint.
As V is a basis of the D[i]-linear space ., Vi = Ximaso Va, its set of con-

jugates YV is a basis of the D[i]-linear space 2, V_m = 2u V-pi = Zima<o Va, and
SOVUYV (a disjoint union) is a basis of V. Thus Re V U Im“V is a basis of V as well.
As ReV UIm“V is contained in V;, it is a basis of the D-linear space V;. [

IfH=H' thenV:=3 .0 Ke(d) givesV =V, so Lemma 2.2.19 gives then for D := H
the basis of the H-linear space V; consisting of the elements

Re(e(1)) = 1(e() +e(2)), Im(e(d) = »(e(2) —e(2)) (ImA > 0).

Corollary 2.2.20. Suppose H = H'. Set c(2) := Re(e(1)) and s(2) := Im(e(Q)), for
ImA > 0. Then for V := 3 1.0 K e(d) we have U, = H + V;, so

U =H® @ (Hc(d) @ Hs(d)) (internal direct sum of H-linear subspaces),
ImA>0

and thus U, = H[ c(AZi) U s(Afi)].

2.3 The Spectrum of a Differential Operator

In this section K is a differential field, a, b range over K, and A, B over K[d]. This
and the next two sections are mainly differential-algebraic in nature, and deal with
splittings of linear differential operators. In the present section we introduce the con-
cept of eigenvalue of A and the spectrum of A (the collection of its eigenvalues). In
Section 2.4 we show how the eigenvalues of A relate to the behavior of A over the
universal exponential extension of K.

Twisting

Let L be a differential field extension of K with LT 2 K. Letu € L* satisfyu’ = a € K.
Then the twist A,, = u~'Au of A by u has the same order as A and coefficients
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in K [ADH, 5.8.8], and only depends on a, not on u or L; in fact, we have Ri(A,) =
Ri(A);+4 [ADH, 5.8.5]. Hence for each @ we may define

Ay = Ay = u 'Au € K[0]

where u € L is arbitrary with u" = a. The map A +— A, is an automorphism of
the ring K[d] that is the identity on K (with inverse B — B,,-1); s0 A — A, is an
automorphism of the ring K [d] that is the identity on K (with inverse B — B_,). Note
that 9, = d + a, and that

(a,A) > A, : KXxK[J] — K[9]

is an action of the additive group of K on the set K [9d], in particular, A, = A fora = 0.
For b # 0 we have (Ag)wp = A pi-

Eigenvalues
In the rest of this section A # 0 and r := order(A). We call
mult, (A) := dim¢ kerg A, € {0,...,7r}
the multiplicity of A at a. If B # 0, then mult,(B) < mult,(AB), as well as
(2.3.1) mult, (AB) < mult,(A) + mult,(B),

with equality if and only if B,(K) 2 kerx A,; see [ADH, remarks before 5.1.12].
For u € K* we have an isomorphism

vy yu: kerg Ax, — kerg A
of C-linear spaces, hence
mult, (A) = multy(A) whenevera — b € K.

Thus we may define the multiplicity of A at the element [a] := a + KT of K/K'
as mult[,)(A) := mult,(A).

In the rest of this section « ranges over K/K'. We say that « is an eigenvalue of A
if mult, (A) > 1. Thus for B # 0: if @ is an eigenvalue of B of multiplicity yu, then «
is an eigenvalue of AB of multiplicity > u; if  is an eigenvalue of AB, then it is an
eigenvalue of A or of B; and if B,(K) 2 kerx(A,), then @ = [a] is an eigenvalue
of AB if and only if it is an eigenvalue of A or of B.

Example 2.3.1. Suppose A = d — a. Then for each element u# # 0 in a differential field
extension of K with b := u" € K we have A;, = A, =9 — (a — b), so mult, (A) > 1
iff a — b € K'. Hence the only eigenvalue of A is [a].
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The spectrum of A is the set X(A) = g (A) of its eigenvalues. Thus Z(A) = @ if r =0,
and for b # 0 we have mult, (A) = mult, (bA) = mult, (Axp),s0 A, bA,and Ab = bA.p
all have the same spectrum. By [ADH, 5.1.21] we have

(2.3.2) 2(A) = {cy : A € K[9](9 — a) for some a with [a] = a/}.

Hence for irreducible A: £(A) # 0 & r = 1. From (2.3.1) we obtain:

Lemma 2.3.2. Suppose B # 0 and set s := order B. Then
mult, (B) < mult,(AB) < multy(A) + mult, (B),
where the second inequality is an equality if K is s-linearly surjective. Hence
2(B) € Z(AB) € Z(A)UZX(B).

If K is s-linearly surjective, then L(AB) = Z(A) U Z(B).

Example. Forn > 1 we have £((9 — a)") = {[a]}. (By induction on n, using Exam-
ple 2.3.1 and Lemma 2.3.2.)

It follows from Lemma 2.3.2 that A has at most r eigenvalues. More precisely:

Lemma 2.3.3. We have ), mult,(A) < r. If ), , mult, (A) = r, then A splits over K;
the converse holds if r = 1 or K is 1-linearly surjective.

Proof. By induction on r. The case r = 0 is obvious, so suppose r > 0. We may
also assume X(A) # 0: otherwise ., mult,(A) = 0 and A does not split over K.
Now (2.3.2) gives a, B with A = B(d — a). By Example 2.3.1 we have £(d — a) = {[a]}
and mult, (0 — a) = 1. By the inductive hypothesis applied to B and the second inequal-
ity in Lemma 2.3.2 we thus get )., mult, (A) < r.

Suppose that 3, mult, (A) = r. Then Y, , mult,(B) = r — 1 by Lemma 2.3.2 and
the inductive hypothesis applied to B. Therefore B splits over K, again by the inductive
hypothesis, and so does A. Finally, if K is 1-linearly surjective and A splits over K, then
we arrange that B splits over K, so }}, mult,(B) = r — 1 by the inductive hypothesis,
hence }; , mult,(A) = r by Lemma 2.3.2. [

Section 2.4 gives a more explicit proof of Lemma 2.3.3, under additional hypotheses
on K. Next, let L be a differential field extension of K. Then mult, (A) does not strictly
decrease in passing from K to L [ADH, 4.1.13]. Hence the group morphism

a+K' —»a+L":K/K' > L/L"

restricts to a map g (A) — X (A); in particular, if g (A) # 0, then X (A) # 0.
If L' N K = KT, then |Zx(A)| < |Z.(A)], and 3, mult,(A) also does not strictly
decrease if K is replaced by L.
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Lemma 2.34. Letay,...,a, € K and

A= @-a) - (@-ay), Zmulta(A) = r.

Then the spectrum of A is {[al], cee, [ar]}, and for all a,
mult, (A) = |{z e{l,...,r}: a= [ai]}|.
Proof. Letirange over {1,...,r}. By Lemma 2.3.2 and Example 2.3.1,

mult, (A) < Zmulta(a —a;) = |{l Ta = [ai]H

and hence

ro= Zmulta(A) < Z|{i:a= [a,~]}| = 7.

Thus for each @ we have mult, (A) = |{l ta = [ai]}l as required. ]

Recall from [ADH, 5.1.8] that D* € K[d] denotes the adjoint of D € K[d], and that the
map D — D* is an involution of the ring K[d] with a* = a for all ¢ and 9" = —d. If A
splits over K, then so does A*. Furthermore, (A,)* = (A*)_, forall a. By Lemmas 2.3.3
and 2.3.4:

Corollary 2.3.5. Suppose K is 1-linearly surjective and ., mult,(A) = r. Then we
have mult, (A) = mult_, (A*) for all a. In particular, the map @ — —a restricts to a
bijection £(A) — X(A").

Let ¢ € K*. Then (A?), = (A4,)? and hence
mult, (A?) = multy,(A),
so the group isomorphism
(2.3.3) [a] — [pa] : K?/p7'KT — K/KT
maps X(A?) onto Z(A).

The K-linear space K[d]/K[0] A has dimension r = order A. Recall from [ADH, 5.1]
that A and B # 0 are said to have the same type if the (left) K [d]-modules K[0] /K [d] A
and K[d]/K[d]B are isomorphic (and so order B = r). By [ADH, 5.1.19]:

Lemma 2.3.6. The operators A and B # 0 have the same type iff order B = r and there
is R € K[d] of order < r with 1 € K[d]R + K[d]A and BR € K|[0J]A.

Hence if A, B have the same type, then they also have the same type as elements
of L[d], for any differential field extension L of K. Since B +— B, is an automorphism
of the ring K[d], Lemma 2.3.6 and [ADH, 5.1.20] yield:
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Lemma 2.3.7. If A and B # 0 have the same type, then so do A,, B, for all a, and
thus A, B have the same eigenvalues, with same multiplicity.

By this lemma the spectrum of A depends only on the type of A, that is, on the isomor-
phism type of the K[d]-module K[d]/K[d]A, suggesting one might try to associate
a spectrum to each differential module over K. (Recall from [ADH, 5.5] that a dif-
ferential module over K is a K[d]-module of finite dimension as K-linear space.) We
do not develop this point of view further in the present monograph, where our focus
is on linear differential operators. (There will be more on this in [9].) But we remark
here that it motivates the terminology of “eigenvalues” originating in the case of the
differential field of Puiseux series over C treated in [24].

2.4 Eigenvalues and Splittings

In this section K is a differential field such that C is algebraically closed and K" is
divisible. We let A, B range over K[d], and we assume A # 0 and set r := order A.

Spectral decomposition of differential operators

Fix a complement A of the subspace KT of the Q-linear space K, let U := K [e(A)] be
the universal exponential extension of K, let Q be the differential fraction field of the
differential K-algebra U, and let A range over A. Then

AL = Ay = e(-D)Ae(d) € K[3].

Moreover, for every a € K there is a unique A with a — 1 € K T so mult,)(A) =
multy(A). Call A an eigenvalue of A with respect to our complement A of K¥ in K
if [A] is an eigenvalue of A; thus the group isomorphism A — [1]: A — K/K' maps
the set of eigenvalues of A with respect to A onto the spectrum of A. For f € U with
spectral decomposition (f;) we have

A(f) = Y Aaf) e(D),
A

so A(U*) € U* U {0}. We call the family (A,) the spectral decomposition of A (with
respect to A). Given a C-linear subspace V of U, we set V := V N K e(1), a C-linear
subspace of V; the sum ), V, is direct. For V := U we have U, = Ke(1), and U =
@/1 U, with A(U,) € U, for all 2. Taking V :=kery A, we obtain V = (kerx A ) e(Q)
and hence dim¢ V) = multy(A),and V = EB 1 Va. Thus

(2.4.1) £(A)] < ) multy(4) = dimckery A < r.
A

Moreover:
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Lemma 2.4.1. The C-linear space kery A has a basis contained in U = K* e(A).

Example. We have a C-algebra isomorphism P(Y) — P(d): C[Y] — C[d]. Sup-
pose A € C[d] € K[9d], let P(Y) € C[Y], P(d) = A, and let cy,...,c, € C be the
distinct zeros of P, of respective multiplicities m, ..., m, € N>! (so r = degP =
my + - -+ +my). Suppose also C C A, and x € K satisfies x’ = 1. (This holds in Exam-
ple 2.2.4.) Then the x’ e(c;) € U(1 < j<n,0<i<mj)form abasis of the C-linear
space kery A by [ADH, 5.1.18]. So the eigenvalues of A withrespectto Aarecy,...,c,,
with respective multiplicities my, . . ., m,,.

Corollary 2.4.2. Suppose dimckeryA=r > land A=9 +a,_19" "' +--- +ap
where ay, ...,a,_1 € K. Then

Zmult,l(A)/l = —a,_; mod K.
2

In particular, ¥ ; multy(A)A = 0 iffa,_; € KT.

Proof. Take a basis yi,...,y, of kery A with y; = f;e(1;), fj € K*, A; € A. The
Wronskian matrix Wr(yy,...,y,) of (y1,...,y,) [ADH, p. 206] equals

e(41)
Wr(yi,....yr) = M where M € GL,(K).
e(4r)

Then w := wr(yy,...,yr) = det Wr(yy,...,y,) # 0 by [ADH, 4.1.13] and
—a,_; = w' = (detM)Jr +A1+---+ A
where we used [ADH, 4.1.17] for the first equality. u

If A splits over K, then so does A,. Moreover, if A (K) = K, then A(U,) = Uy:
for f, g € K with A (f) = g we have A(fe(1)) = ge(A). Thus:

Lemma 2.4.3. Suppose K is r-linearly surjective, or K is 1-linearly surjective and A
splits over K. Then A(U,) = U, for all A and hence A(U) = U.

In the next subsection we study the connection between splittings of A and bases of
the C-linear space kery A in more detail.

Constructing splittings and bases

Recall that order A = r € N. Set U = Ug, so U* = K*e(A). Let yy,...,y, € U*. We
construct a sequence Ay, ..., A, of monic operators in K[d] with n < r as follows.
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First, set Ao := 1. Next, given Ao, ..., A;_1 in K[9]* (1 <i < r),set f; := Aj_1(y:);
if f; # 0, then f; € U*, so f: € K, and the next term in the sequence is

A; = (0—aj)Ai-1, a; := f,-T,
whereas if f; = 0, then n := i — 1 and the construction is finished.
Lemma 2.44. kery A; = Cy; & - -- & Cy; (internal direct sum) fori =0,...,n.

Proof. By induction on i < n. The case i = 0 being trivial, suppose 1 < i < n and the
claim holds for i — 1 in place of i. Then A;_;(y;) = f; # 0, hence y; ¢ kery A;—;
Cy1®---®Cy;_1,and A; = (0 — fl.T)Al-_l, so by [ADH, 5.1.14(i)] we have kery A;
keryAi-1®@Cy; =Cy;®---®Cy;.

We denote the tuple (ay,...,a,) € K" just constructed by split(yy, ..., y,), sO
Ap=(0@-ay)---(d-ay).

Supposer > 1. Thenn > 1,a; = yi', Al =0-ayi, Ai(y2),...,A1(y,) € U, and we
have
(a2, ...,an) = split(Ai1(y2),...,A1(yn)).

By Lemma 2.4.4, n < r is maximal such that yy, ..., y, are C-linearly independent.
In particular, yy, ..., y, are C-linearly independent iff n = r.

Corollary 2.4.5. If A(y;)) =0fori=1,...,n, then A € K[d]|A,. Thus if n = r and
A(y))=0fori=1,...,r,then A=a(d—a,) --(0—ay) wherea € K*.

This follows from [ADH, 5.1.15(1)] and Lemma 2.4.4.

Suppose that H is a differential subfield of K which contains yT, R yi. Then we
have split(yi,...,y,) € H":usethat y’ € Hy with y € U gives y(™ € Hy for all m,
so B(y) € Hy for all B € H[9], hence for such B, if f := B(y) # 0, then f' € H.

Corollary 2.4.6. Suppose dimc kery A =r. Thenkery A = kerg A and A splits over K.
IfA=(0—-a;) ---(0—ay), ai,...,a, €K, then the spectrum of A is {[al],. . [ar]},
and forall @ € K/K7,

mult,(A) = [{ie{l,....r}: @ =[a]}|

Proof. A splits over K by Lemma 2.4.1 and Corollary 2.4.5. The rest follows from
Lemma 2.3.4 in view of } ; mult;(A) = dim¢ kery A. ]

Conversely, we can associate to a given splitting of A over K a basis of kery A consisting
of r elements of U*, provided K is 1-linearly surjective when r > 2:
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Lemma 2.4.7. Assume K is 1-linearly surjective in case r > 2. Let
A=@-a) - (@-a) wherea;=b +i, b e K, e NG=1,...,r).

Then there are C-linearly independent yi, . ..,y, € Kery A such that y; € K* e(4;)
fori=1,...,rand split(yy,...,yr) = (ai,...,ar).

Proof. By induction on r. The case r = 0 is trivial, and for » = 1 we can take y; =
bie(d;). Letr > 2 and suppose inductively that for B := (d — a;) - - - (d — az) we have
C-linearly independent z, ..., z, € kery B such that z; € K* e(4;) fori=2,...,r
and split(zz,...,z,) = (az,...,a,).Fori=2,...,r,Lemma2.4.3 gives y; € K* e(A;)
with (0 — ap)(y;) = zi. Set y1 := by e(4dy), so kery(d —a;) = Cy;. Then yy,...,y,
are C-linearly independent elements of kery A such that y; € K*e(A;) fori = 1,...,r,
and one verifies easily that split(yy,...,y,) = (a1,...,a;). [

Corollary 2.4.8. Assume K is 1-linearly surjective when r > 2. Then

A splits over K <= dimckery A = r.

Remark. If dim¢ kery A = r and 44, ..., 4,4 are the eigenvalues of A with respect
to A, then the differential subring K[e(/ll), e(=11),...,e(1q), e(—/ld)] of U is the
Picard-Vessiot ring for A over K; see [24, Section 1.3]. If K is linearly closed and
linearly surjective, then U is by Corollary 2.4.8 the universal Picard-Vessiot ring of
the differential field K as defined in [24, Chapter 10]. Our construction of U above is
modeled on the description of the universal Picard-Vessiot ring of the algebraic closure
of C((¢)) given in [24, Chapter 3].

Recalling our convention that r = order A, here is a complement to Lemma 2.4.1:
Corollary 2.4.9. Let V be a C-linear subspace of U with r = dim¢ V. Then there is
at most one monic A with V = kery A. Moreover, the following are equivalent:

(1) V = kery A for some monic A that splits over K;

(i) V = kery B for some B # 0;

(i) V = 3, Vas

(iv) V has a basis contained in U*.
Proof. The first claim follows from [ADH, 5.1.15] applied to the differential fraction
field of U in place of K. The implication (i) = (ii) is clear, (ii) = (iii) was noted
before Lemma 2.4.1, and (iii) = (iv) is obvious. For (iv) = (1), let y1,...,y, € U

be a basis of V. Then split(yy,...,y,) = (a1,...,a,) € K", s0V =kery A for A =
(0—ay)---(d—ay) by Lemma 2.4.4, so (i) holds. [
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Letyi,...,y, € U and (ay,...,a,) := split(yy, ..., y,). We finish this subsection
with some remarks about (ay,...,a,) forusein[9]. Let Ag, ..., A, € K[J] be as above
and recall that n < r is maximal such that yy, ..., y, are C-linearly independent.
Lemma 2.4.10. Assume n =r. Let 71, . ..,z € UX. The following are equivalent:
1) zi,...,zr are C-linearly independent and (ay, . . .,a,) = split(zy, ..., 2r);

= LR 125 —Ly o
@) fori=1 r there are cjj, Ci i1 ci1 € C such that
Zi = Ciiyi + Ciji-1Yi-1 + -+ cityr and ¢ii # 0.

Proof. The case r = 0 is trivial. Let r = 1. If (i) holds, then yi =a; = zI, there-
fore z; € C* yy, so (ii) holds. The converse is obvious. Let r > 2, and assume (i)
holds. Put y; := A;(y;) and Z; := A(z;) fori =2,...,r. Then

split(y2,...,y,) = (az,...,a,) = split(za,...,Z;),

so we can assume inductively to have ¢;; € C (2 < j < i < r) with
Z’ = Ciiyi + Ci,i—lyi—l + -4 Ci2y2 and c¢;; #0 (2 <i< }").
Hencefor2 <i<r,

Zi € Ciiyi +Cii—1yi-1 + -+ cipys + kery Aj.

Now use kery Ay = Cy; to conclude (ii). For the converse, let ¢;; € C be as in (ii).
Thenclearly z1,. . ., z, are C-linearly independent. Let (by,. . ., b,) :=split(zy,...,z,)
andB,_1:=(d—b,_1)---(d—by).Thena, = f, where f, =A,_1(y,) #0,and b, :gi

where g, := B,_1(z,) # 0. Now inductively we have a; = b; for j =1,...,r — 1,
soA,_1 =B,_1,and A,_1(y;) =0fori=1,...,r — 1 by Lemma 2.4.4. Hence g, =
¢rr fr, and thus a, = b,. [ ]

Lemma 2.4.11. Let z € UX. Then split(yz,...,y,2) = (a1 +2',...,a, +2").

Proof. Frm < r,the units y,z, ..., y,z of Uare C-linearly independent iff yy,...,ym
are C-linearly independent, hence the tuples split(y;z, ..., y,z) and split(yy, ..., y,)
have the same length n. Let (b1, ..., b,) :=split(yiz,. . .,y,z); we show (by,...,b,) =
(a1 + zT, R z*) by induction on n. The case n = 0 is obvious, so suppose n > 1.

Then a; = yi and by = (y12)" = a; + ' as required. By remarks following the proof
of Lemma 2.4.4 we have

(az,...,an) = split(A1(y2),...,A1(yn)) where A| 1= 9 — a;.
Now By := 9 — b1 = (A1),,-1, so likewise
(ba,...,bn) = split(B1(y22), ..., Bi(yaz)) = split(A1(y2)z..., A1(¥n)z).

Hence by =ar +z',...,by =a, +z' by our inductive hypothesis. [
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For f € dK we let f f denote an element of K such that ( f f) =f.
Lemma 2.4.12. Let g1,...,g, € K* and
A = g1-g-(0g; ) 0g L)) - (0g7 ),

and suppose the integrals below can be chosen such that

yi=gn =g /8. - yr=g [ (g-1[8) )
Thenyy,...,yr €KX, n=r,anda; = (g\---gi) fori=1,...,r.
Proof. Letb;:=(g;---g;) fori=1,...,r.Byinductiononi=0,...,r weshown > i

and (ay,...,a;) = (by,...,b;). This is clear for i = 0, so suppose i € {1,...,r},
n>i-1,and (ay,...,a;_1) = (b1,...,b;_1). Then

Aisi=@-aj—1) - (@-a))=@—bi—1)--(@-b1) =g1---g-1(0g;, ") -+ (g1 "),

using Lemma 1.1.3 for the last equality. So A;_1(y;) = g1---g # 0, and thus n > i
and a; = A;—1 (y;)" = b;. L

The case of real operators

We now continue the subsection The real case of Section 2.2. Thus K = H[i] where H
is a real closed differential subfield of K and i> = —1, and A = A; + Aji where A, A;
are subspaces of the Q-linear space H. The complex conjugation automorphism z +— 7
of the differential field K extends uniquely to an automorphism B — B of the ring K [0]
with @ = 9. We have A(f) = A(f) for f € U, from which it follows that dim¢ kerg A =
dimc kerg A, (Z)A = @, multy A = mult; A, and f +— ?: U — Urestrictstoa Cy-
linear bijection kery A — kery A.

In the rest of this subsection we assume H = H' (so A = Aji) and A € H[9] (and
by earlier conventions, A # 0 and r := order A). Then A = A, hence for all 1 we
have A7 = A, and multy A = mult; A. Thus with y ranging over A

Z mult, (A) = multg(A) + 2 Z mult,; (A).
1 M

Note that O is an eigenvalue of A iff kery A # {0}.

Let V := kery A, a subspace of the C-linear space U with V = V and dim¢ V < r.
Recall that we have the differential H-subalgebra U, = {f € U : f = f}of Uand the
Cp-linear subspace V; = kery, A of U;. Now V = V; @ Vit (internal direct sum of Cy-
linear subspaces), so dimc V = dimc,, V;. Combining Lemma 2.4.1 and the remarks
preceding it with Lemma 2.2.19 and its proof yields:
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Corollary 2.4.13. The C-linear space V has a basis

aye(uii), aye(—uii), ..., ame(umi), ame(—umi), hi, ..., hy Cm+n<r),

where ay,...,am € KX, u1,..., lUm € A, by, hy € HX*. For such a basis,
Re(aje(p11)), Im(ay e(uii)), ..., Re(ame(umi)), Im(am e(umi)), hi, ..., hy

is a basis of the Cy-linear space V;, and hy, . . ., hy, is a basis of the Cy-linear sub-
space kery A =V N H of H.

Using H = H', arguments as in the proof of Lemma 2.4.7 show:

Lemma 2.4.14. Assume H is 1-linearly surjective whenr > 2. Letay, .. .,a, € H be
such that A = (0 — a,) - - - (0 — ay). Then the Cy-linear subspace kery A of H has a
basis yi, ..., y, such that split(yy, ..., y,) = (ay,...,a).

Recall from Lemma 2.3.3 that if » = 1 or K is 1-linearly surjective, then
A splitsover K Z multy(A) = r.
2
Now mult, (A) = multz(A) forall 4, soif mult;(A) = > 1, then 4 = 0. Also, for W :=
VN K =kerg A and W, := W N U; we have W; = kery A and
W = W, ® Wi (internal direct sum of Cg-linear subspaces),

so multg(A) = dimc kerg A = dim¢,, kerg A. If yy, ...,y is a basis of the Cy-linear
space kergy A, then split(yy,...,y,) € H" in reversed order is a splitting of A over H
by Corollary 2.4.5. These remarks and Lemma 2.4.14 now yield:

Corollary 2.4.15. If multg(A) = r, then A splits over H. The converse holds if H is
1-linearly surjective or r = 1.

Corollary 2.4.16. Suppose r > 1, and K is 1-linearly surjective if r > 2. Then
Asplitsover H < multg(A)=r & |Z(A)|=1.
We now focus on the order 2 case:
Lemma 2.4.17. Suppose r = 2 and A splits over K but not over H. Then
dimc kery A = 2.

If H is 1-linearly surjective, then A has two distinct eigenvalues.
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Proof. We can assume A is monic,s0 A = (0 — f)(d —g) with f,g € Kand g = a + bi,
a,be H,b#0.Then g = d' + pi withd € K* and u € A;, and so d e(ui) € kery A.
From A = A we obtain d e(—ui) € kery A. These two elements of kery A are C -linearly
independent, since

de(ui)/de(-ui) = (d/d)e(ui) ¢ C :

this is clear if u # 0, and if u = 0, then d¥ = g, so (d/d)" = g —g =2bi #0, and
hence d /3 ¢ C. Thus dimc kery A = 2, and pi, —ui are eigenvalues of A with
respect to A. Now assume H is 1-linearly surjective. Then we claim that u # 0. To see
this note that [ADH, 5.1.21, 5.2.10] and the assumption that A does not split over H
yield dim¢,, kerg A = dimc kerg A = 0, hence g ¢ K'andthus yi =g —d' #0. m

Combining Lemmas 2.4.14 and 2.4.17 yields:

Corollary 2.4.18. If H is 1-linearly surjective, A has order 2, and A splits over K,
then dimc kery A = 2.

In the rest of this subsection H is 1-linearly surjective and A = 49*> + f, f € H.
Letw: H— Hand o: H* — H be asin (3) and (4) (see p. 14). Then by (5) and (6):

Asplitsover H < f e w(H),
Asplitsover K < feo(H*)Uw(H).

If A splits over H, then X(A) = {0} and multy(A) = 2, by Corollary 2.4.16. Suppose A
splits over K but not over H, and let y € H* satisfy o-(y) = f ¢ w(H). Then by [ADH,
p- 262] we have A = 4(d + g)(d — g) where g = %(—yT + yi). Hence the two distinct
eigenvalues of A are (y/2)i + K' and —(y/2)i + K.

The case of oscillating transseries

We now apply the results above to the algebraically closed differential field K = T[1].
Note that T[] has constant field C and extends the (real closed) differential field T of
transseries. After (10) in the introduction, we already remarked:

Lemma 2.4.19. T[] is linearly closed and linearly surjective.
Now applying Corollary 2.4.8 and Lemma 2.4.1 to T[] gives:

Corollary 2.4.20. For K = T[i], there are C-linearly independent units y1, ..., y,
of Uty with A(y1) =--- = A(y,) = 0.
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Next we describe another incarnation of Ur[;}, namely as a ring O of “oscillating”
transseries. Towards this goal we first note that by [ADH, 11.5.1, 11.8.2] we have

I(T) = {yeT: y< f forsome f < 1inT}
={yeT: y=<1/(t-{,) forall n},

so a complement At of I(T) in T is given by
Ar = {y eT: supp(y) = 1/(€y- - ty_1C2) for all n}.

From TT = T and I(T[i]) € T[i]" we obtain T[i]" = T & I(T)i by Lemmas 1.2.4
and 1.2.13. We now take A = Ari as our complement A of T[i]" in T[i] and explain
how the universal exponential extension U of T[] for this A was introduced in [18,
Section 7.7] in a different way. Let

T, = {feT:suppf > 1},

and similarly with < in place of >; then T4 = or and T, are R-linear subspaces of T,
and T decomposes as an internal direct sum

(2.4.2) T=T, eRoT,

of R-linear subspaces of T. Let !> = {e'/ : f € T, } be a multiplicative copy of the
additive group T, , with isomorphism f — e'/. Then we have the group ring

0 := K| e'T- |
of ¢!+ over K = T[i]. We make O into a differential ring extension of K by
/) =if'el  (feT.).

Hence O is an exponential extension of K. The elements of O are called oscillating
transseries. Foreach f € T thereis aunique g € T, to be denoted by / f,suchthatg’ = f
and g has constant term g; = 0. The injective map f : T — T is R-linear; we use this
map to show that U and O are disguised versions of each other:

Proposition 2.4.21. There is a unique isomorphism U = K [e(A)] — O of differential
K-algebras sending e(hi) to ei/hfor all h € Art.

This requires the next lemma. We assume familiarity with [ADH, Appendix A], espe-
cially with the ordered group G*E (a subgroup of T*) of logarithmic-exponential
monomials and its subgroup GF = | J,, G,, of exponential monomials.

Lemma 2.4.22. Ifm € G'F and m = 1, then suppm’ C Ar.
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Proof. We first prove by induction on 7 a fact about elements of GF:
ifmeG,, m>1,thensuppm’ > 1/x.

Forr € R> we have (x”)" = rx”~! > 1/x, so the claim holds for n = 0. Suppose the claim
holds for a certain n. Now G,,+1 = G, exp(A,,), G, is a convex subgroup of G, 1, and

A, = {f e R[[G,]] : supp f > Gn_l} (where G_1 := {1}).
Let m = nexp(a) € G,+1 where n € G, a € A,; then
m-1 < a>0,ora=0,n>1.

Suppose m > 1. If a = 0, then m = n, and we are done by inductive hypothesis, so
assume @ > 0. Then m’ = (n’ + na’) exp(a) and (n’ + na’) € R[[G,]], a differential
subfield of T, and exp(a) > R[[G,]], hence suppm’ > 1 > 1/x as required.

Next, suppose m € GF, m 1. Take n > 1 such that m7" € GE. We have (m1")’ =
(m’ - €yly - -+ €,—1)T". For n € supp m’ and using mT" > 1 this gives

(m-boby -+ Cp)" > 1/x

by what we proved for monomials in GE. Applying |, this yields n = 1/(€oty - - - €,),
hence n € At as claimed. [

Proof of Proposition 2.4.21. Applying 0 to the decomposition (2.4.2) gives

Now J(T,.) € A by Lemma 2.4.22, and o(T<) C I(T), and so these two inclusions
are equalities. Thus f A =T, from which the proposition follows. ]

Proposition 2.4.23. There is a unique group morphismexp: K = T[i] — O* extend-
ing the given exponential maps exp: T — T and exp: C — CX, with exp(if) = '/
Jorall f € T, andexp(e) =3, ‘Z—';for all € € o. It is surjective, has kernel 2miZ C C,
and satisfies exp(f)’ = f'exp(f) forall f € K.

Proof. The first statement follows easily from the decompositions
K =T®iT = TeiT, & iR & ior, C = Ra1R, 0 = or ®ior
of K, C, and 0 = ok as internal direct sums of R-linear subspaces. Next,

0% = K™ = T> - Sc- (1 +0) - '™, Sc := {zeC: |z =1},
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by Lemmas 2.1.1 and 1.2.4, and Corollary 1.2.7. Now T~ = exp(T) and S¢ = exp(iR),
so surjectivity follows from exp(o) = 1 + o, a consequence of the well-known bijec-
tivity of the map e — ), i—'f o — 1 + o, whose inverse is given by

0 -1 n—-1
1+6 - log(l+56) ::ZL(S”
n

n=1

(6 €0).

That the kernel is 271Z follows from the initial decomposition of the additive group
of KasT®iT, & iR & ior. The identity exp(f)’ = f’ exp(f) for f € K follows from
it being satisfied for f € T, f € iT,, f € C,and f € o. u

To integrate oscillating transseries, note first that the R-linear operator / :T—>T
extends uniquely to a C-linear operator f : T[1] — T[i]. This in turn extends uniquely
to a C-linear operator /: O — O such that (f @) =dforall® € Oand / T[i]e? C
T[i] e?! for all ¢ € T, : given ¢ € TZ and g € T[i], there is a unique f € T[i] such
that (fe?')’ = ge?": existence holds because y’ + y¢’i = g has a solution in T[i], the
latter being linearly surjective, and uniqueness holds by Lemma 1.2.3 applied to K =
L = T[], because ¢’i ¢ T[i]" in view of remarks preceding Lemma 1.2.13.

The operator f is a right-inverse of the linear differential operator d on O. To extend
this to other linear differential operators, make the subgroup G := GLE e!™> of 0
into an ordered group so that the ordered subgroup G“F of T> is a convex ordered
subgroup of G® and e'? = G for ¢ > 0in T, . (Possible in only one way.) Next, extend
the natural inclusion T[i] — C[[G"F]] to a C-algebra embedding O — C[[G®]] by
sending ¢'? € O to e'? € G° c C[[G®]]. Identify O with a subalgebra of C[[G®]]
via this embedding, so supp f C G° for f € O. It makes the Hahn space C[[G"]]
over C an immediate extension of its valued subspace O. The latter is in particular also
a Hahn space over C.

Let A € T[i][d]*. Then A(Q) = O by Lemmas 2.4.3 and 2.4.19 and Proposi-
tion 2.4.21. The proof of [ADH, 2.3.22] now gives for each g € O a unique ele-
ment f =: A~'(g) € Owith A(f) = g and supp(f) N d(ker? A) = 0. This requirement
on supp A~!(g) yields a C-linear operator A~! on O with A o A™! = idg; we call it
the distinguished right-inverse of the operator A on Q. With this definition 97! is the
operator / on O specified earlier.

In the next section we explore various valuations on universal exponential extensions
(such as O) with additional properties.

2.5 Valuations on the Universal Exponential Extension

In this section K is a valued differential field with algebraically closed constant
field C C O and divisible group K' of logarithmic derivatives. Then T = v(K*) is
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also divisible, since we have a group isomorphism
va—da +(©0%" . T - K'/(0)"  (aekX.

Let A be a complement of the Q-linear subspace K of K and let A range over A. Let
alsoU=K [e(A)] be the universal exponential extension of K constructed in Sec-
tion 2.2 and set Q := Frac(U). Thus Q is a differential field with constant field C.

The gaussian extension

We equip U with the gaussian extension vy of the valuation of K as defined in Sec-
tion 2.1; so for f € U with spectral decomposition (f;):

be(f) = mino(f),

and hence
be(f) = mino(f]+2f0)-

The field Q with the valuation extending v, is a valued differential field extension of K,
but it can happen that K has small derivation, whereas Q does not:

Example. Let K = C((#9)) and A be as in Example 2.2.4, 50t < 1 <x=1"1,¢ = -2,
Then K is d-valued of H-type with small derivation, but in Q with the above valuation,

te(x) < 1, (te(x)) = —f*e(x) +e(x) ~ e(x) =< L.

To obtain an example where K = H|[i] for a Liouville closed H-field H and > = —1,
take K :=T[1] and A := Ari as at the end of Section 2.4. Now x € At and in Q equipped

with the above valuation we have for ¢ := x~1:

re(xi) < 1, (te(xi)) = —rPe(xi) +ie(xi) ~ ie(xi) < I,

so (re(xi))” # t7, hence Q is neither asymptotic nor has small derivation.

However, we show next that under certain assumptions on K with small derivation,
Q has also a valuation which does make Q a valued differential field extension of K
with small derivation. For this we rely on results from [ADH, 10.4]. Although such a
valuation is less canonical than vy, it is useful for harnessing the finiteness statements
about the set &¢(A) of eventual exceptional values of A € K[d]* from Section 1.4 to
obtain similar facts about the set of ultimate exceptional values of A introduced later
in this section.
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Spectral extensions
In this subsection K is d-valued of H-type with I" # {0} and with small derivation.

Lemma 2.5.1. The valuation of K extends to a valuation on the field Q that makes €
a d-valued extension of K of H-type with small derivation.

Proof. Applying [ADH, 10.4.7] to an algebraic closure of K gives a d-valued alge-
braically closed extension L of K of H-type with small derivation and Cy, = C such
that L' DK.LetE :={ye L*: y" € K},s0E isasubgroupof L*, E" = K, and K[E]
is an exponential extension of K with Cxg] = C. Then Corollary 2.2.10 gives an
embedding U — L of differential K-algebras with image K[E], which extends to an
embedding Q — L of differential fields. Using this embedding to transfer the valuation
of L to Q gives a valuation as required. |

A spectral extension of the valuation of K to Q is a valuation on the field Q with the
properties stated in Lemma 2.5.1. If K is ®-free, then so is Q equipped with any spectral
extension of the valuation of K, by [ADH, 13.6] (and then € has rational asymptotic
integration by [ADH, 11.7]). We do not know whether this goes through with “A-free”
instead of “m-free”. Here is something weaker:

Lemma 2.5.2. Suppose K is algebraically closed and A-free. Then some spectral
extension of the valuation of K to Q makes Q a d-valued field with divisible value
group and asymptotic integration.

Proof. Take L, E and an embedding £ — L as in the proof of Lemma 2.5.1. Use this
embedding to identify Q with a differential subfield of L, so U = K[E] and Q = K(E),
and equip Q with the spectral extension of the valuation of K obtained by restricting the
valuation of L to Q. Since L is algebraically closed, E is divisible, and 'y, =T" + v(E)
by [ADH, 10.4.7(iv)]. So I'q = I'. is divisible. Let a € K*, y € E. Then K(y) has
asymptotic integration by Proposition 1.3.12, hence v(ay) € (I'y ) € (I'3)". Thus Q
has asymptotic integration. ]

In the rest of this subsection Q is equipped with a spectral extension v (with value
group T'q) of the valuation of K. The proof of Lemma 2.5.1 and [ADH, 10.4.7] show
that we can choose v so that Yo C I'; but under suitable hypotheses on K, this is
automatic:

Lemma 2.5.3. Suppose K has asymptotic integration and 1(K) C K¥. Then o C T,
the group morphism

(2.5.1) A u(e(d): A—>Tg

is injective, and I'q is divisible with T =T @ v(e(A)) (internal direct sum of Q-linear
subspaces of T'q). Moreover, ¥g = W' inT.
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Proof. Fora € K* we have (ae(1))" =a’ +1 € K, and if ae(2) = 1, then
a'+1 = (ae(1) € (0OF)'NnK € I(Q)NK = I(K),

sodleANn (I(K)+K") =ANK"={0}and a < 1. Thus for aj,a, € K* and dis-
tinct A1, Ao € A we have aj e(4;) * aze(A;), and so for f € U with spectral decom-
position (f3) we have vf = min, v(f; e(2)). Hence

Yo C{o(@"+): aek*, 1eA} = v(K) = I,

the map (2.5.1) is injective and ' N v(e(A)) = {0}, and so I'q = I’ @ v(e(A)) (internal
direct sum of subgroups of I'g). Since I" and A are divisible, so is I'g. Now Wg = pl
follows from K = (UX)T ¢ Q' and K having asymptotic integration. [

We can now improve on Lemma 2.4.1:

Corollary 2.5.4. Suppose K has asymptotic integration, I(K) C K, and A € K[d]*.
Then the C-linear space kery A has a basis B C U* such that v is injective on B
and v(B) = v(ker]; A), and thus |v(ker{; A)| = dimc kery A.

Proof. By [ADH, 5.6.6] we have a basis 8, of the C-linear space kerx A, such that v
is injective on B, and v(8B,) = v(kery A,). Then B := |, B, e(4) is a basis of kery A.
It has the desired properties by Lemma 2.5.3. ]

Corollary 2.5.5. Suppose K is A-free and 1(K) C K. Then Q has asymptotic integra-
tion.

Proof. By Lemma2.53,Tq =T+ v(e(A)). Using Proposition 1.3.12 as in the proof
of Lemma 2.5.2, with e(A) in place of E, shows Q has asymptotic integration. ]

Ultimate exceptional values

In this subsection K is H-asymptotic with small derivation and asymptotic integration.
Also A € K[0]7 and r := order(A), and y ranges over I' = (K ). We have v(ker” A;) C
&°(A,), soif A is an eigenvalue of A with respect to A, then &(A,) # 0. We call the
elements of the set

&'(A) = g(A) = U &°(AY) = {y: nwta, (y) > 1 for some/l}
1

the ultimate exceptional values of A withrespect to A. The definition of & (A) involves
our choice of A, but we are leaving this implicit to avoid complicated notation. In
Section 4.4 we shall restrict K and A so that &"(A) does not depend any longer on the
choice of A. There we shall use the following observation:
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Lemma 2.5.6. Leta,b € K satisfy a — b € (O*). Then for all y we have nwt4,, (y) =
nwta, (y); in particular, 8°(A,) = E°(Ap).

Proof. Usethatifu € O* anda — b = u', then A, = (Ap ). n
Corollary 2.5.7. Let A* be a complement of the Q-linear subspace K' of K and let
A A" A > A

be the group isomorphism with A — 1* € K' for all . If 1 = 2* € (OX)T for all A,
then nwta , (y) = nwta . (y) for all vy, so &“(A) = U, E°(Ar).

Remark 2.5.8. For a € K* we have &"(aA) = &"(A) and &"(Aa) = &"(A) — va.
Note also that £¢(A) = &°(Ag) € &“(A). Let ¢ € K* be active in K; set 1% := ¢! A.
Then A? := ¢~ A is a complement of the Q-linear subspace (K?)" = ¢~ 'KT of K2,
and (A?) 0 = (A1)?. Hence &} (A) agrees with the set &3 , (A?) of ultimate excep-
tional values of A? with respect to A?.

Remark 2.5.9. Suppose L is an H-asymptotic extension of K with asymptotic inte-
gration and algebraically closed constant field C;, such that LT is divisible, and ¥
is cofinal in ¥y or K is A-free. Then &°(A,) = &; (Aa) N T, by Lemma 1.4.1 and
Corollary 1.7.10. Hence if Az 2 A is a complement of the subspace L' of the Q-linear
space L, and &} (A) is the set of ultimate exceptional values of A (viewed as an element
of L[d]) with respect to Ay, then &"(A) € &) (A). (Note that such a complement Ap,
exists iff L' N K = KT))

In the rest of this subsection we equip U with the gaussian extension v of the valuation
of K. Recall that we have a decomposition kery A = @ (ker Ay) e(2) of the C-linear
space kery A as an internal direct sum of subspaces, and hence

2.5.2) ve(kerf A) = | Joker* Ay) ¢ ] &40 = ().
A A

Here are some consequences:
Lemma 2.5.10. Suppose K is r-linearly newtonian. Then vg(kerﬁ A) =&"(A).

Proof. By Proposition 1.4.2 we have v(ker” A) = &°(A,) for each A, so v (ker]; A) =
£U(A) by (2.5.2). »

Lemma 2.5.11. Suppose K is d-valued. Then |vg(ker{tJ A)| < dim¢c kery A < r.
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Proof. By [ADH, 5.6.6(i)] applied to A, in place of A we have
lo(ker* Ay)| = dimckerA, = multy(A) for all A
and thus by (2.5.2),

jvg(kerf; A)| < > Jo(ker” Ay)| = )" multy(A) = dimckery A < r
A A

as claimed. ]
Lemma 2.5.12. Suppose 1(K) € K" and r = 1. Then
vg(kerf; A) = &"(A), &Y (A)] = 1.

Proof. Arrange A=0—g,g € K,andtake f € K* and Asuchthatg = f7 + 1. Thenu :=
fe(d) € U* satisfies A(u) = 0, hence ker]; A = Cu and thus vg(ker; A) = {vf}. By
Lemma 1.4.9 we have v(ker” A3) = &°(A,) for all 2 and hence vg (ker]; A) = €"(A)
by (2.5.2). »

Corollary 2.5.13. IfI(K) C K" and a € K*, then €°(d —a') = (0 — a’) = {va}.

Proposition 2.5.15 below partly extends Lemma 2.5.12.

Spectral extensions and ultimate exceptional values

In this subsection K is d-valued of H-type with small derivation, asymptotic integra-
tion, and 1I(K) € K. Also A € K[d]* has order r and y ranges over I".

Suppose Q is equipped with a spectral extension v of the valuationof K. Let g € K*
with vg = y. The Newton weight of A,g € K[d] does not change in passing from K
to Q, since W is cofinal in W by Lemma 2.5.3; see [ADH, 11.1]. Thus

nwta, () = nwt(A,g) = nwt(Age(d)) = nwta(v(ge(d)) = nwta(y + v(e(d))).
In particular, using I'q = T @ v(e(A)),

(2.5.3) &5(A) = U E°(AQ) +v(e(R)) (a disjoint union).
1

Thus &"(A) = n(€(A)) where 7: Tq — Tis given by 7(y +v(e(1))) = .
Lemma 2.5.14. We have dim¢ kery A < 34|&¢(A,)|, and

dimckery A = Z|%C(A,1)| — v(ker* Ay) = &°(Ay) forall A
p

Moreover, if dimc kery A = 3, |&°(An)], then vg(kerf; A) = &"(A).
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Proof. Clearly, dim¢ kery A < dim¢ kerg A. Equip € with a spectral extension of the
valuation of K. Then dim¢ kerg A = |v(keré A)| and v(keré A) C &;(A) by [ADH,
5.6.6(i)] and [ADH, p. 481], respectively, applied to Q in the role of K. Also [, (A)| =
2118%(A,)| (asum of cardinals) by the remarks preceding the lemma. This yields the
first claim of the lemma.

Note that v(ker” A;) € &°(A,) for all 1. Hence from (2.5.3) and

v(kerf; A) = U v(ker” Ay) + v(e(1)) (a disjoint union)
1

we obtain:
v(kerj; A) = E5(A) = w(ker® Ay) = &°(Ay) forall A.

As a valued vector space over C, Q is a Hahn space, so its finite-dimensional sub-
space kery A is as well. Hence |v(ker{tI A)| = dim¢ kery A by [ADH, 2.3.13], and

o(kerf, A) C v(ker A) C &S(A),  |€S(A)] = Z|%°(Aﬂ)|.
A

This yields the displayed equivalence.

Suppose dimc kery A = 3,|8°(A,)[; we need to show v (keriﬁJ A) =&"(A). We
have 7 (&g, (A)) = &"(A) for the above projection map 7: o — T, s0 it is enough to
show 7 (v(ker{; A)) = vg (ker{; A). For that, note that for 8 C K* e(A) in Corollary 2.5.4
we have

m(v(ker; A)) = m(vB) = vy(B) = vy(ker]; A),
using for the last equality the details in the proof of Corollary 2.5.4. |

Proposition 2.5.15. Suppose K is 0-free. Then nwta , (y) = 0 for all but finitely many
pairs (y, ) and

& ()] < D 1E(AD] = D nwta,(y) < 1.
A

y,A4
Ifdime kery A =1, then 3, |€°(Aa)| = r and vg(ker(; A) = &*(A).

Proof. Equip Q with a spectral extension v of the valuation of K. Then Q is ®-free,
0 2 |[8°(A)| = |EG(A)| < r by the remarks preceding Lemma 2.5.14 and Corol-
lary 1.4.5 applied to Q in place of K. These remarks also give nwtg, () = 0 for all
but finitely many pairs (y, 1), and so

antA/l(y) = antA(y+v(e(/l)) = |E5(A)] < r.
V.4 v,4

Corollary 1.4.5 applied to A, in place of A yields [§°(A,)| = 2, nwta,(y) and
$0 21 [8°(Aa)| = X, 1nwta, (y). This proves the first part (including the display).
The rest follows from this and Lemma 2.5.14. ]
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In the next lemma (to be used in the proof of Proposition 3.1.27), L is a d-valued
H-asymptotic extension of K with algebraically closed constant field and asymptotic
integration (hence L has small derivation), such that LT is divisible, L' N K = K7,
and I(L) € LT. We also fix there a complement A;, of the Q-linear subspace L' of L
withA C Ap.LetUp =L [e(AL)] be the corresponding universal exponential exten-
sion of L containing U = K [e(A)] as a differential subring, as described in the remarks
following Corollary 2.2.13, with differential fraction field € .

Lemma 2.5.16. Assume Cy = C. Let Q;, be equipped with a spectral extension of
the valuation of L, and take Q as a valued subfield of Qp; so the valuation of Q is a

spectral extension of the valuation of K. Suppose ¥ is cofinal in ¥y, or K is A-free.
Then %5L (A)NTq = &;(A).

Proof. Let u range over Ay. We have
Io, = TL®v(e(AL)), o = Tdo(e(A))
by Lemma 2.5.3 and

gsezL = U%Z(A#) +v(e(,u)), &, = U%e(A/l) + v(e(/l))
H A

by (2.5.3). Hence

85, (A)NTa = | J(E (A0 D) +0(e(D) = [ & (A0 +o(e(D) = E5(A),
a A

where we used the injectivity of u — v(e(u)) for the first equality and Remark 2.5.9
for the second. ]

The real case

In this subsection H is a real closed H-field with small derivation, asymptotic inte-
gration, and H' = H; also K = H[i], i* = —1, for our valued differential field K. We
also assume 1(H)i C K'. Then K is d-valued of H-type with small derivation, asymp-
totic integration, K™ = H + I(H)i, and I(K) C K. Note that H and thus K is A-free
by [ADH, remark after 11.6.2, and 11.6.8]. Let A in K[3]7 have order r and let y range
over I'.

Lemma 2.5.17. Ifthe real closed H-asymptotic extension F of H has asymptotic inte-
gration and convex valuation ring, then L' N K = K" for the algebraically closed
H-asymptotic field extension L := F[i] of K.

Proof. Use Corollary 1.2.15 and earlier remarks in the same subsection. ]
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Corollary 2.5.18. The H-field H has an H-closed extension F with Cr = Cy, and
for any such F, the algebraically closed d-valued field extension L := F[i] of H-type
of K is o-free with Cr, = C, (L) C LT, and L' n K = K.

Proof. Use [ADH, 16.4.1,9.1.2] to extend H to an ®-free H-field with the same con-
stant field as H, next use [ADH, 11.7.23] to pass to its real closure, and then use [ADH,
14.5.9] to extend further to an H-closed F’, still with the same constant field as H. For
any such F, the d-valued field L := F[i] of H-type is w-free by [ADH, 11.7.23] and
newtonian by (10) (see p. 20). Hence I(L) € LY by Lemma 1.2.9, and LT N K = KT
by Lemma 2.5.17. n

This leads to a variant of Proposition 2.5.15:
Proposition 2.5.19. The conclusion of Proposition 2.5.15 holds.

Proof. Corollary 2.5.18 gives an H-closed extension F of H with Cr = Cg, so L :=
F[i]is w-free,Cy =C,I(L) € L",and LT N K = K. Take acomplement A; 2 A of the
subspace L of the Q-linear space L. By Remark 2.5.9 we have &°(A,) = & (A NT.
Hence Proposition 2.5.15 applied to K, A replaced by L, A, respectively, and A
viewed as element of L[d], yields ., |&°(A)| < r. Corollary 1.7.10 applied to A,
in place of A gives |6°(A )| = X, nwta, (y). This yields the conclusion of Proposi-
tion 2.5.15 as in the proof of that proposition. ]



Chapter 3

Normalizing Holes and Slots

In this introduction K is an H-asymptotic field with small derivation and rational
asymptotic integration. In Section 3.2 we introduce holes in K: A hole in K is a
triple (P, m,@) with P € K{Y}\ K, m € K*,and @ € K \ K for some immediate asymp-
totic extension K of K, such that @ < m and P(@) = 0. The main goal of Chapter 3
is a first normalization theorem, namely Theorem 3.3.33, that allows us to transform
under reasonable conditions a hole (P, n, @) in K into a “normal” hole; this helps to
pin down the location of a relative to K. The notion of (P, m, a) being normal involves
the linear part of the differential polynomial Py, in particular the span of this linear
part. We introduce the span in the preliminary Section 3.1. In Section 3.4 we study iso-
lated holes (P, m, a) in K, which under reasonable conditions ensure the uniqueness
of the isomorphism type of K(a) as a valued differential field over K; see Proposi-
tion 3.4.9. In Section 3.5 we focus on holes (P, m, a) in K where order P = deg P = 1.
For technical reasons we actually work in Chapter 3 also with slots in K, which are a
bit more general than holes in K.

First some notational conventions. Let I' be an ordered abelian group. For y,6 € I’
with y # 0 the expression “0 = o(y)” means “n|d| < |y| for all n > 1” according
to [ADH, 2.4], but here we find it convenient to extend this to y = 0, in which case
“5 = 0o(y)” means “6 = 0”. Suppose I = v(E*) is the value group of a valued field E
and m € E*. Then we denote the archimedean class [vm] C T of vm € T by just [m].
Suppose m % 1. Then we have a proper convex subgroup

A(m) := {yeF: y=0(vm)} = {yeF: [y] < [m]},

of I If m =xpm) 1 € E, then 0 # 1 % 1 and A(m) = A(n). In particular, if m = n € E,
then 0 # n % 1 and A(m) = A(n). Note that for f, g € E the meaning of “f <a(m) &”
does not change in passing to a valued field extension of E, although A(m) can increase
as a subgroup of the value group of the extension.

3.1 The Span of a Linear Differential Operator

In this section K is a valued differential field with small derivation and T" := v(K*).
We let a, b, sometimes subscripted, range over K, and m, n over K*. Consider a linear
differential operator

A = ag+aid+---+a,9" €K|[d], a, #0.
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The “span of A" defined below is unrelated to the linear span of a subset of a vector
space. We shall use the quantities dwm(A) and dwt(A) defined in [ADH, 5.6]. We
now introduce a measure v(A) for the “lopsidedness” of A as follows:

v(A) = a,/a, € KX where m := dwt(A).
Soa, <v(A)A and v(A) < 1, with
1(A)x1 < dwt(A)=r < v(A) =1

Also note that v(aA) = v(A) for a # 0. Moreover,

D(An)Aun =< ar < D(A)A
since Awy = a,9" + lower order terms in 0.
Example. v(a +9d) =1ifa< 1,andv(a+9) =1/aifa > 1.

We call v(A) the span of A. We are mainly interested in the valuation of v(A). This
is related to the gaussian valuation v(A) of A: if A is monic, then v(v(A)) = —v(A).
An important property of the span of A is that its valuation is not affected by small
additive perturbations of A:
Lemma 3.1.1. Suppose B € K[d], order(B) < r and B < v(A)A. Then:

(i) A+ B~ A, dwm(A + B) =dwm(A), and dwt(A + B) = dwt(A);

(ii) order(A + B) =r and v(A + B) ~ v(A).
Proof. From B < v(A)A and v(A) < 1 we obtain B < A, and thus (i). Set m :=
dwt(A), let i range over {0, ...,r},andlet B=by+ b1d+---+ b, 0". Thena; < a,,
and b; < v(A)A < a, < a,,. Therefore, if a; < a,,, then a; + b; ~ a;, and if a; < a,,,,
then a; + b; < a,,. Hence (A + B) = (a, + b;)/(am + by) ~ a,/a, = v(A). [

For b # 0, the valuation of n(Ab) only depends on A and vb; it is enough to check this
for b =< 1. More generally:

Lemma 3.1.2. Let B € K[9]* and b < B. Then v(AB) < v(Ab)v(B).
Proof. Let B=bg+b1d+---+ bsd°, by # 0. Then

AB = a,b,0" + lower order terms in 9,

so by [ADH, 5.6.1(ii)] for y = 0:

v(n(AB)) v(arbs) —v(AB) = v(a,bs) —v(Ab)
v(a,b) —v(Ab) +v(bs) — v(B)

v(v(AD)v(B)). n
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Corollary 3.1.3. Let B € K[0]*. Ifv(AB) = 1, then p(A) = v(B) = 1. The converse
holds if B is monic.
This is clear from from Lemma 3.1.2, and in turn gives:

Corollary 3.1.4. Suppose A = a(d—by)---(d—b,). Then
v(A)=1 < by,...,b,<1.

Remark. Suppose K = C((¢)) with the ¢-adic valuation and derivation d = t%. In the
literature, A is called regular singular if v(A) = 1, and irregular singular if v(A) < 1;
see [24, Definition 3.14].

Lemma 3.1.5. Let B € K[9]*. Then v(AB) < v(B). If B is monic, thenv(AB) < v(A).

Proof. Lemma 3.1.2 and v(Ab) < 1 for b # 0 yields v(AB) < v(B). Suppose B is
monic, so v(B) < 0. To show n(AB) < v(A) we arrange that A is also monic. Then AB
is monic, and v(AB) < v(A) is equivalent to v(AB) < v(A). Now

0(AB) = vap(0) = va(v8(0)) = va(v(B)) < vA(0) = u(A)
by [ADH, 4.5.1(iii), 5.6.1(ii)]. [ ]
Corollary 3.1.6. If A =a(@—by)---(d—b,), thenby,...,b, < v(A)~\.

Let A be a convex subgroup of T, let O be the valuation ring of the coarsening va
of the valuation v of K by A, with maximal ideal 6, and K = O/c') be the valued
differential residue field of v,. The residue morphism O — K extends to the ring mor-
phism O[d] — K[9] with d — 9. If A € O[] and A # 0, then dwm(A) = dwm(A)
and dwt(A) = dwt(A). We set v := p(A).

Lemma 3.1.7. If A € O[9] and order(A) = r, then v(A) = b.

Behavior of the span under twisting

Recall that o(y) := 0 € T" for v = 0 € I'. With this convention, here is a consequence
of [ADH, 6.1.3]:

Lemma 3.1.8. Let B € K[9]*. Then v(AB) = v(A) + v(B) + o(v(B)).
Proof. Take b with b < B. Then
v(AB) = vap(0) = va(vp(0)) = va(vb) = v(AD)
by [ADH, 5.6.1(ii)]. Moreover, v(Ab) = v(A) + vb + o(vb), by [ADH, 6.1.3]. ]

We have v(Aw;) = (An), so v(Awxy) = v(A) + o(vn) by Lemma 3.1.8. Moreover:
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Lemma 3.1.9. v(v(An)) = v(v(A)) + o(vn).

Proof. Replacing A by a, ' A we arrange A is monic, so A, is monic, and thus
v(v(An)) = v(n(A,m)) = —0(Axy) = —0(A) + o(vm) = v(n(A)) + o(vn)

by remarks preceding the lemma. ]

Recall: we denote the archimedean class [vn] C I" by [n]. Lemma 3.1.9 yields:
Corollary 3.1.10. [v(A)] < [n] & [v(An)] < [n].

Under suitable conditions on K we can say more about the valuation of (A, ): Lem-
ma 3.1.12 below.

Lemma 3.1.11. Letn' = 1 and my, ..., m, € K* be such that

v(m;) +v(A) = lr<r;1£1r v(a;)+ (j - i)u(nT).

Then with m := dwt(A) we have
Mo # -+ %= my and (™ < my < (nH)".
(In particular, [mg] < [n'], with equality if m > 0.)

Proof. Fromv(n') < 0we obtainv(mg) < - -- < v(m,.). We have 0 < v(aj/any)for j =
0,...,rand so

ro(n’) < min o(a;/ay) + jo(mn") = v(mg) < mo(nh)
<Jsr

as required. ]

Lemma 3.1.12. Suppose 00 C o. Then
"1 = v(Aun) = v(A), ' -1 = [v(Aw) = v(A)| < =ro(nh).

Proof. Let R := Ri A. Then v(A.;) = v(R,,+) by [ADH, 5.8.11]. If n' < 1, then we
have v(R,,+) = v(R) by [ADH, 4.5.1()], hence v(Awxq) = v(R) = v(A) by [ADH,
5.8.10]. Now suppose 1" = 1. Claim: v(Awy) — v(A) > rv(n’). To prove this claim
we replace A by a~' A, where a < A, to arrange A =< 1. Let i, j range over {0, ...,r}.
We have R+ = 2; b;R; where

bi = Z({)ajRj_i(nT).
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Take m; € K* as in Lemma 3.1.11. By Lemma 1.1.14 we have R, (n") ~ (n")" for
all n; hence v(b;) > v(m;) for all i. Thus

0(Aun) = 0(A) = v(Aun) = v(Ryyr) > mino(b;) > v(mg) > ru(n’)

by Lemma 3.1.11, proving our claim. Applying this claim with A.,, n~! in place
of A, 1t also yields v(A.y) — v(A) < —ro(n'), thus [0(Awy) — v(A)| < —rv(nf). =

Remark. Suppose that 90 C 0 and n* >~ 1. Then Lemma 3.1.12 improves on Lem-
ma 3.1.9, since v(n') = o(vn) by [ADH, 6.4.1(iii)].

Lemma 3.1.13. Suppose 90 C o andn' < v(A)~'. Let B € K[9] and s € N be such
that order(B) < s and B < v(A)’*'A. Then By < 9(Awp) Asn.

Proof. We may assume B # 0 and s = order(B). It suffices to show B., < n(A)A.
If n < 1, then Lemma 3.1.12 applied to B in place of A yields B., =< B < v(A)A.
Suppose 1" >~ 1. Then Lemma 3.1.12 gives |v(Bwuy) — v(B)| < —sv(n') < sv(v(A))
and hence B.; < 0(A)*B < v(A)A. [

If 00 C o, then we have functions dwmy, dwty : I' — N as defined in [ADH, 5.6].
Combining Lemmas 3.1.1 and 3.1.13 yields a variant of [ADH, 6.1.7]:

Corollary 3.1.14. Suppose 90 C o and n' < v(A)™'. Let B € K[d] be
such that order(B) < r and B < v(A) *'A. Then dwma,g(vn) = dwmy(vn)
and dwta,g(vn) = dwta (vn). In particular,

me&A+B) < wme&(A).

About A (n?) and An?
Suppose m! = +n* where k,l € Z,1 # 0. Thenm’ = gn' with ¢ = k/I € Q. In particular,
if K is real closed or algebraically closed, then for any 1 and ¢ € Q we have m' = gn'
for some m.

Below in this subsection K is d-valued and n is such that for all g € Q™ we are given
an element of K*, denoted by n9 for suggestiveness, with (n4)" = gn’.

Let ¢ € Q~; then v(n?) = gv(n): to see this we may arrange that K is algebraically
closed by [ADH, 10.1.23], and hence contains an m such that vm = g vn and mt =
gn' = (n9)7, and thus v(n?) = vm = g vn.

Lemma 3.1.15. Suppose n' = 1. Then for all but finitely many q € Q>,

v(A(m?)) = v(n?) +minv(a;) + jo(n’).
j
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Proof. Let g € Q” and take by, ...,b, € K with An? = by + b0+ ---+ b,9". Then
by = A7) = n?(aoRo(qn’) + a;Ri(qn’) +--- + a,R.(qn')).

Let i, j range over {0,...,r}. By Lemma 1.1.14, R;(gn") ~ ¢’ (n")’ for all i. Take m
(independent of ¢) such that v(m) = min; v(a;) + j v(n"), and let I be the nonempty
set of i with m =< a;(n")!. For i € I we take ¢; € C* such that a;(n")’ ~ ¢;m, and
set R := Y;c;c;Y' € C[Y]?. Therefore, if R(q) # 0, then

D aiRi(qn’) ~ mR(q).

iel
Assume R(q) # 0 in what follows. Then

r

D aiRi(qn’) ~ ) aiRi(qn’) ~ mR(q) = m,

i=0 icl
hence by < mn4, in particular, bg # 0. n

Lemma 3.1.16. Assumen’ = 1 and [v] < [n] forv :=v(A). Then [D(Anq)] < [n] for
all g € Q7. For all but finitely many q € Q” we have v(An9) < v, thus [v] < [D(Anq)].

Proof. Let g € Q7. Then [v] < [n] = [n?], so [v(An?)] < [n?] = [n] by Corol-
lary 3.1.10. To show the second part, let m = dwt(A). Replacing A by a,'A we
arrange a,, = 1,soa, =0, A < 1. Take by, ..., b, with An? =bg+ b10+---+b,9".
As in the proof of Lemma 3.1.15 we obtain an m and a polynomial R(Y) € C[Y]* (both
independent of g) such that v(m) = min; v(a;) + jo(n’), and by < mn? if R(g) # 0.
Assume R(g) # 0in what follows; we show that then v(An9) < v. For n := dwt(An?),

bov(An?) < b,0(An?) = b, = n9yp,
hence n(An?) < v/m. It remains to note that m > a,,(n")" = (n")" » 1. "
Lemma 3.1.17. Assume n' = 1 and m satisfies

vm +v(A) = Ogljigrv(aj) + jo(nh).

Then [m] < [n'], with equality if dwt(A) > 0, and for all but finitely many q € Q,
An? < mn9 A, v(A)/o(An?) < m.

Proof. Replacing A by a,' A where m = dwt(A) we arrange a,,, = 1,50 a, = 0 := p(A)
and A < 1. Let i, j range over {0,...,r}. Letg € Q7, and take b; € K such that An? =
> b;d'. By [ADH, (5.1.3)] we have
1 | R J .
bi = AV MY = nISRi(AD)(gn') = n? ) (l.)ajRj_an‘).

Jjzi
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Take m; € K* as in Lemma 3.1.11. Then mg < m (so [m] < [n'], with equality
if m > 0), and m, < v. Lemma 3.1.15 applied to A /i! instead of A gives that for all
but finitely ¢ € Q we have b; < m;n? for all /. Assume that ¢ € Q~ has this property.
From v(m) = v(mp) < --- < v(m,) = v(v) we obtain

o(m) +qu(n) = v(bo) < -+ < v(by) = v(v) +qo(n).
With n = dwt(An9) this gives v(bo) = - - - = v(b,) = v(An9). Thus
o(An?) = by/by =< by[bp < (n?p)/(nIm) = v/m
as claimed. n

The next lemma (not used later) is a more precise version of Lemma 3.1.17, but with
an additional hypothesis on n':

Lemma 3.1.18 (*). Assume n' > v(A)~'. Then
A(n) ~ An ~ a,n(n")” ~ g, o(An) ~ (nf)™".

Proof. Leti, j range over {0, ...,r} and take b; € K such that An = 3. b;0", so b; =
s (f)ajRj_,-(nT). By Lemma 1.1.13 we have Rj_l-(nT) ~ (")~ fori < j.From
n' =07l %> 1wegetfori<j<r:

a,(m") ™ = gt - g ()T = a ()
Therefore b; ~ n(?)ar(nT)"i , from which the first displayed equivalences follow.
Now dwt(An) = 0 and so v(An) = b, /by = (na,)/A(n) ~ (n")™" as claimed. [

Let v € K* with v #* 1; so we have the proper convex subgroup of I" given by
A(w) = {yeT:y=o0()} = {yeT: [y] <[v]}.
If K is H-asymptotic, then we also have the convex subgroup
A={yel:y >o("}

of T with A C A(v). If K is H-asymptotic of Hardy type (Section 1.2), then we
have A = A(v), and hence the relations <), <A(v), <aA(v) agree with <y, <y, =,
respectively, from [ADH, p. 407].

Corollary 3.1.19. Suppose n' = 1 and [n"] < [v] where v := v(A) (500 # v < 1).
Let B € K[d] andw > r be such that B <) 0" A. Then for all but finitely many q € Q>
we have w := D(An9) =pp) v and Bn? <) w*An9.
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Proof. The case B = 0 is trivial, so assume B # 0. Take m as in Lemma 3.1.17, and
take mp likewise with B in place of A. By this lemma, [m], [mg] < [n'] < [v],
hence m, mp =<5y 1. Moreover, for all but finitely many g € Q” we have An? < mn9A,
Bn? < mpn9B, and v/w < m where w := v(An?); assume that ¢ € Q~ has these
properties. Then B <5 (y) " A yields

Bn? =< mpn9B <5p) mnip”A < p“Anf.

Now m = (y) 1 gives v =x(y) W, hence Bn? <, () wYAn. m

The behavior of the span under compositional conjugation

If K is H-asymptotic with asymptotic integration, then ¥ N T~ # 0, but it is conve-
nient not to require “asymptotic integration” in some lemmas below. Instead: In this
subsection K is H-asymptotic and ungrounded with ¥ N T~ # 0. We let ¢, v range
over K*. We say that ¢ is active if ¢ is active in K. Recall from [ADH, pp. 290-292]
that § denotes the derivation ¢~'9 of K¢, and that

(3.1.1) A? = a,¢"8 + lower order terms in 8.
Lemma 3.1.20. Suppose v := v(A) <* 1 and ¢ < 1 is active. Then
A =pw) A% 0 =p) 2(A%) <01 p(A?) <DL

Proof. From ¢" <1< 0" we get [¢] < [v],50 ¢ <a(y) 1. Hence A% <5(,) A by [ADH,
11.1.4]. For the rest we can arrange A < 1,50 A? =A(v) 1 and v < a,. In view of (3.1.1)
this yields D(A?) =) @r¢” =a() 1. S0 D(A?) < T = 1, which gives (A?) < 1,
and also v, v(A?) {’p 1. n

Lemma 3.1.21. Ifnwt(A) = r, then v(A?) = 1 eventually, and if nwt(A) < r, then
v(A?) 42 1 eventually.

Proof. Clearly, if nwt(A) = r, then dwt(A?) = r and so p(A?) = 1 eventually. Sup-
pose nwt(A) < r. To show that n(A?) {’p 1 eventually, we may replace A by A%
for suitable active ¢y and assume that n := nwt(A) = dwt(A?) = dwm(A?) for all
active ¢ < 1. Thus v(A?) = v(A) + nv¢ for all active ¢ < 1 by [ADH, 11.1.11(i)].
Using (3.1.1) we therefore obtain for active ¢ < 1:

0(A?) = a,¢"[ang" = v(A)p" " < 4" < 4.
Take x € K* withx # 1 andx’ =< 1;then x > 1, so x~! =< xT < 1 is active. Hence for

active ¢ < x~! we have ¢ <':b 1 and thus v(A?) {’75 1. ]
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Corollary 3.1.22. The following conditions on K are equivalent:
(1) K is A-free;
(ii) nwt(B) < 1 for all B € K[d] (so (B?) <Z 1 eventually);
(iii) nwt(B) < 1 for all B € K[9] of order 2.

Proof. The implication (i) = (ii) follows from [ADH, 13.7.10] and Lemma 3.1.21,
and (ii) = (iii) is clear. Suppose K is not A-free. Take A € K such that ¢* + A < ¢ for
all active ¢ (see [ADH, 11.6.1]); set B := (9 + A)d = 9> + Ad. Then for active ¢ we
have B? = ¢*(8* + (¢ + M)¢~18), so dwt(B?) = 2. Thus (iii) = (i). n

Lemma 3.1.20 leads to an “eventual” version of Corollary 3.1.14:

Lemma 3.1.23. Suppose K is A-free and B € K 0] satisfies order(B) < r and B < (v)
v+ A, where v := v(A) <" 1. Then &*(A + B) = &€(A).

Proof. By [ADH, 10.1.3, 11.7.18] and Corollary 1.7.10 we can pass to an extension
to arrange that K is ®-free. Next, by [ADH, 11.7.23] and (7) (see p. 20) we extend
further to arrange that K is algebraically closed and newtonian, and thus d-valued
by Lemma 1.2.9. Then &¢(A) = v(ker” A) by Proposition 1.4.2, and A splits over K
by (8). It remains to show that &(A) C &°(A + B): the reverse inclusion then follows
by interchanging A and A + B, usingv(A) ~v(A + B).Lety € &°(A). Taken € ker” A
with ot = 9. Then A € K[9](d — n') by [ADH, 5.1.21] and so n" < v~!, by [ADH,
5.1.22] and Corollary 3.1.6. Now &¢(A) C &(A), so y = vn € &(A + B) by Corol-
lary 3.1.14. Let ¢ < 1 be active; it remains to show that y € &((A + B)?). By Lem-
ma 3.1.20, A? =A(p) A; also B? < Bby [ADH, 11.1.4]. Lemma 3.1.20 gives o =A(v)
p(A?), hence B? <a(y) 0(A?) "1 A%, Thus with K?, A%, B¢ in the role of K, A, B, the
above argument leading to y € &(A + B) givesy € E(A? + B?) =&((A+ B)?). =

For r = 1 we can weaken the hypothesis of A-freeness:

Corollary 3.1.24. Suppose K has asymptotic integration, r = 1, and B € K[d] of
order < 1 satisfies B <(y) V*A, where v := v(A) <" 1. Then &°(A + B) = &°(A).

Proof. Using Lemma 1.2.10 we first replace K by an immediate extension to ar-
range I(K) C K'. Then &°(A) = v(ker” A) by Lemma 1.4.9. Now argue as in the
proof of Lemma 3.1.23. ]

In the next proposition and its corollary K is d-valued with algebraically closed con-
stant field C and divisible group K' of logarithmic derivatives. We choose a comple-
ment A of the Q-linear subspace K™ of K. Then we have the set &*(A) of ultimate
exceptional values of A with respect to A. The following stability result will be crucial
in Section 4.4:



122 Normalizing Holes and Slots

Proposition 3.1.25. Suppose K is o-free, I(K) C KT, and B € K[9] of order < r
satisfies B <a(v) "1 A, where v := v(A) <P 1. Then &“(A + B) = €“(A).

Proof. Let Q be the differential fraction field of the universal exponential extension
U=K [e( A)] of K from Section 2.2. Equip Q with a spectral extension of the valuation
of K; see Section 2.5. Apply Lemma 3.1.23 to Q in place of K to get (A + B) =
&5 (A). Hence &"(A + B) = &"(A) by (2.5.3). ]

In a similar manner we obtain an analogue of Corollary 3.1.24:

Corollary 3.1.26 (*). Suppose K has asymptotic integration, I(K) C K', and r = 1.
Let B € K[9] be such that order(B) < 1 and B <x(y) v2A, where v := v(A) <" 1.
Then &"(A + B) = &“(A).

Proof. Let Q be as in the proof of Proposition 3.1.25. Then Q is ungrounded by
Lemma 2.5.3, hence |&5(A)| < 1 and v(ker], A) C &5(A) by [ADH, p. 481]. We
have dim¢ kerg A = 1, so v(ker?2 A) = &G (A). The proof of Lemma 3.1.23 with Q in
place of K now gives (A + B) = 3(A), so &"(A + B) = &"(A) by (2.5.3). ]

In the “real” case we have the following variant of Proposition 3.1.25:

Proposition 3.1.27. Suppose K = H[i], i*> = —1, where H is a real closed H-field with
asymptotic integration such that H' = H and 1(H)i C K. Let B € K[9] of order < r be
suchthat B <a(v) "' Awithv :=v(A) <° 1. Let A be a complement of the subspace K
of the Q-linear space K. Then (A + B) = &“(A), where the ultimate exceptional
values are with respect to A.

Proof. Take an H-closed extension F of H with Cr = Cy as in Corollary 2.5.18. Then
the algebraically closed d-valued H-asymptotic extension L := F[i] of K is w-free,
Cr.=C,I(L)C LY, andLT NnK = K. Take acomplement Ay 2 A of the subspace LY of
the Q-linear space L. Let Uy = L [e(AL)] be the universal exponential extension of L
from Section 2.2; it has the universal exponential extension U := K [e(A)] of K as a
differential subring. Let Q, Q1 be the differential fraction fields of U, U, respectively,
and equip €, with a spectral extension of the valuation of L; the restriction of this
valuation to Q is a spectral extension of the valuation of K (see remarks preceding Lem-
ma 2.5.16). Lemma 3.1.23 applied to Qp in place of K yields %BL (A+B) = %SL (A),
hence &;,(A + B) = &€;(A) by Lemma 2.5.16 and thus &"(A + B) = &"(A). ]

The span of the linear part of a differential polynomial

In this subsection P € K{Y}* has order r. Recall that the linear part of P is the dif-
ferential operator
opP .
Lp = Z v (02" € K[]

n
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of order< r. Wehave Lp, = Lpm [ADH, p. 242]; henceitems 3.1.9,3.1.10and 3.1.12
above yield information about the span of Lp,, (provided Lp # 0). We now want to
similarly investigate the span of the linear part

P
Lo, = Y (@)

gy (n)

of the additive conjugate P, of P by some a < 1. In the next two lemmas we assume
order(Lp) = r (in particular, Lp # 0), o(Lp) < 1,and a < 1, we set

L:=Lp, L= me, D= D(L),

and set L, aY 98-(0) and L} := aY OP-(a),so L =Y, L,d", L* = %, L}:3". We
recall from [ADH 4.2] the decomposition of P into homogeneous parts: P = 3 ; P4
where Py = Yjj1=q PiY"; we set P>y := X451 Pa.
Lemma 3.1.28. Suppose P <a(y) VP1 andn < r. Then

(i) LY ~a(w) Ly, and thus order(L*) = order(L) = r;

(ii) if Ly =a(v) L, then L}, ~a(y) L, and so v(Ly;) = v(Ly);

(iii) if Ly <a(v) L. then L}, <a(v) L, and so v(L};) > v(L).
In particular, L* ~pq)y L, dwt LY = dwt L, and 0(L*) ~p(y) 0.

Proof. Take O, R € K{Y'} with degym Q <Oand R € Y™ K{Y}, such that
opP _ OR

- (n) — (n)

O+ (L,+R)Y", SO 7 E)Y(")Y + L, +R.
Now R <a(v) DP1, S0 =20 a — L, <A(p) P1. In K[0] we thus have
Lt —L, = Y(") (a) = Lp <a@) YL < L,.

So L} — L, <a(w) L and (taking r = n) L} — L, <a(v) L. This yields (i)—(iii). [

Lemma 3.1.29. Suppose Ps1 <a(v) v+ Py and let A, B € K[9] be such that L =
A+ B, B <a(v) V" L. Then

L* = A+B* where B* € K[d], B <a() v"'L*.
In particular, L — L* < (v) "L,

Proof. LetA,,B, € Kbesuchthat A=} ,A,0"and B=), B,d",s0L, = A, + B,.
Letany n (possibly > r) be given and take O, R € K{Y } as in the proof of Lemma 3.1.28.
Then R <a(v) 9™ P. Since B <a(y) 01 L, this yields

oP OR

Sy~ A = oo )Y(")+B +R <a@w) 0P
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We have L = 222 (q), so

~ arm
opP |
L:; -A, = 37 (a) = An <A@ v L.
By Lemma 3.1.28 we have LY ~4(y) L, hence BY = L™ — A <p(y) 0™FIL*. [

3.2 Holes and Slots

Throughout this section K is an H-asymptotic field with small derivation and with
rational asymptotic integration. We set T' := v(K*). So K is pre-d-valued, T # {0}
has no least positive element, and ¥ N I"~ # 0. We also let a, b, f, g range over K,
and ¢, m, n, v, w (possibly decorated) over K*. As at the end of the previous section
we shorten “active in K™ to “active”.

Holes

A hole in K is a triple (P, m, @) where P € K{Y} \ K and @ is an element of K \ K, for
some immediate asymptotic extension K of K, such that 7 < m and P(a) = 0. (The
extension K may vary with a.) The order, degree, and complexity of a hole (P, m,a)
in K are defined as the order, (total) degree, and complexity, respectively, of the dif-
ferential polynomial P. A hole (P, m,a) in K is called minimal if no hole in K has
smaller complexity; then P is a minimal annihilator of @ over K.

If (P,m,a) is ahole in K, then & is a K-external zero of P, in the sense of Section 1.7.
Conversely, every K-external zero a of a differential polynomial P € K{Y}* gives for
every m > a a hole (P, m,a) in K. By Proposition 1.7.35 and Corollary 1.7.41:

Lemma 3.2.1. Let r € N!, and suppose K is h-free. Then

K is o-free and r-newtonian &= K has no hole of order < r.

Thus for m-free K, being newtonian is equivalent to having no holes. Recall that K
being henselian is equivalent to K having no proper immediate algebraic valued field
extension, and hence to K having no hole of order 0.

Minimal holes are like the “minimal counterexamples” in certain combinatorial set-
tings, and we need to understand such holes in a rather detailed way for later use in
inductive arguments. Below we also consider the more general notion of Z-minimal
hole, which has an important role to play as well. We recall that Z(K, @) is the set of
all Q € K{Y'}* that vanish at (K, @) as defined in [ADH, 11.4].

Lemma3.2.2. Let (P,m,a)beaholein K. Then P € Z(K,a). If (P,m,a) is minimal,
then P is an element of minimal complexity of Z(K, @).



Holes and Slots 125

Proof. Leta, v witha —a < v. Since @ ¢ K lies in an immediate extension of K we can
take n withn <@ — a. By [ADH, 11.2.1] we then have ndeg _, P+, > ndeg P4 xn > 1,
and hence P € Z(K, a). Suppose P is not of minimal complexity in Z(K, @), and
take Q € Z(K,a) of minimal complex1ty Then [ADH, 11.4.8] yields a K-external
zero b of Q.Anyn > b gives ahole (Q,n, b) in K of smaller complexity than (P, m, ).
[

In connection with the next result, note that K being 0-newtonian just means that K is
henselian as a valued field.

Corollary 3.2.3. Suppose K is A-free and has a minimal hole of order r > 1. Then K
is (r — 1)-newtonian, and ®-free if r >

Proof. Thisis clear for » = 1 (and doesn’t need A-freeness), and for r > 2 follows from
Lemma 3.2.1. [

Corollary 3.2.4. Suppose K is ®-free and has a minimal hole of order r > 2. Assume
also that C is algebraically closed and T is divisible. Then K is d-valued, r-linearly
closed, and r-linearly newtonian.

Proof. This follows from Lemma 1.2.9, Corollary 1.7.42, and Corollary 3.2.3. |

Here is a linear version of Lemma 3.2.1:

Lemma 3.2.5. If K is A-free, then
K is 1-linearly newtonian <= K has no hole of degree 1 and order 1.
Ifr € N®! and K is -free, then
K is r-linearly newtonian <= K has no hole of degree 1 and order < r.

Proof. The first statement follows from Lemma 1.7.33, and the second statement from
Lemma 1.7.34. [

Corollary 3.2.6. If K is W-free and has a minimal hole in K of order r and degree > 1,
then K is r-linearly newtonian.

Lemma 3.2.7. Suppose K has a hole (P, m,a) of degree 1, and Lp € K[0]|* splits
over K. Then K has a hole of complexity (1,1, 1).

Proof. Let (P,m,a) as in the hypothesis have minimal order. We have order P > 1,
and thus order P = order Lp. Take A, B € K[d] with order A = 1 and Lp = AB.
If order B = 0, then (P, m, a) has complexity (1, 1,1). Assume order B > 1. We
then have B(a) ¢ K: otherwise, taking Q € K{Y} of degree 1 such that Lo = B
and Q(0) = —B(a) yields ahole (Q, m,a) in K where deg Q = 1 and L splits over K,
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and (Q, m, @) has smaller order than (P, m,a). Set b := B(@) and take R € K{Y} of
degree 1 with Lg = A and R(0) = P(0). Then

R(b) = R(0)+Lg(h) = P(0)+Lp(@) = P(@) = 0,
hence for any nn > B, (R, m, E) is a hole in K of complexity (1, 1, 1). [ ]

Corollary 3.2.8. Suppose K is w-free, C is algebraically closed, and T is divisible.
Then every minimal hole in K of degree 1 has order 1. If in addition K is 1-linearly
newtonian, then every minimal hole in K has degree > 1.

Proof. The first statement follows from Corollary 3.2.4 and the preceding lemma. For
the second statement, use the first and Lemma 3.2.5. [

Let (P, m,a) beahole in K. We say (P, m, a) is Z-minimal if P has minimal complex-
ity in Z(K, a). Thus if (P, m, &) is minimal, then it is Z-minimal by Lemma 3.2.2.
If (P, m,a) is Z-minimal, then by [ADH, remarks following 11.4.3], the differen-
tial polynomial P is a minimal annihilator of @ over K. Note also that ndeg Py, > 1
by [ADH, 11.2.1]. In more detail:

Lemma 3.2.9. Let (P, m,a) be a hole in K. Then for alln witha < 1t < m,
1 < dmul Pxy < ddeg Pxn < ddeg Pum.
In particular, ddeg_,, P > 1.

Proof. Assume @ <1 < m. Then @ = nb with b < 1; put Q := Py, € K{Y}*. We
have Q(b) = 0, hence D (0) = 0 and so dmul Q = dmul Py, > 1. The rest follows
from [ADH, 6.6.5(ii), 6.6.7, 6.6.9] and I'> having no least element. [ ]

In the next lemma, (A,), (w,) are pc-sequences in K as in [ADH, 11.5, 11.7].

Lemma 3.2.10. Suppose K is A-free and ® € K is such that ®, ~> ® (so K is not
o-free). Then we have a hole (P, m,\) in K where P = 2Y’ +Y? + ® and Ay~ A,
and each such hole in K is a Z-minimal hole in K.

Proof. From [ADH, 11.7.13] we obtain A in an immediate asymptotic extension of K
such that A, ~» A and P(A) = 0. Taking any m with A < m then yields a hole (P, m, )
in K with A, ~ A, and each such hole in K is a Z-minimal hole in K by [ADH, 11.4.13,
11.7.12]. .

Corollary 3.2.11. IfK is A-free but not ®-free, then each minimal hole in K of positive
order has complexity (1,1, 1) or complexity (1, 1,2). If K is a Liouville closed H-field
and not W-free, then (P, m, ) is aminimal hole of complexity (1,1,2), where ®, P, A, m
are as in Lemma 3.2.10.

Here the second part uses Corollary 1.7.29 and Lemma 3.2.5.
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Slots

In some arguments the notion of a hole in K turns out to be too stringent. Therefore
we introduce a more flexible version of it:

Definition 3.2.12. A slot in K is a triple (P, m,a) where P € K{Y} \ K and @ is an
element of K \ K, for some immediate asymptotic extension K of K, such that @ < m
and P € Z(K,a). The order, degree, and complexity of such a slot in K are defined to
be the order, degree, and complexity of the differential polynomial P, respectively. A
slotin K of degree 1 is also called a linear slotin K. A slot (P, m,a) in K is Z-minimal
if P is of minimal complexity among elements of Z(K, a).

Thus by Lemma 3.2.2, holes in K are slots in K, and a hole in K is Z-minimal iff it is
Z-minimal as a slot in K. From [ADH, 11.4.13] we obtain:

Corollary 3.2.13. Let (P, m,a) be a Z-minimal slot in K and (a,) be a divergent pc-
sequence in K such that a, ~> a. Then P is a minimal differential polynomial of (a,)
over K.

We call slots (P, m,a) and (Q, n, b) in K equivalentif P = Q, m =n,and v(a@ — a) =
v(b — a) for all a; note that then Z(K, @) = Z(K, b), so (P, m, @) is Z-minimal
iff (P, m, b) is Z-minimal. Clearly this is an equivalence relation on the class of slots
in K. The following lemma often allows us to pass from a Z-minimal slot to a Z-
minimal hole:

Lemma 3.2.14. Ler (P, m,a) be a Z-minimal slot in K. Then (P, m, a) is equivalent
to a Z-minimal hole in K.

Proof. By [ADH, 11.4.8] we obtain b in an immediate asymptotic extension of K
with P(b) =0andv(a — a) =v(b —a) forall a. In particular b ¢ K, b <m, so (P,m, )
is a hole in K equivalent to (P, m, a). n

By [ADH, 11.4.8] the extension below containing b is not required to be immediate:

Corollary 3.2.15. If (P, m,a) is a Z-minimal hole in K and b in an asymptotic
extension of K satisfies P(b) = 0 and v(a — a) = v(b — a) for all a, then there is
an isomorphism K{a) — K(b) of valued differential fields over K sending a to b.

In particular, equlvalent Z-minimal holes (P, m, a), (P, m, b) in K y1eld an isomor-
phism K(a) —» K (b) of valued differential fields over K sending a to b.

From Lemmas 3.2.1 and 3.2.14 we obtain:

Corollary 3.2.16. Let r € N*!, and suppose K is o-free. Then

K is r-newtonian <= K has no slot of order < r.
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Let (P,m,a) be aslotin K. Then (bP,m,a) for b # 01is a slot in K of the same com-
plexity as (P, m,a), and if (P, m,a) is Z-minimal, then so is (bP, m, a); likewise
with “hole in K in place of “slot in K. For active ¢ we have the compositional conju-
gate (P?, m,a) by ¢ of (P,m,a):itisaslotin K? of the same complexity as (P, m,a),
it is Z-minimal if (P, m, @) is, and it is a hole (minimal hole) in K¢ if (P, m,a) is a
hole (minimal hole, respectively) in K. If the slots (P, m, a), (Q,n, B) in K are equiv-
alent, then so are (bP,m,a), (bQ,n, Z) for b # 0, as well as the slots (P?, m, a),
(0%, n,b) in K? for active ¢.

Refinements and multiplicative conjugates

In the rest of this section r ranges over natural numbers > 1 and (P, m, a) denotes a
slotin K of order r, so P & K[Y] has order r. We set w := wt(P), sow > r > 1. Thus
by [ADH, 4.3.2, 5.7.5]:

Wt(Prq) = Wt(Pyy) = wt(P?) = w.

For a, n such that @ — a < 1 < m we obtain a slot (P,4, 1, a — a) in K of the same
complexity as (P, m,a) [ADH, 4.3, 11.4]. Slots of this form are said to refine (P, m,a)
and are called refinements of (P, m, a). A refinement of a refinement of (P, m, a) is
itself a refinement of (P, m, a). If (P, m, a) is Z-minimal, then so is any refinement
of (P,m,a).If (P,m,a) is ahole in K, then so is each of its refinements, and likewise
with “minimal hole” in place of “hole”. For active ¢, (P14, 1, a — a) refines (P, m,a)
iff (Pfa, n,a — a) refines (P?, m,a). If (P,m,a) and (P, m,z;) are equivalent slots
in K and (P,4,1,d — a) refines (P, m, a), then (P, nb— a) refines (P, m,E), and
the slots (Pyg,m,a — a), (Pyq, M, = a) in K are equivalent. Conversely, if (P, m,a)
and (P, m, Z) are slots in K with equivalent refinements, then (P, m,a) and (P, m, E)
are equivalent.

Lemma 3.2.17. Let (Pyg,n,a — a) be a slot in K. Then (Pyq, M, a — a) refines the
slot (P,m, @), or (P,m,a) refines (Pyq,M,d — a).

Proof. If n < m, thena —a < n < m, so (Pyy, ,a — a) refines (P, m,a), whereas
ifm<mn,then (@—a) - (-a) =a <m< n,so

(Ps m’a) = ((P+a)+(—a)’ m, (Zl\_ a) - (_a))
refines (Pyq,n,a — a). n

Lemma 3.2.18. Let Q € K{Y}* be such that Q ¢ Z(K, ). Then there is a refine-
ment (Pygq,m,a — a) of (P,m,a) such that ndeg Q14 xn =0anda —a < n < a.

Proof. Take b, v such that @ — b < v and ndeg_, O+, = 0. We shall find an a such
thatndeg_, Q.+, =0,a—a< a,anda—a <v:ifa—-b < a,wetakea :=b;ifa - b > a,



Holes and Slots 129

then —b ~ a — b and so ndeg_, O = ndeg_, O+, = 0 by [ADH, 11.2.7], hence a := 0
works. We next arrange a —a < a:if a — a < a, take a witha —a; < a,soa —a; < 0,
hence ndeg_, QO+, = ndeg_, O+, = 0, and thus a can be replaced by a;. Since I'~
has no least element, we can choose 1 witha —a < n < @, v, and then (Pyy,n,a — a)
refines (P, m,a) as desired. m

If (Pyq, m,a — a) refines (P, m,a), then Dp,, . = Dp, i sapm = D Py by [ADH,
6.6.5(iii)], and thus

ddeg Pi4 xm = ddeg Pxm, dmul Piy wm = dmul Pyy.

In combination with Lemma 3.2.9 this has some useful consequences:

Corollary 3.2.19. Suppose (P, m, a) is a hole in K such that ddeg Py, = 1. Then
we have ddeg_,, P = 1, and for all n with a@ < n < m, (P, n, a) refines (P, m,a)
with ddeg Pxy = dmul Py, = 1.

Corollary 3.2.20. Suppose (P.q,1,a — a) refines the hole (P,m,a) in K. Then
ddeg Pym = 1 = ddegPigxn = dmulPiy xn = 1.
Proof. Use
1 < dmul Piy xn < ddeg Py xn < ddeg Pyg xm = ddeg Pym,
where the first inequality follows from Lemma 3.2.9 applied to (Py4,,a —a). =
If (P1q, m,a — a) refines (P, m, a), then in analogy with ddeg and dmul,
ndeg Py xm = ndeg Py, nmul P,y xm = nmul Py,

(Use compositional conjugation by active ¢.) Lemma 3.2.9 goes through for slots,
provided we use ndeg and nmul instead of ddeg and dmul:

Lemma 3.2.21. Suppose a < n < m. Then
1 < nmul Py, < ndeg Py, < ndeg Pxmn.

Proof. By [ADH, 11.2.3(iii), 11.2.5] it is enough to show nmul Py, > 1. Replac-
ing (P, m, a) by its refinement (P, n,a) we arrange m = 1. Now '~ has no smallest
element, so by definition of Z(K, @) and [ADH, p. 483] we have

1 < ndeg,,, P = max {nmul Py, : v < m}.

Thus by [ADH, 11.2.5] we can take » with @ < v < m with nmul Py, > 1, there-
fore nmul Py, > 1, again by [ADH, 11.2.5]. ]
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Lemma 3.2.21 yields results analogous to Corollaries 3.2.19 and 3.2.20 above:

Corollary 3.2.22. If ndeg Pxy = 1, then for all n with @ < n < m, (P,n,a) re-
fines (P, m,a) and ndeg Py, = nmul Py, = 1.

Corollary 3.2.23. If (P44, 1, a — a) refines (P, m,a), then
ndeg Pxm = 1 = ndegPigxn = nmulPiy xn = 1.

Any triple (Pxy, m/1,a/n) is also a slot in K, with the same complexity as (P, m,a);
it is called the multiplicative conjugate of (P, m,a) by n. If (P, m, @) is Z-minimal,
then so is any multiplicative conjugate. If (P, m, @) is a hole in K, then so is any
multiplicative conjugate; likewise with “minimal hole” in place of “hole”. If two slots
in K are equivalent, then so are their multiplicative conjugates by 1.

Refinements and multiplicative conjugates interact in the following way: Suppose
the slot (P4, 1, a — a) refines (P, m, a). Multiplicative conjugation (P4, M, d — a)
in K by v then results in the slot (P44 xv, /0, (@ — a)/v) in K. On the other hand,
first taking the multiplicative conjugate (Pxy, 11/, a/v) of (P, m,a) by v and then
refining to (Pxy,+a/v, /0, a/0 — a/v) results in the same slot in K, thanks to the iden-
tity Pig xo = P><n,+a/n-

Quasilinear slots

Note that ndeg Py, > 1 by Lemma 3.2.21. We call (P, m, a) quasilinear if Py
is quasilinear, that is, ndeg Py, = 1. If (P, m, @) is quasilinear, then so is any slot
in K equivalent to (P, m,a), any multiplicative conjugate of (P, m, a), as well as any
refinement of (P, m, @), by Corollary 3.2.23. If (P, m, @) is linear, then it is quasilinear
by Lemma 3.2.21.

Let (a,) be a divergent pc-sequence in K with a, ~ @ and for each index p, let p + 1
be the immediate successor of p in the well-ordered index set, and let m, € K> be
such that m, < @ — a,,. Take an index po such that m, < m, < mforall o > p > py,
cf. [ADH, 2.2].
Lemma 3.2.24. Let 0 > p > po. Then

() (PiayysMp, a — apy1) is a refinement of (P, m,a);

(i) if (P4a.n,a — a) is a refinement of (P, m, a), then m,, < nt for all sufficiently

large p, and for such p, (P+q,,,» Mp, a— apy1) refines (Pyg,n,a — a);

(]11) (P+aa-+1 , Mo, a_ a0'+1) reﬁn€s (P+ap+1 s mp, ZZ\_ ap+1)'
Proof. Part (i) follows from @ — a,41 < My < M, < m. For (ii) let (Pig, 1, a — a)
be a refinement of (P, m,a). Since @ — a < 1, we have m, < n for all sufficiently



Holes and Slots 131

large p. For such p, with b := a,,| — a we have
(P+ap+1s mpyzi_ ap+1) = ((P+a)+b7 mpa (Zi_ Cl) - b)

and
(@—a)—b = a—aps < My < My < M.

Hence (P+q,,,Mp,a@ — ap+1) refines (P4, 1, a — a). Part (iii) follows from (i) and (ii).
[

Leta = ck(a,) be the cut defined by (a,,) in K and ndeg, P be the Newton degree of P
in a as introduced in [ADH, 11.2], so ndeg, P is the eventual value of ndeg P4, xm,-
Increasing po we arrange that additionally for all p > po we have ndeg P4, xm, =
ndeg, P.

Corollary 3.2.25. (P, m,a) has a quasilinear refinement iff ndeg, P = 1.

Proof. By Lemma 3.2.21 and [ADH, 11.2.8] we have
3.2.1D) 1 < ndeg Piq,, ,xm, =ndeg Piq, xm,,-

Thus if ndeg, P = 1, then for p > po, the refinement (P, ,, My, @ — ap41) of (P, m, @)
is quasilinear. Conversely, if (P4, 1, a — a) is a quasilinear refinement of (P, m,a),
then Lemma 3.2.24(ii) yields a p > po with m,, < n, and then (P+,,,, My, @ — Ap+1)
refines (P44, M, a — a) and hence is also quasilinear, so ndeg, P = ndeg P+, Xy, = 1
by (3.2.1). [ ]

Lemma 3.2.26. Assume K is d-valued and m-free, and U is divisible. Then every Z-
minimal slot in K of positive order has a quasilinear refinement.

Proof. Suppose (P, m,a) is Z-minimal. Take a divergent pc-sequence (a,) in K
such that a, ~ a. Then P is a minimal differential polynomial of (a,) over K, by
Corollary 3.2.13. Hence ndeg, P = 1 by [ADH, 14.5.1], where a := ck(a,). Now
Corollary 3.2.25 gives a quasilinear refinement of (P, m,a). ]

Remark. Suppose K is a real closed H-field that is A-free but not ®-free. (For exam-
ple, the real closure of the H-field R(®) from [ADH, 13.9.1] satisfies these conditions,
by [ADH, 11.6.8, 11.7.23, 13.9.1].) Take (P, m, A) as in Lemma 3.2.10. Then by
Corollary 3.2.25 and [ADH, 11.7.9], (P, m, A) has no quasilinear refinement. Thus
Lemma 3.2.26 fails if “o-free” is replaced by “A-free”.

Lemma 3.2.27. Let L be an r-newtonian H-asymptotic extension of K such that I'*
is cofinal in T's, and suppose (P, m, @) is quasilinear. Then P(b) = 0 and b < m for
some b € L.
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Proof. Lemma 3.2.21 and ndeg Py = 1 gives n < m with ndeg,,, P = 1. By [ADH,
p- 480], ndeg Py does not change in passing from K to L. As L is r-newtonian this
yields b < nin L with P(b) = 0. ]

Corollary 3.2.28. Let K be d-valued and ®-free, and L a newtonian H- asymptonc
extension of K. If (P, m, @) is quasilinear, then P(b) =0,b < m for some bel.

Proof. By [25, Theorem B], K has a newtonization K* inside L. Such K* is d-algebraic
over K by (7) (see p. 20), so I'= is cofinal in 'z by Theorem 1.3.1. Thus we can apply
Lemma 3.2.27 to K* in the role of L. ]

Here is a variant of Lemma 3.2.14:

Corollary 3.2.29. Let K be d-valued and w-free, and L a newtonian H-asymptotic
extension of K. Suppose T is divisible and (P, m, @) is Z-minimal. Then there is bel
such that K (5} is an immediate extension of K and (P, m, Z) is a hole in K equiv-
alent to (P, m, a). (Thus if (P, m,a) is also a hole in K, then there is an embed-
ding K{a) — L of valued differential fields over K.)

Proof. By Lemma 3.2.26 we may refine (P, m, a) to arrange that (P, m, @) is quasi-
linear. Then [ADH, 11.4.8] gives b in an immediate H-asymptotic extension of K
with P(b) = 0and v(@ — a) = v(b — a) for all a. So (P, m, b) is a hole in K equivalent
to (P, m,a). The immediate d-algebraic extension K (b) of K is o-free by Theo-
rem 1.3.1. Then (7) gives a newtonian d-algebraic immediate extension M of K (E)
and thus of K. Then M is a newtonization of K by [ADH, 14.5.4] and thus embeds
over K into L. The rest follows from Corollary 3.2.15. |

Remark. Lemma 3.2.26 and Corollary 3.2.29 go through with the hypothesis “T" is
divisible” replaced by “K is henselian”. The proofs are the same, using [25, 3.3] in
place of [ADH, 14.5.1] in the proof of Lemma 3.2.26, and [25, 3.5] in place of [ADH,
14.5.4] in the proof of Corollary 3.2.29.

For r = 1 we can weaken the hypothesis of ®-freeness in Corollary 3.2.29:

Corollary 3.2.30 (*). Suppose K is A-free and T is divisible, and (P, m,a) is Z-
minimal of order r = 1 with a quasilinear refinement. Let L be a newtonian H-asymp-
totic extension of K. Then there exists b € L such that K (B) is an immediate extension
of K and (P, m, b) is a hole in K equivalent to (P, m,a). (So if (P, m,a) is also a
hole in K, then we have an embedding K{a) — L of valued differential fields over K.)

Proof. Take adivergent pc-sequence (a,,) in K with a, ~> a. Thenndeg, P = 1 fora :=
ck (ap), by Corollary 3.2.25, and P is a minimal differential polynomial of (a,) over K,
by [ADH, 11.4.13]. The equality ndeg, P = 1 remains valid when passing from K, a
to L, ¢z (a,), respectively, by Lemma 1.7.8. Hence [ADH, 14.1.10] yields b e Lsuch
that P(Z) =0anda, ~ b, 0 v(@—a)= v(z —a) for all a. Then K(Z) is an immediate
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extension of K by [ADH, 9.7.6], so (P, m, E) is a hole in K equivalent to (P, m, a).
For the rest use Corollary 3.2.15. ]

The linear part of a slot

We define the linear part of (P, m, a) to be the linear part Lp_, € K[0] of Pym. We
recall: order(P) = r. By [ADH, p. 242] and (1) (cf. p. 13),

~ OPym

Lp,, = Lpm = Zo 20
n=

(0)9" = mSp(0)9” + lower order terms in .

The slot (P, m, a) has the same linear part as each of its multiplicative conjugates.
The linear part of a refinement (P,,,n,a — a) of (P, m,a) is given by

_ _ a a n (n-m) oP m
Lpovon = Leot = ) (Z (m)“ oy @2

m=0 \n=m

nSp(a)d” + lower order terms in 0.

(See [ADH, (5.1.1)].) By [ADH, 5.7.5] we have (P?)4 = (P4)? for d € N; in particu-
lar Lpy = (Lp)? and so order(L ps) = order(Lp). A particularly favorable situation
occurs when Lp splits over a given differential field extension E of K (which includes
requiring Lp # 0). Typically, E is an algebraic closure of K. In any case, Lp splits
over E iff Lp,, splits over E, iff Lpy splits over E?. Thus:

Lemma 3.2.31. Suppose deg P = 1 and Lp splits over E. Then the linear part of
any refinement of (P, m,a) and any multiplicative conjugate of (P, m,a) also splits
over E, and any compositional conjugate of (P, m, @) by an active ¢ splits over E?.

Leti = (i, ...,i,) range over N7 Asin [ADH, 4.2] we set
p@ . olilp
Puy = — where P®) = —— —
i! ooy ... 9iry ()
If |i| =ip+---+i, > 1, then c(P)) < c(P). Note that for i = (0,...,0,1) we
have P;) = Sp # 0, since order P = r. We now aim for Corollary 3.2.34.

Lemma 3.2.32. Suppose that (P, m, @) is Z-minimal. Then (P, m,a) has a refine-
ment (P.q,m,a — a) such that for all i with |i| > 1 and Py # 0,

ndeg (P(;))+a,xn = 0.

Proof. Let i range over the (finitely many) elements of N'*" with || > 1 and Py #0.
Each differential polynomial P ;) has smaller complexity than P, thus P ¢ Z(K,a).
We have Q :=[]; P;) ¢ Z(K,a) by [ADH, 11.4.4], so Lemma 3.2.18 gives a refine-
ment (Pyq,1,a — a) of (P, m,a) with ndeg Q4 xn = 0. Then ndeg (P;))+a,xn =0
for all i, by [ADH, remarks before 11.2.6]. [
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From [ADH, (4.3.3)] we recall that (P))+a = (P1a) (). Also recall that (P.,); =
P ;) (a) by Taylor expansion. In particular, if P(;) = 0, then (P,,); = 0.

Lemma 3.2.33. Suppose (P4, n,a — a) refines (P, m,a) and i is such that |i| > 1,
Py # 0, and ndeg (P (;))xm = 0. Then

ndeg (P(i))+a,><n =0, (Pig)i ~ Pj.
Proof. Using [ADH, 11.2.4, 11.2.3(iii), 11.2.5] we get
ndeg (Pi))+a,xn = ndeg (P))iaxn < ndeg (P(i))igxm = ndeg (Pg))xm = 0,

so ndeg (P(j))+a,xn = 0. Thus Py ¢ Z(K, a), hence (P4q);i = Pyy(a) ~ Py)(a)
by [ADH, 11.4.3]; applying this to a = 0, n = m yields P; = P;)(0) ~ Py (a). m

Combining Lemmas 3.2.32 and 3.2.33 gives:

Corollary 3.2.34. Each Z-minimal slot in K of order r has a refinement (P, m,a) such
that for all refinements (P.q,m,a — a) of (P,m,a) and all i with |i| > 1 and P(;) # 0
we have (Pyq4); ~ P; (and thus order Lp,, = order Lp =r).

Here the condition “of order ”” may seem irrelevant, but is forced on us because refine-
ments preserve order and by our convention that P has order r.

Special slots

The slot (P, m, a) in K is said to be special if a/m is special over K in the sense of
Section 1.5: some nontrivial convex subgroup A of I" is cofinal in v(% -K).If (P,m,a)
is special, then so are (bP, m, a) for b # 0, any multiplicative conjugate of (P, m,a),
any compositional conjugate of (P, m, a), and any slot in K equivalent to (P, m,a).
Also, by Lemma 1.5.1:

Lemma 3.2.35. If (P, m,a) is special, then so is any refinement.
Here is our main source of special slots:

Lemma 3.2.36. Let K be r-linearly newtonian, and ®-free if r > 1. Suppose (P, m,a)
is quasilinear, and Z-minimal or a hole in K. Then (P, m, a) is special.

Proof. Use Lemma 3.2.14 to arrange (P, m, a) is a hole in K. Next arrange m = 1 by
replacing (P, m,a) with (Pxmy, 1,a/m). So ndeg P = 1, hence a is special over K by
Proposition 1.5.12 (if r > 1) and 1.5.18 (if r = 1). ]

Next an approximation result that will be needed in [7]:

Lemma 3.2.37. Supposem =1, (P,1,a) is special and Z-minimal, anda —a < n < 1
for some a. Then @ — b < w™*! for some b, and P(b) < wP for any such b.
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Proof. Using Lemma 3.2.14 we arrange P(a) =0.Now Q := 3 ;51 Pi) (@)Y e K{Y}
has order < r and mul(Q) > 1, and Taylor expansion yields, for all a:

P(a) = P@)+ Y Pu(@)(a-a) = Q(a-a).

|Z]>1

Since @ is special over K, we have b with @ — b < n"*!, and then by Lemma 1.1.10 we
have Q(b — a) < nQ < nP. [

3.3 The First Normalization Theorems

Throughout this section K is an H-asymptotic field with small derivation and with
rational asymptotic integration. We set I" := v(K*). The notational conventions intro-
duced in the last section remain in force: a, b, f, g range over K; ¢, m, 1, v, w over K*.
As at the end of Section 3.1 we shall frequently use for » < 1 the coarsening of v by
the convex subgroup A(v) = {y el: y= o(vn)} of I'.

We fix a slot (P, m,a) in K of order r > 1, and set w := wt(P) (sow > r > 1).In
the next subsections we introduce various conditions on (P, m, a). These conditions
will be shown to be related as follows:

strictly normal === normal =——= steep

L

quasilinear <= deep

Thus “deep + strictly normal” yields the rest. The main results of this section are
Theorem 3.3.33 and its variants 3.3.34, 3.3.36, and 3.3.48.

Steep and deep slots
In this subsection, if order(Lp,, ) = r, then we set
v := o(Lp,,).
The slot (P, m,a) in K is said to be steep if order(Lp,, ) = r and v <P 1. Thus
(P,m,a)is steep &= (Pxn,m/n,a/n)issteep < (bP,m,a) is steep

for b # 0. If (P, m,a@) is steep, then so is any slot in K equivalent to (P, m, a).
If (P, m,a) is steep, then so is any slot (P?, m,a) in K? for active ¢ < 1, by Lem-
ma 3.1.20, and thus nwt(Lp, ) < r. Below we tacitly use that if (P, m, a) is steep,
then

n =7 © = [n] = [v], n<1, [n]=[v] = n <b 1.

Note also that if (P, m,a) is steep, then o' =A(v) 1 by [ADH, 9.2.10(iv)].
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Lemma 3.3.1. Suppose (P, m,a) is steep, a < n < m and [n/m] < [v]. Then
order(Lp, ) = r, v(Lp,,) =A@) D,
so (P,n,a) is a steep refinement of (P, m, a).
Proof. Replace (P, m, a),nby (Pxm., 1, a/m), n/m, respectively, to arrange m = 1.
Set L := Lpand L := Lp,, . Then L = Ln =<5, nL by [ADH, 6.1.3]. Hence
Zr = nL, < oL =xp() oL.
Since v(L)L = L, this gives o(L)L =A(v) oL, and thus v(L) =A(v) D- [
If (P, m,a) is steep and linear, then
Lp axn = LPinsiam = LPan>
so any refinement (P,,, m,a — a) of (P, m, a) is also steep and linear.

Lemma 3.3.2. Suppose order Lp_ = r. Then (P, m,a) has a refinement (P,n,a)
such thatnwt Lp, = 0, and (P?,n,a) is steep, eventually.

Proof. Replacing (P,m,a) by (Pxm, 1,a/m) we arrange m = 1. Take n; such that @ <
1 < 1. Then order (P} )xyn, = order P; = order Lp =r, and thus (P} )y, # 0.So [ADH,
11.3.6] applied to (P1)xn, in place of P yields annt with 1ty <1t < 1 and nwt (P1)xq =0,
sonwtLp = 0. Hence by Lemma 3.1.21, (P?,n,a) is steep, eventually. [ ]

Recall that the separant Sp = AP/AY ") of P has lower complexity than P. Below we
sometimes use the identity S0 = ¢" (S py)? from (1) on p. 13.

The slot (P, m, a) in K is said to be deep if it is steep and for all active ¢ < 1,
(D1) ddegS,¢ =0 (hencendegSp,, =0),and

(D2) ddeg P, =1 (hence ndeg Pxy = 1).

If deg P = 1, then (D1) is automatic, for all active ¢ < 1. If (P, m,a) is deep, then so
are (Pxn, m/n,a/n) and (bP, m,a) for b # 0, as well as every slot in K equivalent
to (P, m, a) and the slot (P?, m,a) in K¢ for active ¢ < 1. Every deep slot in K is
quasilinear, by (D2). If deg P = 1, then (P, m, @) is quasilinear iff (P?, m,a) is deep
for some active ¢ < 1. Moreover, if (P, m, a) is a deep hole in K, then dmulefm =1
for all active ¢ < 1, by (D2) and Lemma 3.2.9.

Example 3.3.3. Suppose P =Y’ +gY —uwhereg,uc Kandm=1,r=1.Set L :=
Lp=d+gandv:=v(L). Thenv=1ifg< 1,andv =1/gif g > 1. Thus

(P,1,@)issteep = g>"1 e g>1landg > 1.
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Note that (P, 1, a) is steep iff L is steep as defined in Section 1.4. Also,
(P,1,a)isdeep <= (P,1,a)issteepand g = u.

Hence if u = 0, then (P, 1,a) is deep iff it is steep.
Lemma 3.3.4. For steep (P, m, a), the following are equivalent:
(i) (P?,m,a) is deep, eventually;
(ii) ndegSp,, = 0andndeg Pxym = 1.
Note that if ddeg Sp,,, = 0 or ndeg Sp,, =0, then Sp,,, (0) # 0, soorder Lp,, =r.

Lemma 3.3.5. Suppose (Pyq,n,a — a) refines the hole (P,m,a) in K. Then:
(i) ddegSp,,, =0 = ddegSp,,,, =0;
(i) ddeg Pym =1 = ddeg Pig xn = 1;
(iii) ndegSp,,, =0 = Sp(a) ~ Sp(0).
Thus if (P, m,a) is deep and (P4, a — a) is steep, then (P14, M, a — a) is deep.

Proof. Suppose ddeg Sp,,, = 0. Then ddeg Sp, , ., = 0 follows from
ddeg Sp,,,, = ddeg(Sp)ia,xn and ddeg(Sp)xm = ddegSp,,
(consequences of (1) on p. 13), and
ddeg (Sp)+a,xn = ddeg (Sp)iaxn < ddeg(Sp)ia,xm = ddeg(Sp)xm

which holds by [ADH, 6.6.7]. This proves (i). Corollary 3.2.20 yields (ii), and (iii) is
contained in Lemma 3.2.33. ]

Lemmas 3.2.14 and 3.3.5 give:

Corollary 3.3.6. If the slot (P, m,a) in K is Z-minimal and deep, then each steep
refinement of (P, m, a) is deep.

Here is another sufficient condition on refinements of deep holes to remain deep:

Lemma 3.3.7. Suppose (P, m,a) is a deep hole in K, and (P.4, M, a — a) refines
(P,m,a) with [n/m] < [v]. Then (Pyq,n,a — a) is deep withv(Lp,, ) <A(v) D

Proof. From (P, m,a) we pass to (P+4, M, a — a) and then to (P4, M, a — a). We
first show that order Lp,,, ,,, = r and o(Lp,, ) ~ v, from which it follows that the
hole (P44, m,a — a) in K is steep, hence deep by Lemma 3.3.5. By Corollary 3.2.20,

dngP+a,><m = dmu1P+a’><m = 1,
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SO (Pia,xm)t ~ Pia,xm. Also
(me)l ~ Pyxm ~ me,+(a/m) = P+a,><m7

by [ADH, 4.5.1(1)], and thus (P+q.xm)1 ~ (Pxm)1. Now by (1) on p. 13 and Lem-
ma 3.3.5(iii),

SPrasm(0) = mSp(a) ~ mSp(0) = Sp,, (0),

S0 SP,qsm(0) ~ Sp,,, (0). This gives o(Lp,,, ) ~ D as promised.

Next, Lemma 3.3.1 applied to (P44, M, @ — a) in the role of (P, m,a) gives
that (P,q,1,a — a) is steep with o (Lp,,, ) <a(v) 0. Now Lemma 3.3.5 applied to the
holes (Py,,m,a — a) and (P4, n,a — a) inthe role of (P, m,a) and (Py,,n,a — a),
respectively, gives that (P.4, 1, @ — a) is deep. |

Lemmas 3.2.14 and 3.3.7 give a version for Z-minimal slots:

Corollary 3.3.8. Suppose (P, m,a) is Z-minimal and deep, and (P,4,n,a — a) re-
fines (P,m,a) with [n/m] < [v], where v := v(Lp,, ). Then (P14, n,a — a) is deep
with D(LP+a,><n) =A(v) D.

Next we turn to the task of turning Z-minimal slots into deep ones.

Lemma 3.3.9. Every quasilinear Z-minimal slot in K of order r has a refinement
(P, m,a) such that:

(i) ndeg (P))xm = 0 forall i with |i| > 1 and Py # 0;
(ii)) ndeg Pxym = nmul Py, = 1, and

(iii) nwt Lp,,, = 0.

Proof. By Corollary 3.2.22, any quasilinear (P, m, @) satisfies (ii). Any refinement of
aquasilinear (P, m, a) remains quasilinear, by Corollary 3.2.23. By Lemma 3.2.32 and
a subsequent remark any quasilinear Z-minimal slot in K of order r can be refined to
a quasilinear (P, m, a) that satisfies (i), and by Lemma 3.2.33, any further refinement
of such (P, m, a) continues to satisfy (i). Thus to prove the lemma, assume we are
given a quasilinear (P, m, @) satisfying (i); it is enough to show that then (P, m, @)
has a refinement (P, n, @) satisfying (iii) with n instead of m (and thus also (i) and (ii)
with 1t instead of m).

Take m with @ < m < m. Then (P7)1 # 0 by (ii), so [ADH, 11.3.6] applied
to (P1)yim in place of P yields an n with m < 1 < m and nwt (P1)x, = 0. Hence the
refinement (P, n,a) of (P, m,a) satisfies (iii) with 1t instead of m. n

Corollary 3.3.10. Every quasilinear Z-minimal slot in K of order r has a refine-
ment (P, m, a) such that nwt Lp_, = 0, and (P?, m,a) is deep, eventually.
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Proof. Given a quasilinear Z-minimal slot in K of order r, take a refinement (P, m,a)
asin Lemma 3.3.9. Then ndeg Sp,,, = 0 by (i) of that lemma, so order Lp,, = r by the
remark that precedes Lemma 3.3.5. Then (iii) of Lemma 3.3.9 and Lemma 3.1.21 give
that (P?, m,a) is steep, eventually. Using now ndeg Sp,,, = 0 and (ii) of Lemma 3.3.9
we obtain from Lemma 3.3.4 that (P?, m, @) is deep, eventually. ]

Lemma 3.2.26 and the previous lemma and its corollary now yield:

Lemma 3.3.11. Suppose K is d-valued and o-free, and T is divisible. Then every
Z-minimal slot in K of order r has a refinement (P, m, @) satisfying (i)—(iii) in Lem-
ma 3.3.9.

Corollary 3.3.12. Suppose K is d-valued and o-free, and T is divisible. Then every Z-
minimal slot in K of order r has a quasilinear refinement (P, m,a) withnwtLp_ =0,
and (P?,m,a) is deep, eventually.

Approximating Z-minimal slots

In this subsection we set, as before, v := v(Lp,, ), provided Lp,, has order r. The next
lemma is a key approximation result.

Lemma 3.3.13. Suppose (P, m,a) is Z-minimal and steep, and
ddeg Py = ndeg Pxm = 1, ddegSp, = 0.
Then there exists an a such that @ — a <a(y) M.

Proof. We canarrange m =1 and P < 1. Then ddeg P = 1 gives P; < 1,50 Sp(0) < ».
Take Q, Ry, ...,R, € K{Y} (n = 1) of order < r such that

P =0+ R]Y(V) 4o+ Rn(Y(r))n, Sp = Rj +-++ an(Y(r))n—I.
Then R;(0) = Sp(0) < v. As ddeg Sp = 0, this gives Sp ~ R; (0), hence
R:=P-0 ~R(O)Y" =0 <50 1 = P,

SO P ~p(y) Q. Thus Q # 0,and Q ¢ Z(K, a) because order Q < r. Now Lemma 3.2.18
gives a refinement (P4, ,a — a) of (P, 1,a) such that ndeg Q.4 xn =0and n < 1.
We claim that then @ — a <a(y) 1. (Establishing this claim finishes the proof.) Suppose
the claim is false. Then @ — a =) 1, 50 11 Xx(p) 1, hence Qa4 xn <a(w) Q4a < O
by [ADH, 4.5.1]. Likewise, R4 xn =<a(v) R. Using Pig xn = Ota,xn + Rya,xn We
get Qra xn ~A(v) Pra,xns 80 Q+ra,xn ~b Pia,xn- Thenndeg Qg4 xn =ndeg Piy sn = 1
by Lemma 1.7.2 and Corollary 3.2.23, a contradiction. |

Lemmas 3.2.9 and 3.3.13, and a remark following the definition of deep give:
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Corollary 3.3.14. If (P, m, a) is Z-minimal, steep, and linear, then there exists an a
such that @ — a <a(y) M.

Corollary 3.3.15. Suppose the slot (P, m, @) in K is Z-minimal, deep, and special.
Then for every n > 1 there is an a with a — a < v"'m.

Proof. We arrange m = 1 in the usual way. Let A be the convex subgroup of I" that is
cofinal in v(@ — K). Lemma 3.3.13 gives an element y € v(a — K) with y > §/m for
some m > 1. Hence v(a — K) contains for every n > 1 an element > nd. ]

Combining Lemma 3.2.36 with Corollary 3.3.15 yields:

Corollary 3.3.16. If K is r-linearly newtonian, ®-free if r > 1, and (P, m, @) is Z-
minimal and deep, then for all n > 1 there is an a such that @ — a < v"*m.

Normal slots

We say that our slot (P, m, a) in K, with linear part L, is normal if order L = r and,
with v := v(L) and w := wt(P),

(N1) 0<"1;

(N2)  (Pxm)s>1 <a() D (Pxm)1.

Note that then v < 1, dwt(L) < r, (P, m, a) is steep, and

3.3.1) Pym ~aw) P(0) + (Pxm)1 (so ddeg Pym < 1).

If order L = r, v := v(L), and L is monic, then (Pxm); =< 0!, so that (N2) is then
equivalent to: (Pxm)>1 <a(p) 0. If deg P = 1, then order L = r and (N2) automatically
holds, hence (P, m, a) is normal iff it is steep. Thus by Lemma 3.1.21:

Lemma 3.3.17. Ifdeg P = 1 and nwt(L) < r, then (P?,m, @) is normal, eventually.

If (P, m,a) is normal, then so are (Pyxy, m/n, a/n) and (bP, m,a) for b # 0. In
particular, (P, m, @) is normal iff (P, 1, a/m) is normal. If (P, m, @) is normal,
then so is any equivalent slot. Hence by (3.3.1) and Lemmas 3.2.9 and 3.2.14:

Lemma 3.3.18. If (P, m,a) is normal, and (P, m, @) is Z-minimal or is a hole in K,
then ddeg Py = dmul Pyy, = 1.

Example. Let K 2 R(e*) be an H-subfield of T, m = 1, = 2. If P = D + R where
D =¢eY Y, R =f+e*Y (feKk),

thenp=—e *<1,P;=D~-Y,w=2,and Ps; = e *Y> <A(v) e 3* Py,s0(P,1,a)
is normal. However, if P = D + S with D as above and S = f + e 3xys (f € K),
then P~ = e™3*Y? A () e 3* Py, so (P, 1,a) is not normal.
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Lemma 3.3.19. Suppose order(L) = r and v is such that (N1) and (N2) hold, and
v(L) =A(v) 0. Then (P, m,a) is normal.
Proof. Put w :=v(L). Then [w] = [v], and so v <" 1 gives w < 1. Also,
(Pscm)>1 =<a(0) 0 (Psen)1 =a(0) W (Pt
Hence (N1), (N2) hold with w in place of v. ]

Lemma 3.3.20. Suppose the slot (P, m,a) in K is normal and ¢ < 1 is active. Then
the slot (P?, m,a) in K? is normal.

Proof. We arrange m = 1 and put v := v(L), w := v(Lps). Now Lps = L?, there-
fore v < (p) W and » <';5 1 by Lemma 3.1.20. By [ADH, 11.1.1], [#] < [v], and (N2)
we have

(P?)s1 = (P>1)? =a@) Ps1 =a@) 0"7'P1 =p@) **1PY,

which by Lemma 3.3.19 applied to (P?, 1, @) in the role of (P, m, @) gives normality
of (P?,1,a). =

Corollary 3.3.21. Suppose (P, m, a) is normal. Then (P, m,a) is quasilinear.

Proof. Lemma 3.2.21 gives ndeg Pxy, > 1. The parenthetical remark after (3.3.1)
above and Lemma 3.3.20 give ndeg Py < 1. ]

Combining Lemmas 3.3.18 and 3.3.20 yields:

Corollary 3.3.22. If (P, m,a) is normal and linear, and (P, m, @) is Z-minimal or a
hole in K, then (P, m, a) is deep.

There are a few occasions later where we need to change the “monomial” m
in (P, m,a) while preserving key properties of this slot. Here is what we need:

Lemma 3.3.23. Let u € K, u < 1. Then (P, um, a) refines (P, m, a), and
if (Pyg,m,a—a) refines (P, m,a), then so does (Pyq,un,a —a). If (P, m,a) is
quasilinear, respectively deep, respectively normal, then so is (P,um, a).

Proof. The refinement claims are clearly true, and quasilinearity is preserved thanks
to ndeg Py, m = ndeg Py, by [ADH, 11.2.3(iii)]. “Steep” is preserved by Lemma 3.3.1,
and hence “deep” is preserved using (1) on p. 13 and [ADH, 6.6.5(i1)]. Normality is
preserved because steepness is,

(qum)d = (Pd)xum = (Pd)xm = (me)d foralld e N

by [ADH, 4.3, 4.5.1(ii)], and (Lp,,,,) < o(Lp,, ) by Lemma 3.1.2. n
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Here is a useful invariance property of normal slots:

Lemma 3.3.24. Suppose (P, m,a) is normal and a < m. Then Lp and Lp,, have
order r. If in addition K is A-free or r = 1, then &(Lp) = &°(Lp,,).

Proof. Wehave Lp,, = Lpm (soLphasorderr),andLp,, . . =Lp, . =Lp, M
The slot (Pxm, 1,a/m) in K is normal and a/m < 1, so we can apply Lemma 3.1.28(i)
to K, Pym, a/m in place of K, P, a to give order Lp,, = r. Next, applying likewise
Lemma3.1.29 with L := Lp, ,v:=0(Lp,, ), m =r, B =0, gives

Lpm=Lp,,m = Lp, = Lpy ym <A@ o' Lpm.
Hence, if K is A-free, then & (Lpm) = &°(Lp,,m) by Lemma 3.1.23, so
&°(Lp) = & (Lpm)+v(m) = &(Lp,,m)+v(m) = &(Lp,,).

If » = 1 we obtain the same equality from Corollary 3.1.24. |

Normality under refinements

In this subsection we study how normality behaves under more general refinements.
This is not needed to prove the main result of this section, Theorem 3.3.33, but is
included to obtain useful variants of it.

Proposition 3.3.25. Suppose (P, m, a) is normal. Let a refinement (Py,, M, a — a)
of (P,m,a) be given. Then this refinement is also normal.

Proof. By the remarks following the definition of “multiplicative conjugate” in Sec-
tion 3.2 and after replacing the slots (P,m,a), (P+q, M,a — a) in K by (Pxm, 1, a/m),
(Pscm,+ajm» 1, (@ — a) /m), respectively, we arrange m = 1. Let v := o(Lp). By Lem-
ma 3.1.28 we have order(Lp,,) = r, 0(Lp,,) ~a(p) 0, and (P14)1 ~a(v) P1. Now
using [ADH, 4.5.1(i)] we have for d > 1 with P; # O,

(P+a)d = ((P>d)+a)d < (P>d)+a ~ Pyg < Psy,
and using (N2), this yields
(P+a)>1 < Psy <A(p) Dw+1P1 = I)erl(P+a)l~

Hence (N2) holds with m = 1 and with P replaced by P,. Thus (Pi4, 1,a — a) is
normal, by Lemma 3.3.19. |

Proposition 3.3.26. Suppose (P, m,a) isanormal holein K, a <n < m, and [n/m] <
[U(prm)]. Then the refinement (P,n,a) of (P, m,a) is also normal.
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Proof. As in the proof of Lemma 3.3.1 we first arrange m = 1 and set L := Lp,
v:=v(L),and L := Lp,_,, to obtain [n] < [v] and (L) =x(y) 0. Recall from [ADH,
4.3] that (Pxn)a = (Pa)xn for d € N. For such d we have by [ADH, 6.1.3],

(Pa)xn =A(v) n?P; < nlPy.

In particular, (Pxn)1 <a(v) 1P1. By (N2) we also have, for d > 1:
Psg < Psi <ap) 0V P.
By Lemma 3.3.18 we have P ~ P;. For d > 1 we have by [ADH, 6.1.3],
P < n?P; =p@) TN (PDxn £ (P)xn = (Pxn)i 5 Pxn
and thus
(Pxn)a = (Pd)sn <am) M9 Psa <aw 0"7'M9PL <aw) 0 (Pyn)i

Hence (N2) holds with m replaced by n. Thus (P, n, @) is normal, using D(Z) =A(0) D
and Lemmas 3.3.1 and 3.3.19. |

From Lemma 3.2.14 and Proposition 3.3.26 we obtain:

Corollary 3.3.27. If (P, m,a) is normal and Z-minimal, a < n < m, and [n/m] <
[v(Lp,,)]|, then the refinement (P,n,@) of (P, m,a) is also normal.

In the rest of this subsectionm = 1,a <n < 1, order(Lp) = r, and [v] < [n] wherev :=
v(Lp). So (P,n,a) refines (P, 1,a), Lp,, = Lpn,and orderLp,, =r.

Lemma 3.3.28. Suppose (P, 1,a) is steep, v(Lp,,) < v, and P~ < Py. Then (P,n,a)
is normal.

Proof. Put w := v(Lp,, ). We have [w] < [n] by Corollary 3.1.10, and w < v <1
gives w <P 1. It remains to show that (Pyy)s1 <A(w) W (Pyy)1. Using [n] > [w]
it is enough that (Pyy)s1 <a W21 (Pyy)1, where A := A(1). Since w =, 1, it is even
enough that (Pyxyn)>1 <a (Pxn)1,to be derived below. Let d > 1. Then by [ADH, 6.1.3]
and P < P-1 < P; we have

(Pxn)a = (Pa)xn =a Pan® < Pin?.
In view of n <5 1 and d > 1 we have
Pin? <q Pin <z (P = (Pun)is
using again [ADH, 6.1.3]. Thus (Pxn)a <A (Pxn)1, as promised. ]

Corollary 3.3.29. If (P, 1,a) is normal and v(Lp,, ) < v, then (P,n,a) is normal.
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In the next lemma and its corollary K is d-valued and for every g € Q” there is
given an element 17 of K* such that (n?)" = gn'; the remark before Lemma 3.1.15
gives v(n?) = qu(n) forqg € Q7. Hence for0 < ¢ < 1 inQ we havea < n < n? < 1,
so (P,n?,a) refines (P, 1,a).

Lemma 3.3.30. Suppose (P, 1,a) is steep and P~y < Py. Then (P,n4,a) is normal,
for all but finitely many g € Q with0 < g < 1.

Proof. Wehaven® > Ibyn<v<1lando’ > 1.Lemma3.1.16 givesv(Lp_ ) < v for
all but finitely many g € Q. Suppose v(Lp_,) < 1,0 < ¢ < 1in Q. Then (P,n9,a)
is normal by Lemma 3.3.28 applied with n9 instead of n. |

Corollary 3.3.31. If (P, 1,a) is normal, then (P,n4,a) is normal for all but finitely
many q € Qwith0 < g < 1.

Normalizing

If in this subsection order(Lp,, ) = r, then v := v(Lp,, ). Towards proving that nor-
mality can always be achieved we first show:

Lemma 3.3.32. Suppose I is divisible, (P, m,a) is a deep hole in K, and @ — a <
v“*2m for some a. Then (P, m, @) has a refinement that is deep and normal.

Proof. Replacing (P,m,a) by (Pxm, 1,a/m) and renaming we arrange m = 1. Take a
such that @ — a < v**%. For e := w + %, let v¢ be an element of K* with v(v¢) =
ev(v). Claim: the refinement (P,4,v%,a — a) of (P, 1,a) is deep and normal. By Lem-
ma3.3.7, (Pyq,0°,a — a) is deep, so we have order(me,XDe ) =rand n(pr’xoe ) <.
Lemma 3.3.7 also yields o(Lp,,, .. ) <a(v) 0. Since ddeg P = dmul P = 1, we can use
Corollary 3.2.20 for n = »° and for n = 1 to obtain

ddeg Pig xpe = dmul Pygy xpe = ddegPy, = dmul Po, =1

and thus (P14.xve )1 ~ Pta,xve; also Py ~ P ~ Pyy ~ (P+q)1, Where P ~ P, follows
from a < 1 and [ADH, 4.5.1(1)]. Now let d > 1. Then

(P+a,><ne)d =A(v) (ne)d(P+a)d < (ne)dp+a ~ (Ue)d(P+a)1
=A(v) (De)d_](Pﬂz,xn")l <A(v) Dw+l(P+a,><ve)1,
using [ADH, 6.1.3] for <A (y). S0 (P44, 0, a — a) is normal by Lemma 3.3.19. [ ]
We can now finally show:

Theorem 3.3.33. Suppose K is ®-free and r-linearly newtonian, and T is divisible.
Then every Z-minimal slot in K of order r has a refinement (P, m, a) such that the
slot (P?, m,a) in K? is deep and normal, eventually.
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Proof. By Lemma 3.2.14 it is enough to show this for Z-minimal holes in K of or-
der r. Given such a hole in K, use Corollary 3.3.12 to refine it to a hole (P, m, a) such
that (P?, m,a) is deep, eventually. Replacing (P, m,a) by (P?, m,a) for a suitable
active ¢ < 1 we arrange that (P, m, @) itself is deep. Then an appeal to Corollary 3.3.16
followed by an application of Lemma 3.3.32 yields a deep and normal refinement
of (P, m,a). Now apply Lemma 3.3.20 to this refinement. ]

Next we indicate some variants of Theorem 3.3.33:

Corollary 3.3.34. Suppose K is d-valued and ®-free, and I is divisible. Then every
minimal hole in K of order r has a refinement (P, m,a) such that (P?, m,a) is deep
and normal, eventually.

Proof. Given a minimal hole in K of order r, use Corollary 3.3.12 to refine it to
a hole (P,m, a) in K such that nwt Lp_, = 0 and (P?, m, @) is deep, eventually.
If deg P = 1, then (P¢, m, a) is normal, eventually, by Lemma 3.3.17. If deg P > 1,
then K is r-linearly newtonian by Corollary 3.2.6, so we can use Theorem 3.3.33. m

For r = 1 we can follow the proof of Theorem 3.3.33, using Corollary 3.3.10 in place
of Corollary 3.3.12, to obtain:

Corollary 3.3.35. If K is 1-linearly newtonian and U is divisible, then every quasi-
linear Z-minimal slot in K of order 1 has a refinement (P, m, @) such that (P?, m,a)
is deep and normal, eventually.

Here is another variant of Theorem 3.3.33:

Proposition 3.3.36. If K is d-valued and o-free, and T is divisible, then every Z-
minimal special slot in K of order r has a refinement (P, m,a) such that (P?, m,a)
is deep and normal, eventually.

To establish this proposition we follow the proof of Theorem 3.3.33, using Lem-
ma 3.2.35 to preserve specialness in the initial refining. Corollary 3.3.15 takes over
the role of Corollary 3.3.16 in that proof.

For linear slots in K we can weaken the hypotheses of Theorem 3.3.33:

Corollary 3.3.37. Suppose deg P = 1. Then (P, m,a) has a refinement (P,n,a) such
that (P?,n, @) is deep and normal, eventually. Moreover, if K is A-free and r > 1,
then (P?,m, a) is deep and normal, eventually.

Proof. By the remarks before Lemma 3.3.17, (P, m, @) is normal iff it is steep. More-
over, if (P, m, @) is normal, then it is quasilinear by Corollary 3.3.21, and there-
fore (P?, m, a) is deep and normal, eventually, by the remarks before Example 3.3.3
and Lemma 3.3.20. Now by Lemma 3.3.2, (P, m, @) has a refinement (P, n, @) such



146 Normalizing Holes and Slots

that (P?,n, @) is steep, eventually. This yields the first part. The second part follows
from Corollary 3.1.22 and Lemma 3.3.17. ]

Corollary 3.3.38. Suppose K is A-free, I is divisible, and (P, m, a) is a quasilinear
minimal hole in K of order r = 1. Then (P, m, a) has a refinement (Q,n, b) such
that (Q?,n, b) is deep and normal, eventually.

Proof. The casedeg P =1 is part of Corollary 3.3.37. If deg P > 1, then K is 1-linearly
newtonian by Lemma 3.2.5, so we can use Corollary 3.3.35. ]

Improving normality

In this subsection L := Lp_, . Note that if (P, m, @) is a normal hole in K, then we
have Py ~ (Pxm)1 by Lemma 3.3.18. We call our slot (P, m, a) in K strictly normal
if it is normal, but with the condition (N2) replaced by the stronger condition

(N25) (Pxm)#1 <a(v) 9“7 (Pscn)1-
Thus for normal (P, m,a) and v = v(L) we have:

(P, m,a) is strictly normal &= P(0) <) Py

So if (P, m, @) is normal and P(0) = 0, then (P, m, a) is strictly normal. Note that
if (P, m,a) is strictly normal, then

Pym ~Aw) (Pxm)1 (and hence ddeg Py, = 1).

If (P, m,a) is strictly normal, then so are (Pxy, m/n,a/n) and (bP,m,a) for b # 0.
Thus (P, m, a) is strictly normal iff (Pxm, 1, a/m) is strictly normal. If (P, m, a)
is strictly normal, then so is every equivalent slot in K. The proof of Lemma 3.3.23
shows that if (P, m, @) is strictly normal and u € K, u < 1, then (P,um, @) is also
strictly normal. The analogue of Lemma 3.3.19 goes through, with (Pxmn )+ instead
of (Pxm)>1 in the proof:

Lemma 3.3.39. Iforder(L) = r and v is such that (N1), (N2s) hold withv(L) =) D,
then (P, m,a) is strictly normal.

Lemma 3.3.20 goes likewise through with “strictly normal” instead of “normal”:

Lemma 3.3.40. If (P, m,a) is strictly normal and ¢ < 1 is active, then (P?, m,q) is
strictly normal. (Hence if (P, m, a) is strictly normal, then (P, m, a) is quasilinear,
and if in addition (P, m, @) is linear, then it is deep.)

As to Proposition 3.3.25, here is a weak version for strict normality:

Lemma 3.3.41. Suppose (P, m,a) is a strictly normal hole in K and @ — a <)
v " where v := v(L). Then its refinement (P.o, m,d — a) is also strictly normal.
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Proof. Asinthe proof of Proposition 3.3.25 arrange m = 1. We can also assume P < 1.
From P = P(0) + P; + P~ we get

P(a) = P(0) + Pi(a) + P>i(a),

where P(0) <a(p) 8**! and P51(a) < Ps1 <a(n) 9! by (N2s) and a < 1; we show
that also Py (a) <a(p) v*“*!. To see this note that

0 = P(a) = P(0) + Pi(a) + P>i(a),

where as before we have P(0), P~1(@) <a(w) v**', and thus Py (@) <a() »**!. Lem-
ma 1.1.10 applied to (K, <a(v), P1) inplace of (K,<,P),withm=w+landy =a - a,
yields Py(a — @) <a(w) ©*!, hence

Pi(a) = Pi(a—a)+Pi(@) <a@) d"*"

as claimed. It remains to use v(Lp,,) =a(p) D and the normality of (P44, 1,a — a)
obtained from Proposition 3.3.25 and its proof. |

‘We also have a version of Lemma 3.3.41 for Z-minimal slots, obtained from that lemma
via Lemma 3.2.14:

Lemma 3.3.42. Suppose (P, m,a) is Z-minimal and strictly normal. Set v := v(L),
and suppose @ — a <a(y) 0" m. Then the refinement (Pyq, m,@ — a) of (P, m, @)
is strictly normal.

Next two versions of Proposition 3.3.26:

Lemma 3.3.43. Suppose (P, m,a) is a strictly normal hole in K, @ < n < m, and
[n/m] < [o(L)]. Then the refinement (P,n,@) of (P, m,a) is strictly normal.

Proof. As in the proof of Proposition 3.3.26 we arrange m = 1 and, setting v :=
o(L), L := Lp,,, show that order(L) = r, o(L) =A(v) D, and that (N2) holds with m
replaced by n. Now [n] < [p] yields n =5 (y) 1; together with (Pxy)1 <a(p) 1Py this
gives P(0) <a(v) tlp; =A(v) %+ (Pyy)1. Hence (N2s) holds with m replaced by n.
Lemma 3.3.39 now yields that (P, n, a) is strictly normal. ]

Lemma 3.3.44. Suppose (P, m,a) is a strictly normal hole in K and @ <x@p) m
where v := v(L). Assume also that for all g € Q” there is given an element v of K*
with v(v9) = q v(v). Then for all sufficiently small g € Q” and n with n < p9m we
have: a < n and the refinement (P,n,a) of (P, m,a) is strictly normal.

Proof. We arrange m = 1 as usual, and take go € Q~ such that @ < v%° and P(0) <a(v)
v+ a0p; Let g € Q, 0 < g < qo, and suppose 1 < v7. Then (P, n,a) is a refine-
ment of (P, 1,a), and the proof of Proposition 3.3.26 gives: L := Lp,_, has order r
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with D(Z) =A(v) D, NP1 =p(p) (Pxn)1, and (N2) holds with m replaced by n. Hence
P(0) =<A(v) DHH—H—qOPl < DanPl =A(v) I)wH(Pxn)l-
As in the proof of the last lemma we conclude that (P, 1, &) is strictly normal. [

Remark 3.3.45. In Lemmas 3.3.43 and 3.3.44 we assumed that (P, m, @) is a strictly
normal hole in K. By Lemma 3.2.14 these lemmas go through if this hypothesis is
replaced by “(P,m, a) is a strictly normal Z-minimal slot in K.

We now turn to refining a given normal hole to a strictly normal hole. We only do this
under additional hypotheses, tailored so that we may employ Lemma 3.1.17. Therefore
we assume in the rest of this subsection: K is d-valued and for all v and g € Q~ we
are given an element v4 of K* with (v9)" = gv'. Note that then v(v9) = ¢ v(v) for
such g. (In particular, I is divisible.) We also adopt the convention that if order L = r,
then v := v(L).

Lemma 3.3.46. Suppose (P, m, @) is a normal hole in K and @ — a < v"*>m. Then
the refinement (P,q, m,a — a) of (P, m,a) is strictly normal.

Proof. As usual we arrange that m = 1. By Proposition 3.3.25, (P44, 1,a — a) is
normal; the proof of this proposition gives

order(Lp,,) =7, v(Lp,,) ~a@) 0 (Pia)1 ~Aw) P1,

and (N2) holds with m = 1 and P replaced by P, It remains to show that P, (0) <a(v)
0t (Pyo)1, equivalently, P(a) <a() 0“H Py.

Let L := Lp, . € E[a] and R := P> € K{Y'}; note that Py, = R(;) for [i| > 1
and R <(y) v+ P;. Hence Taylor expansion and P(a) = 0 give

P(a) = P@)+L(a-@)+ ). Pu)(@) - (a-a)
li]>1
= La-a)+ ), Ry(@ - (a-a)
li|>1

where Ry (a) - (a — a)t <A(v) ot for |i| > 1,

so it is enough to show L(a -a) <A(») v?*1P;. Lemma 3.1.28 applied to (K,a) in
place of (K, a) gives order L = rand L ~ ~a(v) L. Since K is d-valued, Lemma 3.1.17
yieldsag e Qwithw+ 1 <g<w+2andaw such that Lv? < w04 L where [w] <
[v7] and hence w =A(v) 1 (see the remark before Lemma 3.3.1). Withn < a —a we

have n < v¥*? < v <A(v) v?*! and therefore
Z(a—a) < ILn < Lv? < wo?L =A(v) vIL <A(v) L.

Hence L(a — @) <A(v) DVFLP; as required. m
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In particular, if (P, m, @) is a normal hole in K and @ < »**?>m, then (P, m, @) is
strictly normal.

Corollary 3.3.47. Suppose (P, m,a) is Z-minimal, deep, and normal. If (P, m, a)
is special, then (P, m, a) has a deep and strictly normal refinement (Pyq, m,a — a)
where @ — a <x(y) mand v(Lp,, ..) <a(v) 0. (Note that if K is r-linearly newtonian,
and w-free if r > 1, then (P, m,a) is special by Lemma 3.2.36.)

Proof. By Lemma 3.2.14 we arrange that (P, m, a) is a hole in K. If (P, m, a) is
special, Corollary 3.3.15 gives an a such that @ — a < v”*?m, and then the refine-
ment (Pyq, m,a —a) of (P, m,a) is strictly normal by Lemma 3.3.46, and deep
withv(Lp,, ,..) =a(v) ® by Lemma 3.3.7. n

This leads to a useful variant of Theorem 3.3.33:

Corollary 3.3.48. Suppose K is W-free and r-linearly newtonian. Then every Z-min-
imal slot in K of order r has a refinement (P, m, @) such that (P?, m,a) is deep and
strictly normal, eventually.

Proof. Leta Z-minimalslotin K of order r be given. Use Theorem 3.3.33 to refine it to
aslot (P, m,a) in K with an active ¢ such that the slot (P?0, m, @) in K% is deep and
normal. Corollary 3.3.47 gives a deep and strictly normal refinement (Pfg, m,a—a)
of (P%, m, ). By Lemma 3.3.40 the slot (P{,, m,a — a) in K? is deep and strictly
normal, for all active ¢ < ¢ (in K). Thus (P4, M, a — a) refines the original Z-

minimal slot in K and has the desired property. ]
Corollaries 3.2.6 and 3.3.48 have the following consequence:

Corollary 3.3.49. Suppose K is 0-free. Then every minimal hole in K of order r and
degree > 1 has a refinement (P, m, @) such that (P?, m,a) is deep and strictly normal,
eventually.

Corollary 3.3.47 also gives the following variant of Corollary 3.3.48, where the role
of Theorem 3.3.33 in its proof is taken over by Proposition 3.3.36:

Corollary 3.3.50. Suppose K is w-free. Then every Z-minimal special slot in K of
order r has a refinement (P, m,a) such that (P?, m,a) is deep and strictly normal,
eventually.

3.4 Isolated Slots

In this short section we study the concept of isolation, which plays well together with
normality. Throughout this section K is an H-asymptotic field with small derivation
and with rational asymptotic integration. We let a, b range over K and ¢, m, n, w
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over K*. We also let (P, m, a) be a slot in K of order r > 1. Recall that v(a — K) is a
cutin I without largest element. Note that v((a —a) — K) =v(a— K) andv(an — K) =
v(a — K) + on.

Definition 3.4.1. We say that (P, m, a) is isolated if for all a < m,

order(Lp,,) =r and &°(Lp,,) Nv(a—K) < v(a-a);

equivalently, for all a < m: order(Lp,,) = r and whenever w < @ — a is such that v(w) €
&°(Lp,,),thenw < a — b for all b.

In particular, if (P, m,a) is isolated, then v(a) ¢ &°(Lp). If (P, m,a) is isolated, then
so is every equivalent slot in K, as well as (bP, m, a) for b # 0 and the slot (P?, m, @)
in K¢ for active ¢ in K. Moreover:

Lemma 3.4.2. If (P, m,a) is isolated, then so is any refinement (P.4,M,d — a) of it.

Proof. For the case n = m, use v((a — a) — K) = v(a — K). The case a = 0 is clear.
The general case reduces to these two special cases. u

Lemma 3.4.3. Suppose (P, m, @) is isolated. Then the multiplicative conju-
gate (Pxy, m/n,a/n) of (P, m,a) by n is isolated.

Proof. Leta < m/n. Then an < m, so
order(Lp,, ,,) = order(Lp,,, ,,) = order(Lp,, ) =r.

Suppose w < (a/n) —aandv(w) € &°(Lp,, ,.).NowLp,, .. =Lp,,. .. =Lp,,nand
thus wn < @ — an, v(wn) € & (P.qn). But (P, m,a) is isolated, so v(wn) > v(a - K)
and hence v(w) > v((a@/n) — K). Thus (Pxy, m/n, a/n) is isolated. n

Lemma 3.4.4. Suppose K is A-free or r = 1, and (P, m, @) is normal. Then
(P,m,a) is isolated — &°(Lp)Nuv(a-K) < vm.
Proof. Use Lemma 3.3.24; for the direction =, use alsothata —a < miffa <m. m
Lemma 3.4.5. Suppose deg P = 1. Then
(P,m,a) is isolated < &°(Lp)Nuv(a-K) < vm.
Proof. Use thatorder Lp =r and Lp,, = Lp forall a. [

Proposition 3.4.6. Suppose K is A-free or r = 1, and (P, m, a) is normal.
Then (P, m, a) has an isolated refinement.
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Proof. Suppose (P, m,a) is not already isolated. Then Lemma 3.4.4 gives y with
vye&(Lp)nuv(a-K), 7y>ovm.

We have |&¢(Lp)| < r, by [ADH, p. 481]if r = 1, and Corollary 1.7.11 and A-freeness
of K if r > 1. Hence we cantake y := max &°(Lp) Nv(a — K), and then y > vm. Take a
and n with v(a — a) > y = v(n); then (P44, 1, a — a) is a refinement of (P, m, a)
and a < m. Let b < n; then a + b < m, so by Lemma 3.3.24,

order(Lp,,),,) = 1, &°(Lp,,),,) = &°(Lp).
Also v((a — a) — b) > y, hence
& (L(p,,),,)Nv((@-a)-K) = &(Lp)nuv(@-kK) <y < v((@—a)->b).
Thus (P14, 1, a — a) is isolated. m

Remark 3.4.7. Proposition 3.4.6 goes through if instead of assuming that (P, m, @)
is normal, we assume that (P, m, @) is linear. (Same argument, using Lemma 3.4.5 in
place of Lemma 3.4.4 and L(p,),, = Lp in place of Lemma 3.3.24.)

Corollary 3.4.8. Suppose r = 1, and (P, m,a) is normal or linear. If €°(Lp) = 0
then (P,m,a) is isolated. If €°(Lp) # 0, so €°(Lp) = {va}, g € K*, then (P,m,q)
is isolated iff m < gora — K » g.

This follows immediately from Lemmas 3.4.4 and 3.4.5. The results in the rest of this
section are the raison d’étre of isolated holes:

Proposition 3.4.9. Suppose K is ®-free and (P, m,a) is an isolated hole in K whzch
is normal or linear. Let b in an immediate asymptotlc extension of K satisfy P(b)
and b < m. Then v(@-a) = v(b —a) forall a, so b¢K.

Proof. Replacing (P, m,a), Zby (Pxm, 1,a/m), E/m, respectively, we arrange m = 1.
Let a be given; we show v(a — a) = U(E —a). Thisis clearif a # 1, so assume a < 1.
Corollary 3.3.21 (if (P, m, @) is normal) and Lemma 3.2.21 (if (P, m, @) is linear)
give ndeg P = 1. Thus P is in newton position at a by Corollary 3.2.23. Moreover
we have v(a —a) ¢ &(Lp,,), hence v(a — a) = v*(P, a) by Lemma 1.7.15. Like-
wise, if U(E —a) ¢ &°(Lp,,), then v(z —a) =v°(P,a) by Lemma 1.7.15, and there-
fore v(@—a) = v(b — a).

Thus to finish the proof it is enough to show that &°(Lp,, ) N v(?; -K)<0
Now |&°(Lp,,)| < r by Corollary 1.4.5, so we have b < 1 such that

& (Lp,,) No(b-K) < v(b-b),
in particular, v(g —-b) ¢ &(Lp,,). If (P,m,a) is normal, then Lemma 3.3.24 gives
&°(Lp,,) = &(Lp) = &(Lp,,),
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s0 by the above with b instead of a we have v(@ — b) = v(b — b). If (P, m, @) is linear,
then Lp,, = Lp = Lp,,, and we obtain likewise v(a — b) = v(b — b). Hence

& (Lp,)Nv(b-K) € &(Lp,,)NT<"@D) ¢ g (Lp)nv(@-K) < 0.
using Lemmas 3.4.4 and 3.4.5 for the last step. ]

Combining Proposition 3.4.9 with Corollary 3.2.15 yields:

Corollary 3.4.10. Let K, (P, m, a), b be as in Proposition 3.4.9, and assume also
that (P, m, a) is Z-minimal. Then there is an isomorphism K{a) — K{(b) of valued
differential fields over K sending a to b.

Using the first Normalization Theorem 3.3.33, we now obtain:

Corollary 3.4.11. Suppose K is ®-free and T is divisible. Then every minimal hole
in K of order r has an isolated refinement (P, m,a) such that for any b in an imme-
diate asymptotic extension of K satisfying P(Z) =0 and b < m there is an isomor-
phism K(@) — K(b) of valued differential fields over K sending @ to b.

Proof. Given a minimal linear hole in K of order r, use Remark 3.4.7 to refine it to
an isolated minimal linear hole (P, m,a) in K of order r, and use Corollary 3.4.10.
Suppose we are given a minimal nonlinear hole in K of order r. Then K is r-linearly
newtonian by Corollary 3.2.6. Then Theorem 3.3.33 yields a refinement (Q, w, c?)
of it and an active 6 in K such that the minimal hole (Q%, w, d) in K is normal.
Proposition 3.4.6 gives an isolated refinement (Qfd, D, d- d) of (0%, w, [f) Suit-
ably refining (Qf a0 d- d) further followed by compositionally conjugating with a
suitable active element of K9 yields by Theorem 3.3.33 and Lemma 3.4.2 a refine-
ment (P, m,a) of (Q, w, c?) (and thus of the originally given hole) and an active ¢
in K such that (P?, m, @) is both normal and isolated. Then (P, m, @) is isolated, and

we can apply Corollary 3.4.10to K¢ and (P?, m,a) intherole of K and (P, m,a). m

For » = 1 we can replace “m-free” in Proposition 3.4.9 and Corollary 3.4.10 by the
weaker “A-free” (same proofs, using Lemma 1.7.20 instead of Lemma 1.7.15):

Proposition 3.4.12 (*). Suppose K is A-free, (P, m,a) is an isolated hole in K of
order r = 1, and suppose (P, m, @) is normal or linear. Let b in an immediate asymp-
totic extension of K satisfy P(Z) =0and b < m. Then v(@-a)= U(Z —a) for all a.
(Hence if (P, m,a) is Z-minimal, then there is an isomorphism K{(a) — K(Z) of
valued differential fields over K sending a to Z.)

This leads to an analogue of Corollary 3.4.11:

Corollary 3.4.13 (*). Suppose K is A-free and T is divisible. Then every quasilinear
minimal hole in K of order r = 1 has an isolated refinement (P, m,a) such that for
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any b in an immediate asymptotic extension of K with P(E) =0and b < m there is
an isomorphism K{(a) — K{b) of valued differential fields over K sending a to b.

Proof. Suppose we are given a quasilinear minimal hole in K of order r = 1. Then
Corollary 3.3.38 yields a refinement (Q, w, J) of it and an active 6 in K such that
the quasilinear minimal hole (Q?, w, d) in K¢ of order 1 is normal. Proposition 3.4.6
gives an isolated refinement (Qfd, D, d- d) of (0, w, c/f), and then Corollary 3.3.38
yields a refinement (P, m,a) of (Q, w, d) and an active ¢ in K such that (P?, m,a)
is normal and isolated. Now apply Proposition 3.4.12 with K¢ and (P?, m, @) in the
role of K and (P, m,a). =

Next a variant of Lemma 3.2.1 for » = 1 without assuming ®-freeness:

Corollary 3.4.14 (*). Suppose K is 1-newtonian and T is divisible. Then K has no
quasilinear Z-minimal slot of order 1.

Proof. By Proposition 1.7.28, K is A-free. Towards a contradiction, let (P, m, a) be a
quasilinear Z-minimal slotin K of order 1. By Lemma 3.2.14 we arrange that (P, m,a)
is a hole in H. Using Corollary 3.3.35, Lemma 3.4.2 and the remark before it, and
Proposition 3.4.6, we can refine further so that (P¢, m, a) is normal and isolated for
some active ¢ in K. Then there is no y € K with P(y) = 0 and y < m, by Proposi-
tion 3.4.12, contradicting Lemma 3.2.27 for L = K. [

Finally, for isolated linear holes, without additional hypotheses:

Lemma 3.4.15. Suppose (P, m,a) is an isolated linear hole in K, and @ — a < m.
Then we have P(a) # 0, and y = v(a — a) is the unique element of T \ & (Lp) such
that v§ _(y) = v(P(a)).

P

Proof. By Lemma 3.4.5,y :=v(a—a) e '\ &*(Lp). Since degP = 1,
Lp(@-a) = Lp(a) - Lp(a) = —P(0) - Lp(a) = —P(a),
so P(a) # 0. By Lemma 1.4.6, 07 (y) = v(Lp(a—a)) = v(P(a)). n

In [10] we shall prove a version of Proposition 3.4.9 without the hypothesis that b lies
in an immediate extension of K. In Section 4.4 below we consider, in a more restricted
setting, a variant of isolated slots, with ultimate exceptional values taking over the role
played by exceptional values in Definition 3.4.1.
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3.5 Holes of Order and Degree One

In this section K is a d-valued field of H-type with small derivation and K is an imme-
diate asymptotic extension of K. So K is also d-valued of H -type with small derivation.
The main result of this section is Corollary 3.5.12, a version of Corollary 3.3.49 for
minimal holes in K of arbitrary degree. We let k range over N (in addition to m, n, as
usual).

An approximation
Suppose £ € K, & = 1,and £ := &7 = 1.

Lemma 3.5.1. The elements &, { have the following asymptotic properties:

1) "< Eforalln;
(i) ¢ < 22 forall n.
Thus for each P € O{Z} there is an N € N with P(¢) < ¢V, and hence P({) < &.

Proof. Part (i) follows from [ADH, 9.2.10(@iv)] for y = v(£). As to (ii), if ¢’ < £,
then £ < ¢ by [ADH, 4.5.3], and we are done. Suppose ¢’ > ¢ and set y := v(().
Then y,y" < 0, so ¥ = o(y) by [ADH, 9.2.10(iv)] and hence v({™) = y + ny’ >
2y = v({?) by [ADH, 6.4.1(iv)]. n

Let now also u € K with u < 1, and suppose y € K satisfies
y +&y = u, y = 1.

Theny’ < l,and y'é ' +y=ué™l,soy—ué™! = —y'é ! <& and thus y < 71
Moreover:

Lemma3.5.2. Ifu<xé™ n>1,theny <&

Proof. Suppose y = 7", n > 1. Since K is H-asymptotic, this gives y' < (f‘”)T =
EN< & andthusu =y + &y = y(y" + &) < yé = €7,

We now use ué& ! to start a sequence in K approximating y. Since y is a fixed point of
the map
- (u—-2)¢" K- K,

this suggests approximating y by the sequence (y,) in K where
Yo = uET vt 1= (= yp)ET

This works (although we do not know how to specify a subset of K containing yq that
is closed under the above map and on which this map is contractive):
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Proposition 3.5.3. For all n we have y — y,, < &7

Proof. For g € K we have (f'(‘g”) = g - (;2:-1 l)g“g, that is,
g\ g g (k+1)lg—¢g
G.5.1) (§k+1) +§(§k+1) g - £kt :

Define the differential polynomials Py € Q{U, Z} by
Py = U, Pry = (k+1)ZPk—P;<,
Induction on n using the identity preceding (3.5.1) with g = Py (u, {) gives

O Pi(u,{)
Yn = Zz__k#

k=0

For g = Py (u, £), the identity (3.5.1) says

(Pk(u’g)),_*_fpk({’u) _ Pk(u’g) _ Pk+l(u’§)
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§k+1 é’:k+1 - .fk §:k+1 ’
Summing both sides for k = 0, . . ., n then yields
Pn > . . ’
Y +Eyn = u— —gln(fl {), soin view of y' + &y = u:
’ 1(u, () .
Y=yn) +&(y—yn) = n;nﬂ f" using Lemma 3.5.1 at the end.

Lemma3.5.1 also yields y, < 1. Forn = 0 we already know that Y =yn< &M Letn> 1.
Then we apply Lemma 3.5.2 to K in the role of both K and K, and with y=yn =1

Ppy1(u,d)

instead of y and il

instead of u to obtain y — y,, < £7".

Slots of order and degree 1

In this subsection we also assume that K has rational asymptotic integration (so slots
in K make sense), that K is henselian, and that (P, m, f) is a slot in K with order P =
degP =1and f € K\ K. Welet f range over K, nn over K*, and ¢ over active elements

of K. Thus

P
Pxn

a(Y +gY —u) wherea € K*, g,u €Kk,

an(Y’ + (g +n")Y —n~lu).

Since K is henselian, (P, m, f) is Z-minimal and thus equivalent to a hole in K,

by

Lemma 3.2.14. Also, nmul Py, = ndeg Pxyy = 1 by Lemma 3.2.21. If (P, m, f) is
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isolated, then P(f) # O for f— f <mby Lemmas 3.2.14 and 3.4.15, so, taking f =0,
we have u # 0.

Setv:=v(Lp,, );thusp=1if g + m’ < 1andv = 1/(g + m") otherwise. Hence from
Example 3.3.3 and the remarks before Lemma 3.3.17 we obtain:

(P,m,f) isnormal < (P,m,f) issteep <= » <b 1,

(P,m, f) is deep <= <"1landu< m/v.
We have P(0) = —au, and if v < 1, then (Pxm); ~ (am/v)Y. Thus
(P, m,f) is strictly normal < » <" landu <A(p) MD.

We say that (P, m, f) is balanced if (P, m, f) is steep and P(0) < Sp,,, (0), equiva-
lently, (P, m, f) is steep and u < m. Thus

(P, m, f) is strictly normal = (P, m, f) is balanced = (P, m, f) is deep,
and with b € K*,
(P, m, f) is balanced < (Pxy, m/n, f/n) is balanced < (bP,m,f) is balanced.

If (P, m, f) is balanced, then so is any slot in K equivalent to (P, m, f) Moreover,
if (P, m, f) is ahole in K, then P(0) = —Lp(f), so (P, m, f) is balanced iff it is steep
and Lp(]?) < Sp,, (0). By Corollary 3.3.14, if (P, m,f) is steep, then f— f =A@ m
for some f. For balanced (P, m, f) we have a variant of this fact:

Lemma 3.54. Suppose (P, m, fA) is balanced. Then there is for all n an f such
that f — f < o"m.

Proof. Replacing (P, m, f f) by an equivalent hole in K, we arrange that (P m, f) fisa
hole in K, and replacing (P, m, f) by (Pxm, 1, f/m) that m = 1. Then f + gf =u
withg = 1/p ~P 1, and u < 1. Now use Proposition 3.5.3. ]

Corollary 3.5.5. Suppose the subgroup K T of K is divisible and the slot (P, m, f ) is
balanced. Then (P, m, f) has a strictly normal refinement (P, g, m, f .

Proof First arrange that (P, m, f ) isahole in K. The previous lemma yields an f such
that f f < v®m. Then (P, s, m, f f) is a strictly normal refinement of (P, m, f )
by Lemma 3.3.46 (where the latter uses divisibility of k). |

Since K is henselian and d-valued, the condition in Corollary 3.5.5 that K is divisible
is satisfied if the groups C* and I are divisible.

Lemma 3.5.6. Suppose (P, m, f) is balanced with vfﬁz &°(Lp)and f— = f Then
the refinement (P, g, m, f — f) of (P, m, f) is balanced.
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Proof. By Lemma 3.2.14 we arrange (P, m, f) is a hole. Replacing (P, m, f) and f
by (Pxm, 1, f/m) and f/m we arrange next that m = 1. By the remark preceding
Lemma 3.3.2, (P+f, 1, f — f) is steep. Take ¢ such that vf ¢ &((Lp)?), and set g :=
f f,500# g s f Recall from [ADH, 5.7.5] that L ps = (Lp)? and hence L po (f)
Lp(f) and Lp(g) = Lps(g). Thus

Lp,(3) = Lp(3) < Lpog < Lpof =< Lpo(f) =Lp(f) < Sp(0) = Sp,(0),

using [ADH, 4.5.1(iii)] to get the second < and vf& &(Lpy) to get x; the last <
uses (P, 1, f) being a hole. Therefore (P, , 1, ) is balanced. [

Combining Lemmas 3.4.2 and 3.5.6 yields:

Corollary 3.5.7. If (P, m, f) is balanced and isolated, and f -f= ﬁ then the refine-
ment (Pyg,m, f = f) of (P, m, f) is also balanced and isolated.

We call (P, m, f ) proper if the differential polynomlal P is proper as defined in Sec-
tion 1.7 (thatis, u # 0 and g + ut =P 1) If (P, m, f) is proper, then so are (bP,m, f)
for b # 0 and (Pxy, m/n, f/n) as well as each refinement (P, n, f) of (P, m, f) and
each slot in K equivalent to (P, m, f) By Lemma 1.7.23, if (P, m, f) is proper, then
sois (P?,m, f) for ¢ < 1

Lemma 3.5.8. Suppose (P, m, f) is proper and m < u. Then (P, m, f) is balanced.

Proof. Replacing (P, m, f) by (Pxm. 1, f/m), we arrange m = 1. Then # < 1 and
thus (P, 1, f) is balanced. [

Proposition 3.5.9. Suppose (P, m,f) is proper and vf& &°(Lp). Then (P, m, f) has
a balanced refinement.

Proof. We arrange m = 1 as usual. By Lemmas 1.7.26 and 3.2.14 we have
f~u/(g+u)<"u

Hence if u < 1, then (P, u, f) refines (P, 1, f) and so (P, u, f) is balanced by Lem-
ma 3.5.8. Assume now that u > 1. Then 1 <u < gbyLemma 1.7.25 and nmul P = 1,
and hence u' < g < g. So g ~ g+u ¥ »2 1, hence (P, 1,f) is steep, and f ~ulg.
Set f:=u/g < 1; then (P,y, 1, f f) is a steep refinement of (P, 1, f) Moreover

P.p(0) =P(f) =af’ <a=Sp,,(0),
hence (P, 1, f— f) is balanced. [

Corollary 3.5.10. Suppose K is A-free. Then there exists a refinement (P f,n, f -f)

of (P, m, fA) and ¢ < 1 such that (P+f,n,f— f) is balanced.
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Proof. Using Remark 3.4.7 replace (P, m, f) by a refinement to arrange that (P, m, f)
is isolated. Then u # 0 by a remark at the beginning of this subsection, so by Lem-
ma 1.7.24, P? is proper, eventually. Now apply Proposition 3.5.9 to a proper (and
isolated) (P?, m, f) with ¢ < 1. ]

Corollary 3.5.11. Suppose K is M-free and K™ is divisible. Then (P, m, f ) has a refine-
ment (P ¢, m, f f) with strictly normal (P+f, n, f f) for some ¢ < 1.

Proof. Corollary 3.5.10 yields arefinement (P, f,, n, f - f1) of (P m, f)anda ¢ <
such that (P+f ,nl,f f1) is balanced. With K¢ and (P+f ,m,f f1) in the roles

of K and (P, m, f ) respectively, we can apply Corollary 3.5.5 to (P PR f f1) to
give a strictly normal refinement (P e b f fi — f2) of it. Thus for f := fi + f>»
the refinement (P, ¢, n, f— f) of (P, m, f) has the property that (Pff, n, f— f)is
strictly normal. -

Combining this corollary with Corollaries 3.2.8, 3.3.49, and Lemma 3.3.40 yields:

Corollary 3.5.12. If K is ®-free and algebraically closed, then every minimal hole
in K of order > 1 has a refinement (Q,n, g) such that (Q?®,n,g) is deep and strictly
normal, eventually.



Chapter 4
Holes in H-Fields

Here we focus on holes in the algebraic closure K of a Liouville closed H-field H with
small derivation. After the preliminary Sections 4.1 and 4.2 we come in Sections 4.3—
4.5 to the technical heart of Chapter 4. Section 4.3 shows that every minimal hole in K
gives rise to a Z-minimal slot (Q, 1, b) in H such that the slot (Q¢,n,b) in H? is
eventually split-normal, meaning normal with its linear part “asymptotically” split-
ting over K?; see Definition 4.3.3 for the precise definition, and Theorem 4.3.9 for the
main result of this section. When H is a Hardy field as in [7], this asymptotic splitting
will allow us to define a contractive operator on a space of real-valued functions; this
operator then has a fixed point whose germ y satisfies

Q(y) =0, y<n

A main difficulty then lies in guaranteeing that such germs y have similar asymptotic
properties as b. Sections 4.4 and 4.5 prepare the ground for dealing with this: In Sec-
tion 4.4 we strengthen the concept of isolated slot to ultimate slot (in H, or in K).
This relies on the ultimate exceptional values of linear differential operators over K
introduced in Chapter 2. In Section 4.5 we single out among split-normal slots those
that are repulsive-normal, culminating in the proof of Theorem 4.5.28: an analogue of
Theorem 4.3.9 producing from a minimal hole in K and for small enough active ¢ > 0
in H a deep repulsive-normal ultimate slot in H?. This is further improved in Theo-
rem 4.5.43.

4.1 Some Valuation-Theoretic Lemmas

The present section contains preliminaries for the next section on approximating split-
tings of linear differential operators; these facts in turn are used in Section 4.3 on
split-normality. We shall often deal with real closed fields with extra structure, denoted
usually by H, since the results in this section about such H will be applied to H-fields
(and to Hardy fields in [ 7]). We begin by summarizing some purely valuation-theoretic
facts.

Completion and specialization of real closed valued fields

Let H be areal closed valued field whose valuation ring O is convex in H (with respect
to the unique ordering on H making H an ordered field). Using [ADH, 3.5.15] we
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equip the algebraic closure K = H[i] (i> = —1) of H with its unique valuation ring
lying over O, whichis O + Oi. We set " := v(H*),s0 ' =T.

Lemma 4.1.1. The completion H® of the valued field H is real closed, its valuation
ring is convex in H®, and there is a unique valued field embedding H* — K° over H.
Identifying H® with its image under this embedding we have H°[i] = K°.

Proof. For the first two claims, see [ADH, 3.5.20]. By [ADH, 3.2.20] we have a unique
valued field embedding H® — K€ over H, and viewing H® as a valued subfield of K¢
via this embedding we have K¢ = H°K = H®[i] by [ADH, 3.2.29]. ]

We identify H® with its image in K€ as in the previous lemma. Fix a convex subgroup A
of I". Let O be the valuation ring of the coarsening of H by A, with maximal ideal o.
Then by [ADH, 3.5.11 and subsequent remarks] O and 6 are convex in H, the special-
ization H = O/ of H by A is naturally an ordered and valued field, and the valuation
ring of H is convex in H. Moreover, H is even real closed by [ADH, 3.5.16]. Likewise,
the coarsening of K by A has valuation ring Ok with maximal ideal 0x and valued
residue field K. Thus Ok lies over O by [ADH, 3.4, subsection Coarsening and valued
field extensions], so (K, Ok) is a valued field extension of (H, Q). In addition:

Lemma 4.1.2. K is a valued field extension of H and an algebraic closure of H.

Proof. The second part follows by general valuation theory from K being an algebraic
closure of H. In fact, with the image of i € Ox € Ok in K denoted by the same symbol,
we have K = H[i]. n

Next, let H be an immediate valued field extension of H. We equip H with the unique
field ordering making it an ordered field extension of H in which O is convex;
see [ADH, 3.5.12]. Choose i in a field extension of H with i2 = —1. Equip H[i] with
the unique valuation ring of H [i] that lies over O - namely Oy + Opi [ADH, 3.5.15].
Letd = b + ¢i € H[i] \ H[i] with b, ¢ € H, and let b, ¢ range over H. Then

o(@— (b +ci)) = min{o(b - b),v(C-c)}

and thus o(@ — H[i]) € v(b — H) and v(a@ — H[i]) C v(¢ - H).
Lemma 4.1.3. We have v(b — H) C v(¢ — H) or v(¢ — H) C v(b — H). Moreover, the
following are equivalent:

() v(b-H) Cv(c- H);

(ii) for all b there is a ¢ with v(a@ — (b + ci)) = v(b — b);

(iii) v(@ - HI[i]) = v(b - H).
Proof. For the first assertion, use that U(E — H),v(c — H) € 'y, are downward closed.
Suppose v(b — H) C v(c — H), and let b be given. If ¢ € H, then for ¢ := ¢ we



Some Valuation-Theoretic Lemmas 161

have v(a@ — (b + ¢i)) = v(b — b). Suppose ¢ ¢ H. Then v(¢ — H) € T does not have a
largest element and v(b — b) € v(¢c — H), so we have ¢ with v(b — b) < v(¢ - ¢); thus

v(@— (b +ci)) = min{o(b - b),0(E-¢)} = v(b - b).

This shows (i) = (ii). Moreover, (ii) = (iii) follows from U(Zi - HI[i]) € v(z - H),
and (iii) = (i) from v(a@ — H[i]) € v(¢ - H). n

Soif v(b — H) C v(Z - H), then: @ is special over H[i] < bis special over H.

To apply Lemma 4.1.3 to H-fields we assume in the next lemma more generally that H
is equipped with a derivation making it a d-valued field and that His equipped with
a derivation 0 making it an asymptotic field extension of H; then H is also d-valued
with the same constant field as H [ADH, 9.1.2].

Lemma 4.1.4. Suppose H is closed under integration. Then we have:
ow(b-H)Co(c-H) = v(db-H)Cv(dc-H).

Proof. Assume v(b H) Cov(c—- H) Let b € H, and take g € H with g = b; adding
a suitable constant to g we arrange b- g * 1. Next, take h € H with b- g=c-h
Then

b-b=09b-g) =< dAc—h) = oc—H,

s0 v(db — b) € v(3c - H). [

Embedding into the completion

In this subsection K is an asymptotic field, T := v(K*) # {0}, and L is an asymptotic
field extension of K such that I is cofinal in T'y.

Lemma 4.1.5. Let a € L and let (a,) be a c-sequence in K with a, — a in L. Then

(n)

for each n, (a[(,n)) is a c-sequence in K with a, ” — a™ in L.

Proof. By induction on # it suffices to treat the case n = 1. Let y € I'1; we need to
show the existence of an index o~ such that v(a’” — aj,) >y for all p > 0. By [ADH,
9.2.6] we have f € L* with f < 1 and v(f’) > y. Take o such thatv(a — a,) > vf for
all p > 0. Then v(a’ —ay) > v(f’) > y forp > 0. [

Let K¢ be the completion of the valued differential field K; then K° is asymptotic
by [ADH, 9.1.6]. Lemma 4.1.5 and [ADH, 3.2.13 and 3.2.15] give:

Corollary 4.1.6. Let (a;);cs be afamily of elements of L such that a; is the limit in L of
a c-sequence in K, for eachi € 1. Then there is a unique embedding K((ai)id) — K¢
of valued differential fields over K.
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Next suppose that H is a real closed asymptotic field whose valuation ring O is convex
in H with O # H, the asymptotic extension H of H is immediate, and i is an element
of an asymptotic extension of H withi2 = —1. Then i ¢ H, and we identify H® with a
valued subfield of H[1]¢ as in Lemma 4.1.1, so that H°[i] = H[1]¢ as in that lemma.
Using also Lemma 4.1.5 we see that H® is actually a valued differential subfield of
the asymptotic field H[i]¢, and so H°[i1] = H[1]® also as asymptotic fields. Thus by
Corollary 4.1.6 applied to K := H and L := H

Corollary 4.1.7. Leta € ﬁ[ | be the limit in H['L] of a c-sequence in H[i]. Then the
elements Re a, Ima of H are limits in H of c-sequences in H, hence there is a unique
embedding H|[i ]<Re a,Im a) — HC[1] of valued differential fields over H[1].

4.2 Approximating Linear Differential Operators

In this section K is a valued differential field with small derivation, T := v(K*). For
later use we prove here Corollaries 4.2.6 and 4.2.9 and consider strong splitting. Much
of this section rests on the following basic estimate for linear differential operators
which split over K:

Lemma4.2.1. Letby,...,b, € K and n be given. Then there exists yo € I'” such that
forallby,...,b. e Kandy e U'withy >yoandv(b; —b;) > (n+r)yfori=1,...,r,
we have v(B — B*) > vB + ny, where

= (@-b))---(@-b,) €K[d], B := (3-b}) - (9-b) € K[a].

Proof. By induction on r € N. The case r = 0 is clear (any yo € ' works). Suppose
the lemma holds for a certain r. Let by, ..., b,+1 € K and n be given. Set 5; := vb;
(i=1,...,r+1). Take yg as in the lemma applied to by, . . ., b, and n + 1 in place of n,
and let vy := yg if b, 41 =0, y; := max {70, |,8r+1|} otherwise. Let b},..., b, € K
andy e I'withy > yyandv(b; —b;) > (n+r+ 1)yfori=1,...,r + 1. Set

= @-b)-(@-b), B :=(@-b)---@-b), E:=B-B.

Then

B(a - br+[) = B.(a - b;.+1) + B.(b;,+1 - br+1) + E(a - br+1).
Inductively we have vE > vB + (n + 1)y. Suppose E # 0 and 0 # b,;; * 1. Then
by [ADH, 6.1.5],
vE — 0B + 0(Br+1)

(n+ 1)y +o(Bre1)
ny + Iﬁr+1| + O(IBrH) > ny.

vE(Brs1) —vB(Bre1)

VvV WV
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Hence, using E(0 — b,+1) = Ed — Eb,1 and v(EQ) = v(E) # vE(Br+1),

U(E(a - br+1)) = min{UE7 UE(ﬁHI)} > min{UBa UB(IBHI)} +ny
= U(B(a - br+1)) +ny,

where for the last equality we use vB # vg(B,+1). Also,
V(B (Dyyy — br+1)) = v (v(B}y = brs1)) = vp((n+r+1)y) =vg((n+r+1)y)
where we use [ADH, 6.1.7] for the last equality. Moreover, by [ADH, 6.1.4],
vp((n+r+1)y)—ny > vB+(r+1)y+o(y) > vB > v(B(d - bys1)).

This yields the desired result for £ # 0, 0 # b4 * 1. The cases E # 0, b,+1 =0
and £ =0, 0 # b,y * | are simpler versions of the above, and so is the case E # 0,
br+1 < 1 using [ADH, 5.6.1(1)]. The remaining cases, £ =0, b,,; =0 and E =0,
b,+1 < 1, are even simpler to handle. [

Corollary 4.2.2. Leta,by,...,b, € K, a # 0. Then there exists yo € I'> such that for
alla’,by,...,b, € Kandy e I" withy > yp, v(a —a’) > va + vy, and v(b; — b}) >
(r+Dyfori=1,...,r, we have v(A — A") > vA + 7y, where

A= a@-b)--@-b)eK[d], A :=a@-b}) - (d-b))eK[al.

Proof. Take yy as in the previous lemma applied to by, ...,b, andn =1, and let B =
(0—=b1)---(@-b;),A=aB.Leta’,by,...,b, € K and y € I' be such that y > o,
va—a’)zva+vy,andv(b; —b;) = (r+1)yfori=1,...,r. Set

B:=@-b)--(d-b)), A :=daB.

Then
E:=A-A =aB-B)+(a-a")B".

Lemma 4.2.1 gives vB* = vB, and so
v(@(B-B")) > va+vB+y = vA+y, v((a-a)B) =v(a-a’)+vB > vA+y,
sovE > vA + . ]

In the rest of this subsection we assume P € K{Y} \ K, set r := order P, and let i, j
range over N'*".

Lemma 4.2.3. For 6 := v(P — P(0)) and all h € o we have v(P.y — P) > & + Svh.
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Proof. Note that§ € " and v(P;) > 6 for all j with |j| > 1. Let h € o* and i be given;
we claim that o((P1p); — Pi) > 6 + %vh. By [ADH, (4.3.1)] we have
i+j i
(Pin)i = P; +O(h) where Q(Y) := Z | P Y e KA.

lil>1

From Q(0) = 0 and [ADH, 6.1.4] we obtain
v(0Qxp) = v(Q) +vh+o(vh) > 6+ %Uh.
Together with v(Q (h)) > v(Qxp) this yields the lemma. [

Corollary 4.2.4. Let f € K. Then there exists a 6 € I" such that for all f* € K satis-
fying f — f* < 1 we have v(Pyp — P1y) > 6 + Lu(f* - f).

Proof. Take 6 as in the preceding lemma with P, ¢ inplaceof Pand h= "~ f. =
Corollary 4.2.5. Leta,by,...,b,, f € K be such that

A= Lp, = a(@-b1) --(0-b;), a # 0.
Then there exists y, € I'” such that for all a’, bi,....b,,f"eKandy €T, if
y>vy,vla—-a)zva+y, v(b;=b)z(r+1)y(i=1,...,r), andv(f — ) = 4y,

then
(i) v(P+p — Piy) > vA+y; and
(ii) Lp,. =a’(d—b})---(d—Db;) + E where vE > vA +y.

Proof. Take vy as in Corollary 4.2.2 applied to a, by, ..., b,, and take ¢ as in Corol-
lary 4.2.4. Then y; := max{yo, vA — 6} has the required property. ]

In the next result L is a valued differential field extension of K with small derivation
such that I" is cofinal in I'z. Then the natural inclusion K — L extends uniquely to
an embedding K¢ — L° of valued fields by [ADH, 3.2.20]. It is easy to check that
this is even an embedding of valued differential fields; we identify K¢ with a valued
differential subfield of L® via this embedding.

Corollary 4.2.6. Leta,by,...,b, € L and f € K be such that in L°[9],
A= Lp, = a(@—>by)---(d->b,), a,f#0, v:=0v(A) <1,
and let w € N. Then there are a’, by, ..., b, € L and f* € K such that
a ~ a, o~ f A= Lp, ~ A, orderA® = r, v(A’) ~ v,
and such that for A == {a € T : @ = 0(v(v))} we have in L[2],
A= da(@-b)---(0-b.)+E, E <5 0"t A.



Approximating Linear Differential Operators 165

Proof. Lety, € Fi be as in Corollary 4.2.5 applied to L® in place of K, and take y, € I
such that y, > max{yy, %vf} + vA and y; > v((P+f)i) for all i with (P,y); # 0.
Lety e I"'andy > y,. Theny —vA > ;. By the density of K, L in K¢, L®, respectively,
we can take a’, b}, ..., b, € L and f* € K such that

v(ia—a’) = va+ (y—vA), v(bij = b;) = (r+ 1)(y —vA) fori=1,...,r,
andv(f — f*) 2 4(y —vA) >vf. Thena’ ~ a, f* ~ f, and by Corollary 4.2.5,
v(Pyp—Pyy) >y, A :=Lp,. =a(@-b))---(d-b,)+E, vE>y.

Hence (P f);i ~ (Pyp)i if (Pyg)i 20, and o((Pyy)i) > y2 = vAif (P4 y); = 0, there-
fore A® ~ A, order A" = r, and v(A’) ~ v. Choosing y so that also y > v(p”*'A) + A
we achieve in addition that E <, v**A. ]

Keeping it real

In this subsection H is a real closed H-asymptotic field with small derivation whose
valuation ring is convex, withT := v(H*) # {0}. In addition, K is the asymptotic exten-
sion H[1] of H with i> = —1. Then H° is real closed and H°[i] = K° as a valued field
extension of H according to Lemma 4.1.1, and as an asymptotic field extension of H
by the discussion after Corollary 4.1.6. Using the real splittings from Definition 1.1.5
we show here that we can “preserve the reality of A” in Corollary 4.2.6.

Lemma 4.2.7. Let A € H°[d] be of order r > 1 and let (g1, ...,8r) € H°[V]" be a
real splitting of A over H°[i]. Then for everyy € I there are g3, . . ., g, in H[1] such
thatv(g; — g;) >vyfori=1,....,r,

A" = (0-gy)---(0—-g;) € H[d],
and (g3, ..., &) is a real splitting of A" over H|[1].

Proof. We can reduce to the case where r = 1 or r = 2. If r = 1, then the lemma holds
trivially, so suppose r = 2. Then again the lemma holds trivially if g1, g» € H®, so we
can assume instead that

g1 = a—-bi+b', g = a+bi, a€H® be (HY.

Let y € I" be given. The density of H in H® gives a' € H with v(a — a") > . Next,
choosey’ € I"such that y* > max{y,vb} and @’ > y forall nonzeroa > y* —vb inTI’, and
take b* € H withv(b — b") > y'. Thenv(b - b") > yand b ~ b*. Infact, b = b*(1 + &)
where ve +vb =v(b - b’) >y andsov((b/b")T) =v(e’) > y.Set g} :=a’ = bi + b
and g, := a’ + b"i. Then

(g1 —81) = v(@a—a +(b/b) + (b =b)i) > v, v(g2-g) > .
(-8 (-8 = & - (24 +b7)o+ ((-a’) +a*+a’b"" +b?) € H[o].
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Hence (g}, g5) is a real splitting of A" := (9 — g})(0 — g5) € H[J]. [
In the next two corollaries a € (H®)* and by, ..., b, € K° are such that
A = a(@-by)---(0-b,) € H°[9],

(b1,...,b,) is areal splitting of A over K¢, and v := p(A) < 1. We set A := A(v).

Corollary 4.2.8. Suppose A = Lp,, with P € H{Y} of order r
Lety € " and w € N. Then there is f* € H* such that v(f* — f)

> land f in (H®)™.
> ’y:

“4.2.1) f~f, A = Lp,. ~ A, orderA" = r, v(A") ~ v,

and we have a* € H*, b}, ...,b, € K, and B',E* € H[d] with A" = B+ E*, E* <
vt A, such that

B =a@-b))---(0-b}), v(a—a’), v(by = b)), ... ,0(b,=Db}) = v,
and (by,...,b;) is a real splitting of B* over K.

Proof. We apply Corollary 4.2.6 with H, K in the role of K, L, and take y;, y; as in
the proof of that corollary. We can assume y > y», so that ¥y — vA > 0. The density
of H in H gives a” € H such thatv(a — a’) > max{va +(y - vA),y} (soa” ~ a), and
Lemma 4.2.7 gives b}, ..., b, € K such that v(b; — b;) > max{(r + 1)(y — vA), y}
fori =1,...,r,and (by,...,b;) is areal splitting of

B = a(@-b))-(d-b.) e H[J

over K. Take f* € H withv(f — f°) > max{4(y - vA), y}. Then (4.2.1) follows from
the proof of Corollary 4.2.6. We can increase y so that y > v(v”*'A) + A, and then
we have A" — B* <5 %+ A. m

This result persists after multiplicative conjugation:

Corollary 4.2.9. Suppose A= Lp,, ., with P € H{Y} oforderr > 1, and f in (H®)*,
me H*. Lety € T, w € N. Then there is f* € H* such that

o(f* -fN=zvy. f~f A :=Lp,, ~A orderA =r, vA) ~ 0,

and we have a® € H*, b\, ..., b, € K, and B', E* € H[0] with the properties stated in
the previous corollary.

Proof. Put Q := Py € H{Y}, g := f/m € H®; then Q. = P,y «xm. Applying the
previous corollary to Q, g inplace of P, f yields g € H*,a" € H*,and b, ..., b, € K
such thatv(g' —g) > y —ovm,

g ~ g A = Lo, ~ A, order A" = r, v(A°) ~ v
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and A" = B' + E*, with B', E* € H[3], E* <o v”*'A, and
B =a@-b})---(0-0b}), v(a—a’), v(by = b)), ... ,u(b,=b}) = v,

and (b],...,b;)isareal splitting of B> over K. Thus " :=g'm e H* and a’, b}, ..., b}
have the required properties. u

Strong splitting

In this subsection H is a real closed H-field with small derivation and asymptotic inte-
gration. Thus K := H[i] is a d-valued extension of H. Let A € K[0]* have order r > 1
and set » := v(A), and let f, g, i (possibly subscripted) range over K. Recall from
Section 1.1 that a splitting of A over K is an r-tuple (g1, . . ., &) such that

A = f(0—g1)---(d—gr) where f #0.

We call such a splitting (g1, ..., g,) of A over K strong if Re g; = o forj=1,...,r,
and we say that A splits strongly over K if there is a strong splitting of A over K. This
notion is mainly of interest for v < 1, since otherwise v = 1, and then any splitting of A
over K is a strong splitting of A over K.

Lemma 4.2.10. Let (g1, ..., &) be a strong splitting of A over K.
1) Ifh#0, then (g1,...,gr) is a strong splitting of hA over K.
(i) Ifh < 1, then (g1 — h',..., g, — h') is a strong splitting of Ah over K.

Proof. Part (i) is clear, so suppose & < 1. Now use Lemma 1.1.1 and the fact thatp < 1
implies Re 4" < A" < v'. If v = 1, then use that v(Ah) = 1 by Corollary 3.1.3. ]

Lemma 4.2.11. Suppose g < Re g. Then A = d — g splits strongly over K.
Proof. Assuming v < 1 givesv’ < 1,s00" < 1/p < g < Reg. [
In particular, every A € H[d]* of order 1 splits strongly over K.

Lemma 4.2.12. Suppose (g1, ..., g,) is a strong splitting of A over K and v <" 1,
Let ¢ < 1 be active in H and set

hj=¢"" g, - (r—j)¢") forj=1,...,r.
Then (hy, ..., h,) is a strong splitting of A® over K¢ = H?[i].

Proof. ByLemmal.1.2, (hy,...,h,)isasplittingof A? over K. Wehave ¢ < 1 < ',
soReh;j~¢ 'Reg; = ¢ "ol forj=1,...,7r.Setw :=v(A?) and § := ¢~'0. Lem-
ma 3.1.20 gives ™ =< wT, so ¢~ 'oT < §(w)/w. ]
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In the next two results we assume that for all g € Q” and n € H* there is given an
element n9 € H* such that (n?)" = gn™ (and thus v(n?) = g v(n)).

Lemma 4.2.13. Suppose (g1, ..., &) is a splitting of A over K, v < 1, n € H*,
and [v] < [n]. Then for all ¢ € Q> with at most r exceptions, (g1 —qn',..., g, —gn’)
is a strong splitting of An? over K.

Proof. Let ¢ € Q. Then (g; — gqn', ..., g, — gn') is a splitting of An? over K, by

Lemma 1.1.1. Moreover, [p(An?)| < [n], by Lemma 3.1.9, so n(An9)" < n'. Thus
if Reg; +» gn' for j =1,...,r, then (g — gn', ..., g, — gn’) is a strong splitting
of An? over K. ]

Corollary 4.2.14. Let (P, m, a) be a steep slot in K of order r > 1 whose linear
part L := Lp_ splits over K and such that @ <x m for A := A(v(L)). Then for all
sufficiently small g € Q”, any n =< |[o(L)|9m in K* gives a steep refinement (P, 1, Zi)
of (P, m,a) whose linear part Lp,, splits strongly over K.

Proof. Note that | f| < f forall f. Lemma 3.3.1 gives gg € Q such that for all ¢ € Q~
with ¢ < gg and any 1 < |[p(L)|9m, (P,n, a) is a steep refinement of (P, m,a). Now
apply Lemma 4.2.13 with L, v(L), |[o(L)| in the respective roles of A, v, 1, and use
Lemma4.2.10 and the fact that forn < |[o(L)|mwehave Lp,, =L -n/m = L|o(L)|?h
with & < 1. ]

We finish this section with a useful fact on slots in K. Given such a slot (P, m, a),
the element & lies in an immediate asymptotic extension of K that might not be of the
form H [1] with H an immediate H-field extension of H. By the next lemma we can
nevertheless often reduce to this situation, and more:

Lemma 4.2.15. Suppose H is ®-free. Then every Z-minimal slot in K of positive order
is equivalent to a hole (P, m,b) in K with b € K = H[i] for some immediate ®-free
newtonian H-field extension H of H.

Proof. Let (P, m,a) be a Z-minimal slot in K of order > 1. Take an immediate ®-free
newtonian H-field extension H of H; such H exists by (7) (see p. 20). Then K= ﬁ[i]
is also newtonian by (10) (cf. p. 20). Now apply Corollary 3.2.29 with L := K to
obtain b € K such that (P, m,b) is a hole in K equivalent to (P, m, a). ]

4.3 Split-Normal Slots

In this section H is a real closed H-field with small derivation and asymptotic inte-
gration. We let O := Op be its valuation ring and C := Cy its constant field. We fix
an immediate asymptotic extension H of H with valuation ring O and an element i
of an asymptotic extension of H with i* = —1. Then H is also an H-field by [ADH,
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10.5.8],i ¢ H and K := H[1] is an algebraic closure of H. With K := ﬁ[i] we have
the inclusion diagram

H——K =H[i]

H——K = H[i]

By [ADH, 3.5.15, 10.5.7], K, K are d-valued with valuation rings O + Oi, O + Oi,
respectively, and with the same constant field C[i], and K is an immediate extension
of K. Thus H, K, H, K have the same H-asymptotic couple (I, ).

Lemma 4.3.1. Lera € H\ H. Then Z(H,@) = Z(K,a) N H{Y}.

Proof. The inclusion “2” is obvious since the Newton degree of a differential poly-
nomial Q € H{Y}* does not change when H is replaced by its algebraic closure;
see [ADH, 11.1]. Conversely, let P € Z(H,a). Then for all v € H* and a € H such
thata —a < v we have ndeg_, H,, > 1. Letv € H* and z € K be such that z —a < v.
Take a, b € H such that z = a + bi. Then a — @, bi < v and hence ndeg_, P, =
ndeg_, P+q > 1, using [ADH, 11.2.7]. Thus P € Z(K, a). n

Corollary 4.3.2. Let (P, m, @) be a slot in H with @ € H. Then (P, m, @) is also a
slot in K, and if (P, m, @) is Z-minimal as a slot in K, then (P, m, @) is Z-minimal
as a slot in H. Moreover, (P, m,a) is a hole in H iff (P, m,a) is a hole in K, and
if (P,m,a) is a minimal hole in K, then (P, m, a) is a minimal hole in H.

Proof. The first three claims are obvious from K being an immediate extension of K
and the previous lemma. Suppose (P m, @) is minimal as a hole in K. Let (Q, 1, b)
be a hole in H; thus b € H where H is an immediate asymptotlc extension of H.
By the first part of the corollary applied to (Q, n, b) and H in place of (P, m,a)
and H, respectively, (Q, 1, b) is also a hole in K. Hence ¢(P) < ¢(Q), proving the last
claim. ]

In the next subsection we define the notion of a split-normal slot in H. Later in this
section we employ the results of Sections 3.3—4.2 to show, under suitable hypotheses
on H, that minimal holes in K of order > 1 give rise to a split-normal Z-minimal
slots in H. (Theorem 4.3.9.) We then investigate which kinds of refinements preserve
split-normality, and also consider a strengthening of split-normality.

Defining split-normality

In this subsection b ranges over H and m,n over H*. Also, (P,m,a) is a slot in H
of order r > 1 with @ € H\ H and linear part L := Lp,,. Setw :=wt(P), sow > r;
iforder L = r, we set v := v(L).
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Definition 4.3.3. We say that (P, m, a) is split-normal if order L = r, and
(SN1) » <" 1;

(SN2) (Pxm)s>1 = Q + R where Q, R € H{Y}, Q is homogeneous of degree 1 and
order r, Lg splits over K, and R <a(y) 0 (Pyn)1.

Note that in (SN2) we do not require that Q = (Pxm)1-

Lemma 4.3.4. Suppose (P, m, a) is split-normal. Then (P, m,a) is normal, and
with Q, R as in (SN2) we have (Pxm)1 — Q <A(v) 0 (Pym)1, 50 (Pxm)1 ~ Q.

Proof. We have (Pxm)1 = Q + Ry and R; < R <a(p) 9”71 (Pxm)1, and thus
(Pxm)1 —Q <A(v) I)U[H—l(me)l-

Now (P, m, a) is normal because (Pxm)>1 = R>1 <a(v) 2 (Pyn)i. [ ]

If (P, m,a) is normal and (Pxm); = Q + R where Q, R € H{Y}, Q is homogeneous
of degree 1 and order r, Lg splits over K, and R <a(p) 9! (Pxm)1, then (P, m, a)
is split-normal. Thus if (P, m, a) is normal and L splits over K, then (P, m, a) is
split-normal; in particular, if (P, m, @) is normal of order r = 1, then it is split-normal.
If (P,m, a) is split-normal, then so are (b P, m,a) for b # 0 and (Pxy, m/n,a/n). Note
also that if (P, m, @) is split-normal, then with Q as in (SN2) we have v(L) ~ v(Lg),
by Lemma 3.1.1. If (P, m, @) is split-normal and H is A-free, then & (L) = &°(Lg)
with Q as in (SN2), by Lemmas 4.3.4 and 3.1.23.

Lemma 4.3.5. Suppose (P, m,a) is split-normal and ¢ < 1 is active in H and ¢ > 0
(so H? is still an H-field). Then the slot (P?, m,a) in H? is split-normal.

Proof. We first arrange m = 1. Note that L ps = L? has order . Put w := v(Lps), and
take O, R as in (SN2). Then v xp ) W <Z§ 1 by Lemma 3.1.20. Moreover, Ly = Lg
splits over K?; see [ADH, p. 291] or Lemma 1.1.2. By [ADH, 11.1.4],

R? =A@ R <a@) v"7'P1 =p@m) w"*1PY,
so (P?,m,a) is split-normal. n

Recall: “(P?,m, @) is split-normal, eventually” means that there is an active ¢¢ in H
such that (P?, m, @) is split-normal for all active ¢ < ¢ in H. Since we need to
preserve H being an H-field when compositionally conjugating, we say: (P?, m,a) is
eventually split-normal if there exists an active ¢¢ in H such that (P?, m, @) is split-
normal for all active ¢ < ¢g in H with ¢ > 0. We use this terminology in a similar way
with “split-normal” replaced by other properties of slots of order r > 1 in real closed
H-fields with small derivation and asymptotic integration, such as “deep” and “deep
and split-normal”.
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Achieving split-normality

Assume H is o-free and (P, m, @) is a minimal hole in K = H[i] of order r > 1,
withm € H* and @ € K \ K. Note that then K is ®-free by [ADH, 11.7.23], K is
(r — 1)-newtonian by Corollary 3.2.3, and K is r-linearly closed by Corollary 3.2.4. In
particular, the linear part of (P, m, a) is 0 or splits over K. If deg P = 1, thenr = 1 by
Corollary 3.2.8. If deg P > 1, then K and H are r-linearly newtonian by Corollary 3.2.6
and Lemma 1.7.30. In particular, if H is 1-linearly newtonian, then H is r-linearly
newtonian. In this subsection we let a range over K, b, ¢ over H, and n over H*.

Lemma 4.3.6. Let (Q,n, Z) be a hole in H withc(Q) < c(P) andb € H. Then C(Q)
c(P), (Q,n, b) is minimal and remains a minimal hole in K. The lmearpartof(Q 1, b)
is 0 or spllts over K, and (Q, n, b) has a refinement (Q+p, P, b - b) (in H) such
that (Q+b, P, b - b) is eventually deep and split-normal.

Proof. By Corollary 4.3.2, (Q, n, 2;) is a hole in K, and this hole in K is minimal
with c(Q) = c(P), since (P, m, a) is minimal. By Corollary 4.3.2 again, (Q, n,E) asa
hole in H is also minimal. Since K is r-linearly closed, the linear part of (Q,n, 3) isOor
splits over K. Corollary 3.3.34 (with H instead of K) glves arefinement (Q 4, P, b- b)
of the minimal hole (Q, n, b) in H such that (Q +p» P> b — D) is deep and normal,
eventually. Thus the linear part of (Q4p, P, b- b) is not 0, and as c(Q+b) = C(P) this
linear part splits over K. Hence for active ¢ in H the linear part of (Q b P b - b)
splits over K¢ = H?[i]. Thus (Q i P b- b) is eventually split-normal. [

Now @ = b + Ci with b, € H, and b, ¢ < m. Moreover, b ¢ H or ¢ ¢ H. Since @
is differentially algebraic over H, so is its conjugate b — i, and therefore its real and
imaginary parts b and ¢ are differentially algebraic over H; thus Z(H, b) #0forb ¢ H,

and Z(H,c) #+ 0 for ¢ ¢ H. More precisely:

Lemma 4.3.7. We have trdeg(H(b)|H) < 2r. If b ¢ H, then Z(H,b) N H[Y] = 0,
so 1 < orderQ < 2r forall Q € Z(H, b) of minimal complexity. These statements also
hold for ¢ instead of b.

Proof. The first statement follows from b € H{(b + Ci, b — ¢i). Suppose b ¢ H. If
a differential polynomial Q € Z(H, Z) has minimal complexity, then [ADH, 11.4.8]
yields an element f in a proper immediate asymptotic extension of H with Q(f) =

soQ ¢ H[Y]. [

Lemma 4.3.8. Suppose deg P = 1 and b ¢ H. Let QeZ(H, Z) be ofminimal com-
plexity; then either order Q =1, or order Q = 2, degQ = 1. Let Q € H{Y} be a
minimal annihilator ofb over H; then either orderQ =1, or order Q 2, deg Q =1,
and LQ € H|[9] splits over K.
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Proof. Recall that r = 1 by Corollary 3.2.8. Example 1.1.7 and Lemma 1.1.8 give
a Q € H{Y} of degree 1 and order 1 or 2 such that Q(b) = 0 and L splits over K.

Then ¢(Q) = (1,1, 1) or c(Q) = (2, 1, 1), which proves the claim about 0, usmg also
Lemma 4.3.7. Also, Q Q € Z(H, b) hence C(Q) C(Q) C(Q) It c(Q) = c(Q)
then Q = aQ for some a € H*. The claim about Q now follows easily. ]

By Corollary 3.3.34 and Lemma 3.3.23, our minimal hole (P, m, @) in K has a refine-
ment (P4, 1, a — a) such that eventually (P? tas T, @ — a) is deep and normal. Moreover,
as K is r-linearly closed, the linear part of (P va» M, a — a), for active ¢ in H, splits
over K% = H?[i]. Our main goal in this subsection is to prove analogues of these facts
for suitable Z-minimal slots (Q, m, b) or (R, m, ¢) in H:

Theorem 4.3.9. Recall from just before Lemma 4.3.7 that @ = b + ¢ i with b, ¢ € H.
If H is 1-linearly newtonian, then one of the following holds:

(i) b ¢ H and some Z-minimal slot (Q,m, E) in H has a refinement (Q1p, 1, b— b)

such that (Q%, ,n, b- b) is eventually deep and split-normal;

+b’

(ii) ¢ ¢ H and some Z-minimal slot (R, m, ¢) in H has a refinement (Ryc,M,C — ¢)

such that (R ,C — ¢) is eventually deep and split-normal.

+er 1

Lemmas 4.3.10, 4.3.11 and Corollaries 4.3.13—4.3.16 below are more precise (only
Corollary 4.3.15 has H being 1-linearly newtonian as a hypothesis) and together give
Theorem 4.3.9. We first deal with the case where b or ¢ is in H:

Lemma 4.3.10. Suppose ¢ € H. Then some hole (Q, m, Z) in H has the same com-
plexity as (P, m,a). Any such hole (Q, m, b) in H is minimal and has a refine-
ment (Q4p, N, b- b) such that (Q+b, n, b — b) is eventually deep and split-normal.

Proof. Let A, B € H{Y} be such that P,z;(Y) = A(Y) + B(Y)i,s0 A(b) = B(b) =0
If A #0,thenc(A) < c(P) gives that O := A has the desired property by Lemma 4.3.6.
If B # 0, then likewise Q := B has the desired property. The rest also follows from that
lemma. |

Thus if ¢ € H, we obtain a strong version of (i) in Theorem 4.3.9. Likewise, the next
lemma gives a strong version of (ii) in Theorem 4.3.9if b € H.

Lemma 4.3.11. Suppose b € H. Then there exists a hole (R, m, ¢) in H with the
same complexity as (P, m, a). Every such hole in H is minimal and has a refine-
ment (Ryc,n, ¢ — ¢) such that (Rfc, 1, ¢ — c) is eventually deep and split-normal.

This follows by applying Lemma 4.3.10 with (P, m, @) replaced by (Pxi, m, —ia), a
minimal hole in K with the same complexity as (P, m, a).
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We assume in the rest of this subsection that E, ¢ ¢ H and that Q € Z(H, 5) has
minimal complexity Hence (Q,m, Z) is a Z-minimal slot in H, and so is every refine-
ment of (Q, m, b) If (Pyyq,m,a — a) is a refinement of (P, m,a) and b = Re a,
then (Q4p, M, b - b) is a refinement of (Q, m, b) Conversely, if (Q4p, 1, b - b)
is a refinement of (Q, m, b) and v(b — H) C v(Z - H), then Lemma 4.1.3 yields a
refinement (P,,,n,a — a) of (P, m,a) with Rea = b. Also recall from that lemma
thatv(b — H) C v(¢ — H) is equivalent to v(@ — K) = v(b — H); in this case, (P, m, &)
is special iff (O, m, D) is special. Recall also that if (Q, m, b) is deep, then so is each
of its refinements (Q.p, m, b— b), by Corollary 3.3.8.

Here is a key technical fact underlying Theorem 4.3.9:

Proposition 4.3.12. Suppose the hole (P,m,a) in K is special, the slot (Q m, b)
in H is normal, and v(b H) C v(c — H). Then some refinement (Q+p, m, b — b)

of (Q,m, b) has the property that (Q m,b— b) is eventually split- normal

+b’

Proof. Replacing (P, m,a), (Q, m,E) by (Pxm, 1,a/m), (Qxm, l,z/m), respectively,
we reduce to the case m = 1; then a, b < 1. Since a is special over K = H|[1],

A:={6€eTl: |6l ev(@-K)}

is a convex subgroup of I" which is cofinal in v(a@ — K) and hence in U(B — H), so b
is special over H. Compositionally conjugate H, H K, K by a suitable active ¢ < 1
in H>, and replace P, Q by P?, 09, respectively, to arrange I’ c A; in particular,
Ycub-H ) and ¥ (A*) C A. Multiplying P, Q by suitable elements of H* we also
arrange that P, Q =< 1. By Lemma 4.3.5 it suffices to show that then (Q, 1,5) has a
split-normal refinement (Qp, 1, b- b), and this is what we shall do. . .

Note that H, H , K, K have small derivation, so the specializations H, H , K, K
of H, H , K, K , respectively, by A, are valued differential fields with small derivation.
These specializations are asymptotic with asymptotic couple (A, |A*), and of H-type
with asymptotic integration, by [ADH, 9.4.12]; in addition they are d-valued, by [ADH,
10.1.8]. The natural inclusions 00— 0k, 0— Oﬁ, Oﬁ - OE, and Ox — OE induce
valued differential field embeddings H — K, H — H, H — K and K — K, which we
make into inclusions by the usual identifications; see [ADH, pp. 405-406]. By Lem-
ma 4.1.2 and the remarks preceding it, H is real closed with convex valuation ring
and K is an algebraic closure of H. Moreover, H is an immediate extension of H
and K is an immediate extension of K. Denoting the image of ‘i under the residue
morphism O — K by the same symbol, we then have K = H[i],K = H[i],and i ¢ H.
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This gives the following inclusion diagram:

— K =HJ[i]

H
H

K =H[i]

Now a € O C 0,? andE,Ee O5 ¢ Oﬁ, and3:5+?i, ReéT:E, Ima = ¢, For
alla € Og we have v(@—d) = v(@ —a) € A hence a ¢ K; likewise v(z —b) € A for
all b € O, so b ¢ H. Moreover, for all § € A there is an a € Ok with v(@-a) = 6;
hence & is the limit of a c-sequence in K. This leads us to consider the completions H¢
and K¢ of H and K. By [ADH, 4.4.11] and Lemma 4.1.1, these yield an inclusion
diagram of valued differential field extensions:

HE —— K© = B[]

H——K = H[i]

where HC is real closed with algebraic closure K¢ = H¢[i]. These completions are
d-valued by [ADH, 9.1.6]. By Corollary 1.7.5, K and K¢ are ®-free and (r — 1)-
newtonian; thus K¢ is r-linearly closed by Corollary 1.7.42. We identify the valued
differential subfield K <Re a,Im fi) of K with its image under the embedding into K¢
over K from Corollary 4.1.7; then @ € K¢ and b = Re @ € H®. This leads to the next
inclusion diagram:

HC¢ K©

Hp) K@)

H—K

By Corollary 1.5.21, P € K{Y} is a minimal annihilator of dover K and has the same

complexity as P. Likewise, Q € H{Y} is a minimal annihilator of b over H and has
the same complexity as Q. Let s := order Q = order 0, so 1 < s < 2r by Lemma 4.3.7,
and the linear part A € H°[d] of Q+i§ has order s as well. By [ADH, 5.1.37] applied

to H°, H, P, O, @in the role of K, F, P, S, f, respectively, A splits over K¢ = H°[1],
so Lemma 1.1.4 gives a real splitting (g, ..., gs) of A over K

A= f(0-g1) - (9-gs), fi81s...,8s €KS, f#£0.
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The slot (Q, 1,5) in H is normal, so v(Lg ;) ~ v(Lo) <" 1 by Lemma 3.1.28, there-
fore p(A) <° 1in K¢ by Lemma 3.1.7. Then Corollary 4.2.8 gives a, b € O witha, b # 0
in H and by, ..., by € Ok such that for the linear part A € H[d] of Q+b’

, A~ A, orderA = s, w := v(A) ~ p(A),

).

b ~
and such that for w := wt(Q) and with A(w) C A:

A=B+E,B=d(@-b1)---(d-bs) e H[A], E e H[d, E <aw) w"*'A,

and ([91, R BS) is a real splitting of B over K. Lemma 1.1.6 shows that we can
change by, ..., by if necessary, without changing by,..., b, to arrange that the oper-
ator B:=a(d—by)---(d—b, )hes inO[o] C H[d ] and (by, ..., by) is areal splitting
of B over K. Now b—b < b < 1, s (Q+p, 1, b — b) is a refinement of the nor-

mal slot (Q, 1, 5). Hence (Q.p, 1, Z —b) is normal by Proposition 3.3.25, so v :=
v(Lo,,) <P 1. By Lemma 3.1.7 we have » = w, so A(v) = A(w) C A. Hence in H[9]:

Lg,, = B+E, E€O[d], E <ap) v"*'Lg,,.
Thus (Q4p, 1,29\ — b) is split-normal. [

Recall from the beginning of this subsection that if deg P > 1, then K = H[i] is r-
linearly newtonian; this allows us to remove the assumptions that (P, m, @) is special
and (Q,m, b) is normal in Proposition 4.3.12, by reducing to that case:

Corollary 4.3.13. Suppose degP > 1 and v(b H) - v(c — H). Then (Q,m, b) has
a special refinement (Q+p, 1, b- b) such that (Q nb-— b) is eventually deep and
split-normal.

+b’

Proof. By Lemmas 3.2.26 and 3.3.23, the hole (P, m, @) in K has a quasilinear refine-
ment (P4, 1, a — a). (The use of Lemma 3.3.23 is because we require n € H*.) Now
let b = Re a. Then, using Lemma 4.1.3 for the second equality,

v((@-a)-K) = v(@-kK) = o(b-H) = v((g—b)—H),

and (Q+;,,n b- b) is a Z-minimal refinement of (Q, m, b) We replace (P, m, @)
and (Q, m, b) by (Pia,m,a — a) and (Q4p, 1, b- b), respectively, to arrange that
the hole (P, m,a) in K is quasilinear. Then by Proposition 1.5.12 and K being r-
linearly newtonian, (P, m, a) is spec1al Hence (Q, m, b) is also special, so Proposi-
tion 3.3.36 gives a refinement (Q+4p,1,b — b) of (O, m, b) and an active ¢y € H> such
that (Q b T b- b) is deep and normal. Refinements of (P, m, a) remain quasilinear,
by Corollary 3.2.23. Since v(z; — H) C v(¢c— H) we have arefinement (P, 1,a — a)
of (P, m,a) with Rea = b. Then by Lemma 3.2.35 the minimal hole (Pfg, ,a—a)

in H?[i] is special. Now we apply Proposition 4.3.12 with H%, (P% . n,a - a),
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(Qfg, n,g — b) in place of H, (P,m,a), (Q, m,E), respectively: it gives by € H and

a refinement
((Qfl(;)+b07na (Z;_ b) - bo) = (Qf(()b+b0)’ nyz;_ (b + b()))

of (Qf,‘;, n, b — b), thus a refinement (O+(brby)s 1, b-(b+ bo)) of (Q4p, 1, b-b),
such that (Qf(berO), n,

Proposition 4.3.12, (Qf(mbo)’ m,

b—(b+ by)) is eventually split-normal. By the remark before
b- (b + by)) is also eventually deep. [

Recall that v(b — H) C v(¢ — H) or v(¢ — H) C v(b — H). The following corollary
concerns the second case:

Corollary 4.3.14. Suppose deg P > 1, v(¢ — H) C v(b — H), and R € Z(H,¢) has
minimal complexity. Then the Z-minimal slot (R, m,c) in H has a special refine-

ment (Ryc,n, ¢ — c) such that (Rfc, n,c — c) is eventually deep and split-normal.

Proof. Apply Corollary 4.3.13 to the minimal hole (Px;, m, —ia) in H|[1i]. ]

In the next two corollaries we handle the case deg P = 1. Recall from Lemma 4.3.8
that then order Q = 1 or order Q = 2, deg Q = 1. Theorem 3.3.33 gives:

Corollary 4.3.15. If H is 1-linearly newtonian and order Q = 1, then the slot (Q,m, 5)
in H has a refinement (Q +p, 1, b — b) such that (be, 1, b — b) is eventually deep and
split-normal.

Corollary 4.3.16. Suppose deg P = 1 and order Q = 2, degQ = 1. Let O€cH {Y} be
a minimal annihilator of b over H. Then (Q, m, b) is a Z-minimal hole in H and has
a refinement (Q 1,1, b — b) such that (Q%,,n, b — b) is eventually deep and split-

+b>
normal.

Proof. By the proof of Lemma 4.3.8 we have c(Q) = ¢(Q) (hence (Q,m, b) is a
Z-minimal hole in H) and L o splits over H[i]. Now Corollary 3.3.12 gives a refine-

ment (Q+b, nb— b) of (é m, Z) whose linear part has Newton weight 0 and such
that the slot (Q¢ n,b —b) in H? is deep, eventually. Moreover, by Lemmas 3.3.17

+b’
and 3.2.31, (be, 1, b — b) is normal and its linear part splits over H?[i], eventually.
Thus (be 1, b — b) is eventually deep and split-normal. ]

This concludes the proof of Theorem 4.3.9.

Split-normality and refinements

We now study the behavior of split-normality under refinements. In this subsection a
ranges over H and m, n, v range over H*. Let (P, m, @) be a slot in H of order r > 1
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with @ € H \H, and L := Lp,_,, w:= wt(P). Here is the split-normal analogue of
Lemma 3.3.19:

Lemma 4.3.17. Suppose order(L) = r and v is such that (SN1) and (SN2) hold,
and V(L) <ay) 0. Then (P, m,a) is split-normal.

Proof. Same as that of 3.3.19, but with R as in (SN2) instead of (Pxm)>1. [ ]
Now split-normal analogues of Propositions 3.3.25 and 3.3.26:

Lemma 4.3.18. Suppose (P, m,a) is split-normal. Let a refinement (Py,, m,a — a)
of (P,m,a) be given. Then (Pyq, M, d — a) is also split-normal.

Proof. Asinthe proof of Proposition 3.3.25 we arrange m = 1 and show forv :=v(Lp),
using Lemmas 3.1.28 and 4.3.4, that order(Lp,,,) = r and

(Psa)t ~a() P1, ©(Lp,,) ~am) 0 (Pia)>1 <a() 0 (Pia)1.

Now take Q, R as in (SN2) for m = 1. Then P; = Q + Ry, and so by Lemma 3.1.29
for A = Lo we get (Pia)1 — Q <a@) 0" (Pra)1, 50 (Pra)s1 — O <a@) 0 (Pra)i.
Hence (SN2) holds with m = 1 and P, instead of P. Therefore the slot (P, m,a — a)
in H is split-normal by Lemma 4.3.17. ]

Lemma 4.3.19. Suppose (P, m,a) is split-normal, @ < n < m, and [n/m] < [v],
v :=v(L). Then the refinement (P,n,a) of (P, m,a) is split-normal: if m, P, Q, v are
as in (SN2), then (SN2) holds with n, Q xn/m,» Rxn/m» 9(Lp,,) in place of m, Q, R, v.

Proof. Set L := Lp,,. Lemma 3.3.1 gives order(L) = r and v(L) =A(v) V. There-
fore (Pxn)>1 <A(v) 0+ (Pyy)1 by Proposition 3.3.26. Now arrange m = 1 in the usual
way, and take Q, R as in (SN2) for m = 1. Then

(Pxn)1 = (PD)xn = Oxn + (R)xn» (Pxn)>1 = (Rxn)>1 = (R>1)xn

by [ADH, 4.3], where QO is homogeneous of degree 1 and order r, and Lo, = Lon
splits over K. Using [ADH, 4.3, 6.1.3] and [n] < [v] we obtain

(R1)xn XA() MR < MR <p() anHPl =A(v) an(Pl)xn = DwH(Pxn)L
Hence (SN2) holds for 11, Qxn, Rxn, n(Z) in place of m, Q, R, v. [

Recall our standing assumption in this section that H is areal closed H-field. Thus H is
d-valued, and for all n and g € Q> we have n? € H* such that (n9)" = gn'. In the rest
of this section we fix such ann4 for alln and g € Q. Now we upgrade Corollary 3.3.31
with “split-normal” instead of “normal’:
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Lemma4.3.20. Supposem =1, (P,1,a) is split-normal, a <n <1, andforv :=v(Lp)
we have [n'] < [v] < [n]. Then (P,n4, @) is a split-normal refinement of (P, 1, @)
for all but finitely many g € Q with0 < g < 1.

Proof. Corollary 3.3.31 gives that (P,n%,a) is a normal refinement of (P, 1,a) for
all but finitely many g € Q with 0 < g < 1. Take Q, R asin (SN2) form = 1. Then L =
Lo + Lg where Lg splits over H[i] and Lg <a(y) d**'L, for v := v(L). Applying
Corollary 3.1.19to A := L, B := Lg we obtain: Lgn? < () w” ! Ln?, w = v(Ln9),
for all but finitely many g € Q.

Let g € Q be such that 0 < g < 1, (P,n%,a) is a normal refinement of (P, 1,a),
and Lgn? <5(w) w**'Lnd, with w as above. Then

(Pxna)1 = Qxna + (R1)xna

where Qxna is homogeneous of degree 1 and order r, Lo, = Lon9 splits over H[i],
and (R1)xna <a(w) W (Pyna) for w := v(Lp_,). Since (P,n?,a) is normal, we
also have (Pxna)s1 <a(w) 0T (Pxna)1. Thus (P, 19, @) is split-normal. [

Remark. We do not know if in this last lemma we can drop the assumption [n'] < [v].

Strengthening split-normality

In this subsection a, b range over H and m, 1t over H*, and (P, m, a) is a slot in H
of order r > 1 and weight w := wt(P), sow > 1, and L := Lp_ . Iforder L = r, we
setv :=v(L).

With an eye towards later use in connection with fixed point theorems over Hardy fields
we strengthen here the concept of split-normality; in the next subsection we show how
to improve Theorem 4.3.9 accordingly. See the last subsection of Section 4.2 for the
notion of strong splitting.

Definition 4.3.21. Call (P, m,a) almost strongly split-normal if order L = r, v <b 1,
and the following strengthening of (SN2) holds:

(SN2as) (Pxm)s>1 = Q + R where Q, R € H{Y'}, Q is homogeneous of degree 1 and
order r, Lg splits strongly over K, and R <4 (y) 0 (P

We say that (P, m, &) is strongly split-normal if order L = r, v < 1, and the following
condition is satisfied:

(SN2s) Pym = Q + R where Q, R € H{Y'}, Q is homogeneous of degree 1 and order r,
L splits strongly over K, and R < (v) 0N (Pym)1.

To facilitate use of (SN2s) we observe:
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Lemma 4.3.22. Suppose (P, m, a) is strongly split-normal and Py, = Q + R as
in (SN2s). Then Q ~ (Pxm)1, g := 0(Lg) ~ 1, 50 R <a(n) ng“Q.

Proof. We have (Pxm)1 = Q + Ry, 50 Q = (Pxm)1 — Ry with R; =<A(v) Dw+1(P><m)1.
Now apply Lemma 3.1.1to A := L and B := —Lg,. u

If the slot (P, m, @) is almost strongly split-normal, then (P, m, @) is split-normal and
hence normal by Lemma 4.3.4. If (P, m, @) is normal and L splits strongly over K,
then (P, m, @) is almost strongly split-normal; in particular, if (P, m, @) is normal of
order r = 1, then (P, m, a) is almost strongly split-normal, by Lemma 4.2.11. More-
over:

Lemma 4.3.23. The following are equivalent:

(i) (P,m,a) is strongly split-normal;

(i1) (P,m,a) is almost strongly split-normal and strictly normal;

(iii) (P,m,a) is almost strongly split-normal and P(0) <a(v) ¥+ (P1)xm-
Proof. Suppose (P, m,a) is strongly split-normal, and let Q, R be as in (SN2s).
Then (Pxm)>1 = Q + R>1, Lo splits strongly over K, and Rx1 <a(v) 2 (P
Hence (P, m,a) is almost strongly split-normal, thus normal. Also P(0) = R(0) <a(v)

0" (Pym)1, so (P, m, @) is strictly normal. This shows (i) = (ii), and (ii) = (iii) is
clear. For (iii) = (i) suppose (P, m, &) is almost strongly spht—normal and P(0) <a(v)

p?*(P})xm. Take Q, R as in (SN2as). Then Py = O + R where R := P(0) + R <A(v)
21 (P1)ym. Thus (P, m, @) is strongly split-normal. [

Corollary 4.3.24. If L splits strongly over K, then
(P,m,a) is strongly split-normal <= (P, m,a) is strictly normal.

The following diagram summarizes some implications between these variants of nor-
mality, for slots (P, m,a) in H of order r > 1. (See also the diagram on p. 20.)

strongly split-normal ==> almost strongly split-normal ==> split-normal

ﬂ ﬂ

strictly normal normal

If the slot (P, m, @) is almost strongly split-normal, then so are (bP, m,a) for b # 0
and (Pxy, m/n,a/n), and likewise with “strongly” in place of “almost strongly”.

Here is a version of Lemma 4.3.18 for (almost) strong split-normality:

Lemma 4.3.25. Suppose (Py4, m,a — a) refines (P, m,a). If (P, m, a) is almost
strongly split-normal, then so is (Pyq, m,a — a). If (P, m,a) is strongly split-normal,
Z-minimal, and @ — a < (v) 0" m, then (Piq, m, @ — a) is strongly split-normal.



180 Holes in H-Fields

Proof. The first part follows from Lemma 4.3.18 and its proof. In combination with
Lemmas 3.3.42 and 4.3.23, this also yields the second part. ]

Lemma 4.3.26. Suppose that (P, m,a) is split-normal and a <a(y) ™. Then for all
sufficiently small g € Q, any n < v9m yields an almost strongly split-normal refine-
ment (P,n,a) of (P,m,a).

Proof. We arrange m = 1, so @ <a(y) 1. Take Q, R as in (SN2) with m = 1, and
take go € Q” such that @ < v9° < 1. By Lemma 4.2.13 we can decrease gg so that
for all ¢ € Q with 0 < ¢ < g and any n < v9, Lo, = Lomn splits strongly over K.
Suppose g € Q, 0 < g < go, and n < p?. Then (P, n,a) is an almost strongly split-
normal refinement of (P, 1,a), by Lemma 4.3.19. ]

Corollary 4.3.27. Suppose (P,m,a) is Z-minimal, deep, and split-normal. Then the
slot (P, m,a) has a refinement which is deep and almost strongly split-normal.

Proof. Lemma 3.3.13 gives a such that @ — a <x(y) m. By Corollary 3.3.8, the re-
finement (P,,, m,a — a) of (P, m,a) is deep with (Lp,, ,,.) =a(v) ¥, and by Lem-
ma 4.3.18 it is also split-normal. Now apply Lemma 4.3.26 to (P14, M, a — a) in place
of (P, m,a) and again use Corollary 3.3.8. [

We now turn to the behavior of these properties under compositional conjugation.

Lemma 4.3.28. Let ¢ be active in H with 0 < ¢ < 1. If (P, m, a) is almost strongly
split-normal, then so is the slot (P?, m,a) in H?. Likewise with “strongly” in place
of “almost strongly”.

Proof. We arrange m = 1, assume (P, m, a) is almost strongly split-normal, and
take Q, R as in (SN2as). The proof of Lemma 4.3.5 shows that with w := v(Lps) we
have w <Z§ land (P?)s1 = Q% + R? where Q% € H?{Y} is homogeneous of degree 1
and order r, Lo splits over H?[i], and R? < (w) w**!(P?);. By Lemma 4.2.12,
Los = Lg even splits strongly over H[i]. Hence (P¢, m, @) is almost strongly split-
normal. The rest follows from Lemma 4.3.23 and the fact that if (P, m, @) is strictly
normal, then so is (P?, m, a). n

If H is o-free and r-linearly newtonian, then by Corollary 3.3.48, every Z-minimal
slot in H of order r has a refinement (P, m, @) such that the slot (P?, m,a) in H? is
eventually deep and strictly normal. Corollary 4.3.30 of the next lemma is a variant of
this fact for strong split-normality.

Lemma 4.3.29. Assume H is w-free and r-linearly newtonian, every A € H[d] of
order r splits over K, and the slot (P, m,a) in H is Z-minimal. Then there is a
refinement (Piq,m,a — a) of (P, m,a) and an active ¢ in H with 0 < ¢ < 1 such
that (Pfa, n,a — a) is deep and strictly normal, and its linear part splits strongly
over K¢ (so (Pfa, n,a — a) is strongly split-normal by Corollary 4.3.24).
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Proof. For any active ¢ in H with 0 < ¢ < 1 we may replace H and (P, m,a) by H?
and (P?, m, @), respectively. We may also replace (P, m,a) by any of its refine-
ments. Now Theorem 3.3.33 gives a refinement (P4, 1,a — a) of (P, m,a) and an
active ¢ in H such that 0 < ¢ < 1 and (P‘fa, n,a — a) is deep and normal. Replac-
ing H, (P, m, @) by H?, (P?,,n,a — a), respectively, we thus arrange that (P, m,a)
itself is deep and normal. We show that then the lemma holds with ¢ = 1. For this we
first replace (P, m, @) by a suitable refinement (P, m,a — a) to arrange by Corol-
lary 3.3.47 that (P, m, a) is strictly normal and @ <Ay m. Now L splits over K,
so by Corollary 4.2.14, for sufficiently small g € Q~, any n =< |o|9m gives a refine-
ment (P, n,a) of (P, m,a) whose linear part Lp_ has order r and splits strongly
over K. For each such 1, (P, n,a) is deep by Corollary 3.3.8, and for some such n,
(P,m,a) is also strictly normal, by Remark 3.3.45. ]

The previous lemma in combination with Lemma 4.3.28 yields:

Corollary 4.3.30. With the same assumptions on H, K as in Lemma 4.3.29, every
Z-minimal slot in H of order r has a refinement (P, m, @) such that (P?, m,a) is
eventually deep and strongly split-normal.

For r = 1 the splitting assumption is automatically satisfied (and this is the case most
relevant later). We do not know whether “every A € H[d]” of order < r splits over K”
is strictly weaker than “K is r-linearly closed”.

Achieving strong split-normality

We make the same assumptions as in the subsection Achieving split-normality: H is
o-free and (P, m, a) is a minimal hole in K = H[i] of order r > 1, with m € H*
and @ € K \ K. Recall: K is also o-free by [ADH, 11.7.23], and if H is 1-linearly
newtonian, then H is r-linearly newtonian. We have

a=b+ci, bCeH.

We let a range over K, b, ¢ over H, and 1 over H*. In connection with the next two
lemmas we note that given an active ¢ in H with 0 < ¢ < 1, if (P, m, @) is normal
(strictly normal, respectively), then so is (P?,m,a), by Lemma 3.3.20 (Lemma 3.3.40,
respectively); moreover, if the linear part of (P, m, a) splits strongly over K, then the
linear part of (P?, m,a) splits strongly over K¢ = H?[i], by Lemma 4.2.12. Here is
a “complex” version of Lemma 4.3.29, with a similar proof:

Lemma 4.3.31. For some refinement (P4, n,a — a) of (P, m,a) and active ¢ in H
with0 < ¢ < 1, the hole (Pfa, n,a —a) in K? is deep and normal, its linear part splits
strongly over K9, and it is moreover strictly normal if deg P > 1.
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Proof. For any active ¢ in H with 0 < ¢ < 1 we may replace H and (P, m,a) by H?
and the minimal hole (P?, m, @) in K¢. We may also replace (P, m,a) by any of
its refinements (P44, 1, d — a). As noted before Theorem 4.3.9, Corollary 3.3.34 and
Lemma 3.3.23 give a refinement (P4, n,a — a) of (P, m,a) and an active ¢ in H
with 0 < ¢ < 1 such that (Pfa, 1,a — a) is deep and normal. Replacing H, (P, m,a)
by H?, (Pfa, 1,a — a), respectively, we thus arrange that (P, m, @) itself is deep and
normal. We show that then the lemma holds with ¢ = 1.

Set L := Lp,,, and v := v(L). Lemma 3.3.13 gives a such that a — a <x(y) m.
If deg P > 1, then K is r-linearly newtonian and we use Corollary 3.3.16 to take a such
that even @ — a < v”*>m. Replacing (P, m, @) by (P,q, m,a — a), we thus arrange
by Lemma 3.3.7 and Proposition 3.3.25 that @ <a(y) ™, and also by Lemma 3.3.46
that (P, m, a) is strictly normal if deg P > 1. Now L splits over K, since K is r-linearly
closed by Corollary 3.2.4. Then by Corollary 4.2.14, for sufficiently small ¢ € Q~,
any 1 < |[v|?m gives a refinement (P, n,a) of (P, m,a) whose linear part Lp_ splits
strongly over K. For such n, (P, n, a) is deep by Lemma 3.3.7 and normal by Propo-
sition 3.3.26. If (P, m, @) is strictly normal, then for some such 1, (P, n, @) is also
strictly normal, thanks to Lemma 3.3.44. [

We now remove the deg P > 1 condition in Lemma 4.3.31:

Lemma 4.3.32. For some refinement (P+q,n,a — a) of (P, m,a) and active ¢ in H
with 0 < ¢ < 1, the hole (P¢ n,a —a) in K? is deep and strictly normal, and its

+a»
linear part splits strongly over K?.

Proof. Thanks to Lemma 4.3.31 we need only consider the case deg P = 1. Then we
have » = 1 by Corollary 3.2.8. As in the proof of Lemma 4.3.31 we may replace H
and (P, m, a) for any active ¢ < 1 in H> by H? and (P?, m, @), respectively, and
also (P, m, a) by any of its refinements (P,,, 1, a — a). Recall here that n € H*.
Hence using a remark preceding Lemma 3.3.39 and using also Corollary 3.5.11 we
arrange that (P, m, @) is strictly normal, and thus balanced and deep. We show that
then the lemma holds with ¢ = 1.

Set L := Lp,,, v :=0(L). Lemma 3.5.4 yields a with @ — a < p*m. Replac-
ing (P, m,a) by (P14, m,a — a) arranges that a <5 y) m, by Lemmas 3.3.7 and 3.3.41.
As in the proof of Lemma 4.3.31, for sufficiently small ¢ € Q~, any n < |p|9m now
gives a strictly normal and deep refinement (P, n, a) of (P, m,a) whose linear part
splits strongly over K. |

Remark. Suppose we replace our standing assumption that H is ®-free and (P, m,a)
is a minimal hole in K by the assumption that H is A-free and (P, m, a) is a slot in K
of order and degree 1 (so K is A-free by [ADH, 11.6.8] and (P, m, @) is Z-minimal).
Then Lemma 4.3.32 goes through with “hole” replaced by “slot”. Its proof also goes
through with the references to Lemmas 3.3.7 and 3.3.41 replaced by references to
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Corollary 3.3.8 and Lemma 3.3.42. The end of that proof refers to the end of the proof
of Lemma4.3.31, and there one should replace Proposition 3.3.26 by Corollary 3.3.27,
and Lemma 3.3.44 by Remark 3.3.45.

In the remainder of this subsection we prove the following variant of Theorem 4.3.9:
Theorem 4.3.33. If H is 1-linearly newtonian, then one of the following holds: ,

() b ¢ H and some Z-minimal slot (Q,m, Z) in H has a refinement (Q 1p, 1, b- b)

such that (Q Lt b- b) is eventually deep and almost strongly split-normal;

(ii) ¢ ¢ H and some Z-minimal slot (R, m,¢) in H has a refinement (Ry¢,M, ¢ — ¢)
such that (Rfc, n, ¢ — c¢) is eventually deep and almost strongly split-normal.

Moreover, if H is 1-linearly newtonian and either deg P > 1, or b ¢ Hand Z(H, E)
contains an element of order 1, or ¢ ¢ H and Z(H, ¢) contains an element of order 1,
then (i) holds with “almost” omitted, or (ii) holds with “almost” omitted.

Towards the proof of this theorem we first show:

Lemma 4.3.34. Suppose b¢ Hand (Q,m, b) is a Z-minimal slot in H with a refine-
ment (Q+p, 1, b- b) such that (Q+b, n,b— b) is eventually deep and split-normal.
Then (Q,m, b) hasa refinement (Q +p, 1, b- b) such that (Q
deep and almost strongly split-normal.

po T b — b) is eventually

Proof. Let (Q4p, 1, b- b) be a refinement of (Q, m, b) and let ¢ be active in H such
that 0 < ¢9 < 1 and (Q¢° , M, b- b) is deep and split-normal. Then Corollary 4.3.27

yields a refinement ((Q+b)+b0,‘rl0, (b b) — by) of (Q+b,n b- b) which is deep and
almost strongly split-normal. Hence

((Q4b) 469> 105 (b = B) = bo) = (Qs(bsby)» 05 b — (b + bp))

is a refinement of (Q, m, Z), and (Qf(b+bo), no, -(b+ bo)) is eventually deep and
almost strongly split-normal by Lemma 4.3.28. |

Likewise:

Lemma 4.3.35. Suppose ¢ ¢ H, and (R, m,¢) is a Z-minimal slot in H with a refine-
ment (Ryc,n,C— c) such that (Rfc, n, ¢ — c) is eventually deep and split-normal.
Then (R, m,¢) has a refinement (Ryc,n, ¢ — ¢) such that (Rfc, 1,c — c) is eventually
deep and almost strongly split-normal.

Theorem 4.3.9 and the two lemmas above give the first part of Theorem 4.3.33. We
break up the proof of the “moreover” part into several cases, along the lines of the
proof of Theorem 4.3.9. We begin with the case where b € Hor ¢ € H.
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Lemma 4.3.36. Suppose H is 1-linearly newtonian and b ¢ H. Let (Q,m, b) be a
Z-minimal slot in H of order r, and some refinement (Qp, M, b- b) of (Q,m, b) is
such that (Q¢ b — b) is eventually deep and split-normal. Then (Q, m, b) has a
refinement (Q p, N, b- b) with (Q+b, nb-— b) eventually deep and strongly split-
normal.

Proof. Lemma 4.3.34 gives a refinement (Qp, 11, b - b) of the slot (Q, m, Z) such
that (Q b b b- b) is eventually deep and almost strongly split-normal. We upgrade
this to “strongly spht—normal” as follows: Take active ¢ in H with 0 < ¢¢ < 1 such
that the slot (Qfo 1, b- b) in H% is deep and almost strongly split-normal. Now H
is 1-linearly newtonian, hence r-linearly newtonian. Therefore Corollary 3.3.47 yields
a deep and strictly normal refinement ((Qfg)mm n, (b-b) - bo) of (sz, nb-— b).
By Lemma 4.3.25, this refinement is still almost strongly split-normal, thus strongly
split-normal by Lemma 4.3.23. Then by Lemma 4.3. 28 (O (b+by)s 1, b—(b+ bo))
is a refinement of (Q, m, b) such that (Qf(bwo), — (b + by)) is eventually deep

and strongly split-normal. ]
Lemmas 4.3.10 and 4.3.36 give the following:

Corollary 4.3.37. Suppose H is 1-linearly newtonian and ¢ € H. Then there is a
hole (Q,m, b) in H of the same complexity as (P m, a). Every such hole (Q m, b)
in H is minimal and has a refinement (Q 4p, 1, b - b) such that (Q 1, b- b) is
eventually deep and strongly split-normal.

+b’

Just as Lemma 4.3.10 gave rise to Lemma 4.3.11, Corollary 4.3.37 leads to:

Corollary 4.3.38. Suppose H is 1-linearly newtonian and b € H. Then there is a
hole (R, m,¢) in H of the same complexity as (P, m,a). Every such hole in H is
minimal and has a refinement (Ry¢, M, ¢ — ¢) such that (Rfc, 1, ¢ — ¢) is eventually
deep and strongly split-normal.

In the following two lemmas we assume that Z c¢H.LetQ e Z(H, Z) be of minimal
complexity, so (Q, m, b) is a Z-minimal slot in H, as is each of its refinements. The
next lemma strengthens Corollary 4.3.13:

Lemma 4.3.39. Suppose degP > 1 and v(b H) Co(c—H). Then (Q,m, b) has a
refinement (Q4p, M, b- b) such that (0%, ,n, b- b) is eventually deep and strongly
split-normal.

+b’

Proof. Corollary 4.3.13 and Lemma 4.3.34 give a refinement (Q+b, 1, b - b)
of (Q, m, b) and an active ¢ in H with 0 < ¢y < 1 such that the slot (Q+b, nb- b)
in H% is deep and almost strongly split-normal. From deg P > 1 we obtain that H is
r-linearly newtonian. Now argue as in the proof of Lemma 4.3.36. ]
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Similarly we obtain a strengthening of Corollary 4.3.14, using that corollary and Lem-
ma 4.3.35 in place of Corollary 4.3.13 and Lemma 4.3.34 in the proof:

Lemma 4.3.40. IfdegP > 1, v(c — H) C v(b — H), and R € Z(H, ¢) has minimal
complexity, then the Z-minimal slot (R, m,¢) in H has a refinement (Ryc,M,C — ¢)
such that (Rfc, 1, — c) is eventually deep and strongly split-normal.

Proof of Theorem 4.3.33. As indicated after the statement of Lemma 4.3.35, we only
need to complete the proof of the “moreover” part. Thus, suppose H is 1-linearly
newtonian. If b € H, then ¢ ¢ H and Corollary 4.3.38 yields a strong version of (ii)
with “almost” omitted. Likewise, if ¢ € H, then b ¢ H and Corollary 4.3.37 yields a
strong version of (i), with “almost” omitted. In the rest of the proof we assume E c¢H.
By Lemma 4.1.3 we have v(b - H) C v(¢—H) or (¢ — H) C v(b - H), and thus
Lemmas 4.3.39 and 4.3.40 take care of the case deg P > 1. If Z(H, Z) contains an
element of order 1, and Q € Z(H, 5) has minimal complexity, then order Q = 1 by
Lemma 4.3.7, so Corollary 4.3.30 and the remark following it yield (i) with “almost”
omitted. Likewise, if Z(H, ¢) contains an element of order 1, then (ii) holds with
“almost” omitted. ]

Revisiting newtonianity

We now use our results about isolated holes and split-normality to obtain with Corol-
lary 4.3.41 a sharper first-order characterization of newtonianity than provided by our
definition of this notion in [ADH].

Let H be a real closed H-field with small derivation and asymptotic integration.
Let P € H{Y}* have order r > 1 and weight w. Just for the next corollary, call P
strongly split-normal if the following conditions are satisfied:

(1) Lp hasorder r and v := v(Lp) <" 1; and

(2) P = Q + R where Q € H{Y} is homogeneous of degree 1, orderQ =r, Lo
splits strongly over K, and R < (y) P,

Call P eventually deep and strongly split-normal if ndeg Sp = 0 and for all small
enough active ¢ > 0 in H, the differential polynomial P € H?{Y} is strongly split-
normal with respect to H¢. Note: ndeg P = nmul P = 1 for such P.
Corollary 4.3.41. Assume H is W-free. Then the following are equivalent:

(1) H is newtonian;

(ii) HJ[i] is 1-linearly newtonian and every eventually deep and strongly split-
normal P in H{Y}* of order > 1 has a zero y < 1 in H.
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Proof. The direction (i) = (ii) is clear from (10) on p. 20 and [ADH, 14.2.11]. For the
converse, suppose H is not newtonian and H|[i] is 1-linearly newtonian. By Proposi-
tion 3.4.9 it is enough to show that then H has an isolated hole (Q, m, Z) such that
for all small enough active ¢ > 0 in H the hole (Q¢,m, B) in H? is deep and strongly
split-normal. We set K := H[i] and let b, ¢ range over H.

Lemma 3.2.1 and subsequent remarks give a minimal hole (P, m, a) in K of
order r > 1, where m € H*. Then deg P > 1 by Corollary 3.2.8. By Lemma 4.2.15
we arrange that a € K:=H [t] where H is an immediate ®-free newtonian H-field
extension of H, s0 @ = b + ¢i with b, ¢ € H. Then v(b-H) Co(¢-H)orv(¢—H) C
U(Z — H) by Lemma4.1.3; we assume v(z — H) Cuv(c— H). (The other case is similar.)
The equivalence (i) & (iii) of that lemma then gives b ¢ H.

Take Q € Z(H, b) of minimal complexity. Then (Q, m, b) isa Z-minimal slotin H,
of positive order by Lemma 4.3.7. Given any refinement (Q,p, 1, b- b) of (Q,m, b)
Lemma 4.1.3 gives ¢ with v(a — a) = v(b b) for a := b + ci, and we may then
replace (P, m,a) and (Q, m, 2;) by (Pyq,n,a —a) and (Q4p, n,z; — b), respectively,
whenever convenient. Likewise, for any active ¢ in H with 0 < ¢ < 1, we can also
replace H, K, (P,m,a), (Q,m,b) by H?, K?, (P?, m,a), (0%, m,b).

Suppose now that ¢ ¢ H. Use Corollary 4.3.13 to arrange that (Q, m, b) is nor-
mal. Next, use Proposition 3.4.6 to arrange that (Q, m, 5) is isolated, but possibly no
longer normal. Being isolated persists under refinement, so we can use Lemma 4.3.39
to arrange that (Q%, m, E) is eventually deep and strongly split-normal. With Lem-
ma 3.2.14, changing bif necessary, we arrange that (Q, m, 5) is an isolated hole in H,
not just an isolated slot in H, thus achieving our goal.

Finally, suppose that ¢ € H. Then use Corollary 4.3.37 and Proposition 3.4.6 to
choose Q such that (Q, m, b) is a minimal and isolated hole in H with the property
that (Q%,m, Z) is eventually deep and strongly split-normal. u

4.4 Ultimate Slots

In this section H is a Liouville closed H-field with small derivation, H is an immediate
asymptotic extension of H, and 1 is an element of an asymptotic extension of H such
that i = —1. Then H is an H-field, i ¢ ﬁ, K := HJ[i] is an algebraic closure of H,
and K := H[i] is an immediate d-valued extension of K. (See the beginning of Sec-
tion 4.3.) Let C be the constant field of H, let O denote the valuation ring of H and I"
its value group. Accordingly, the constant field of K is Cx = C[i] and the valuation
ring of K is Og = O + Oi. Let m, n, w range over H* and ¢ over the elements of H~
which are active in H (and hence in K).

In Section 1.2 we introduced

= {wr(a,b) ca,beH, a*+b*= 1}.
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Note that W is a subspace of the Q-linear space H, because Wi = ST where
S :={a+bi: abeH, a>+b>=1}

is a divisible subgroup of K*. We have K" = H + Wi by Lemma 1.2.4. Thus there
exists a complement A of the subspace K of K such that A C Hi, and in this section
we fix such A and let A range over A. Let U = K [e(A)] be the universal exponential
extension of K defined in Section 2.2.

For A € K[d]* we have its set &"(A) C I of ultimate exceptional values, which a priori
might depend on our choice of A. We now make good on a promise from Section 2.5
by showing under the mild assumption I(K) C K' and with our restriction A C Hi
there is no such dependence:

Corollary 4.4.1. Suppose 1(K) C K. Then for A € K[3]*, the set €"(A) of ultimate
exceptional values of A does not depend on this choice.

Proof. Let A* C Hi also be a complement of K'. Let A > A* be the Q-linear bijec-
tion A — A* with A — 2* € W4 for all A. Then by Lemmas 1.2.8 and 1.2.13,

A= el(H)i ¢ I(K) € (05)"
for all 1. Now use Lemma 2.5.6 and Corollary 2.5.7. u

Corollary 4.4.2. Supposel(K) CK'.Let A=0—-g e K[d] where g € K and letg € H*
be such that " = Re g. Then

&'(4) = vy(kerf A) = {vg).
In particular, if Re g € I(H), then &"(A) = {0}.
Proof. Let f € K* and A be such that g = £ + A. Then
&Y(A) = vy(kerjA) = {vf}

by Lemma 2.5.12 and its proof. Recall that KT = H + I(H)i by Lemma 1.2.13 and
remarks preceding it, so g € K iff Im g € I(H). Consider first the case g ¢ K'. By
Corollary 4.4.1 we can change A if necessary to arrange A := (Im g)i € A, so that we
can take f := g in the above. Now suppose g € K'. Then g = (gh)' where h € KX,
h' = (Img)i. Here we can take f := gh, A :=0, where h < I since b’ e I[(H)i CI(K). m

Corollary 4.4.3. Suppose1(K) C KT, and let F be a Liouville closed H-field extension
of H, and L := F[i]. Then the subspace L of the Q-linear space L has a comple-
ment Ap with A C Ap C Fi. For any such Ay and A € K[9]* we have &°(A,) =
&1 (A NT forall A, and thus " (A) C &} (A), where &} (A) is the set of ultimate
exceptional values of A € L[3]* with respect to Ap.
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Proof. By the remarks at the beginning of this subsection applied to F, L in place
of H, K we have L™ = F + Wgi where W is a subspace of the Q-linear space F.
Also K' = H + I(H)i by Lemma 1.2.13, and L' N K = KT by Lemma 2.5.17. This
yields a complement Ay of L in L with A C Ay C Fi. Since H is Liouville closed
and hence A-free by [ADH, 11.6.2], its algebraic closure K is A-free by [ADH, 11.6.8].
Now the rest follows from remarks preceding Lemma 2.5.10. |

Given A € K[d]%, let &“(A?) be the set of ultimate exceptional values of the linear
differential operator A? € K?[8],8 = ¢~ !0, withrespectto A? = ¢! A. We summarize
some properties of ultimate exceptional values used later in this section:

Lemma 4.4.4. Let A € K[0]” have order r. Then for all b € K* and all ¢,
&"(bA) = &"(A), &“"(Ab) = &“(A) —vb, "(A?) = &"(A).

Moreover, ifI(K) C K, then:
@ [ (A <r;
(ii) dimcpijkery A =r = &"(A) = vg(ker]; A);
(iii) under the assumption that v := v(A) <° 1 and B <A(v) V"' A where B € K9]
has order < r, we have " (A + B) = &"(A);
(iv) forr =1 we have |&"(A)| = 1 and "(A) = vg(ker{; A).

Proof. For the displayed equalities, see Remark 2.5.8. Now assume I(K) € K. Then
we have KT = H + 1(H)4, so (i) and (ii) follow from Proposition 2.5.19 and (iii) from
Proposition 3.1.27. Corollary 4.4.2 yields (iv). ]

Recall from Lemma 1.2.9 that if K is 1-linearly newtonian, then I(K) € K. Now
suppose I(K) C K'. Then K™ = H + I(H)4, so our A has the form Ayi with Ay a
complement of I(H) in H. Conversely, any complement Ay of I(H) in H yields a
complement A = Agi of KTin K with A € Hi. Now I(H) is a C-linear subspace of H,
so I(H) has acomplement Ay in H that is a C-linear subspace of H, and then A := Agi
is also a C-linear subspace of K.

Lemma 4.4.5. Suppose I(K) C K" and g € K, g — A € K'. Then
Imgel(H) = 1=0, Img ¢ [((H) = A~ (Img)i.

Proof. Recall that A = Agi where Ay is a complement of I(H) in H, so A = Agi
where Ay € Ay. Also, K' = H ® I(H)i, hence Im(g) — Ay € I(H); this proves the
displayed equivalence. Suppose Im g ¢ I(H); since I(H) is an Oy-submodule of H
and Ay ¢ I(H), we then have Im(g) — Ay < Ay, so 4 = Agi ~ Im(g)i. [

Corollary 4.4.6. Suppose I(K) € K', A € K[0)* has order r, dimc[i) kery A = r,
and A is an eigenvalue of A with respect to A. Then 1 < p(A)™\.
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Proof. Take f # 0 and g1,...,g, in K with A = f(d—g1)--- (d — g). By Corol-

lary 3.1.6 we have gy, ..., g, < v(A)~!, and so Corollary 2.4.6 gives j € {1,...,r}
withg; — A € K'. Now use Lemma 4.4.5. ]
Ultimate slots in H

In this subsection a, b range over H. Also, (P, m,a) is a slot in H of order r > 1,
where @ € H \ H. Recall that Lp_, = Lpm, so if (P, m,a) is normal, then Lp has
order r.

Corollary 4.4.7. Suppose1(K) C K" and the slot (P, m, @) is split-normal with linear
part L := Lp,, . Then with Q and R as in (SN2) we have &“(L) = &“(Lg).

This follows from Lemmas 4.3.4 and 4.4.4(iii). In a similar vein we have an analogue
of Lemma 3.3.24:

Lemma 4.4.8. Suppose (P, m,a) is normal and a < m. Then Lp and Lp,, have
orderr, and if (K) C K, then & (Lp) = &“(Lp,,).

Proof. Wehave Lp,, =Lpm,Lp,, . =Lp,, .. =Lpr.,m Theslot (Pxm, 1, ajm)
in H is normal and a/m < 1. Lemma 3.1.29 applied to ﬁ, Py, a/m in place of K,
P, a, respectively, gives: Lp and Lp, , have order r, and

Lpm—Lp,m = Lp, —Lp ,om <A@ V7' Lpm
where v := v(Lpm) <° 1 by (N1). Suppose now that I(K) € K. Then
&"(Lp) = & (Lpm)+v(m) = &"(Lp,,m)+v(m) = &"(Lp,,)
by Lemma 4.4.4(iii). ]
The notion introduced below is modeled on that of “isolated slot” (Definition 3.4.1):
Definition 4.4.9. Call (P, m, a) ultimate if for all a < m,
order(Lp,,) =r and &"(Lp,,) Nv(a - H) < v(a-a);

equivalently, for all a < m: order(Lp, ) = r and whenever w < @ — a is such that v(w) €
&"(Lp,,),thenw < a — b for all b. (Thus if (P, m,a) is ultimate, then it is isolated.)

If (P, m, @) is ultimate, then so is every equivalent slot in H and (bP, m,a) for b # 0,
as well as the slot (P?, m,a) in H? (by Lemma 4.4.4). The proofs of the next two
lemma are like those of their “isolated” versions, Lemmas 3.4.2 and 3.4.3:

Lemma 4.4.10. If (P, m, &) is ultimate, then so is any of its refinements.

Lemma 4.4.11. If (P, m,a) is ultimate, then so is any of its multiplicative conjugates.
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The ultimate condition is most useful in combination with other properties:
Lemma 4.4.12. IfI(K) € K" and (P, m, @) is normal, then
(P,m,a) is ultimate < &“(Lp)Nuv(a—-H)<om.
Proof. Use Lemma 4.4.8 and the equivalence @ —a < m < a < m. |
The “ultimate” version of Lemma 3.4.5 has the same proof:
Lemma 4.4.13. [fdeg P = 1, then
(P,m,a) is ultimate — &“"(Lp)Nuv(a—H) < om.
The next proposition is the “ultimate” version of Proposition 3.4.6:

Proposition 4.4.14. Suppose 1(K) C K, and (P, m, @) is normal. Then (P, m, @) has
an ultimate refinement.

Proof. Suppose (P, m,a) is not already ultimate. Then Lemma 4.4.12 gives y with
vye&“(Lp)Nnv(a-H), y>ovm.
Lemma 4.4.4(i) gives |&"(Lp)| < r, so we can take
v := max&"(Lp) Nv(a - H),

and then y > vm. Take a and n with v(a — a) > v = v(n); then (Py4,M,d —a) is a
refinement of (P, m,a) and a < m. Let b < 1; then a + b < m, so by Lemma 4.4.8,

order(L(p,,),,) = T, &"(L(p,,),,) = &"(Lp).
Also v((a —a) — b) >y, hence
&"(L(p.).,) NVv((@—a)-H) = &' (Lp)Nv(@a-H) <y <v((@-a)-b).
Thus (Pyq,N,a — a) is ultimate. m

Remark 4.4.15. Proposition 4.4.14 goes through if instead of assuming that (P, m,a)
is normal, we assume that (P, m, @) is linear. (Same argument, using Lemma 4.4.13
in place of Lemma 4.4.12.)

Finally, here is a consequence of Corollaries 2.5.13, 4.4.2, and Lemma 4.4.12, where
we recall that order(Lp,, ) = order(Lpm) = order(Lp):

Corollary 4.4.16. Suppose 1(K) C K' and (P, m,a) is normal of order r = 1. Then
we have Lp = f(9 — g) with f € H*, g € H, and for g € H* withg" = g:

(P, m,a) is ultimate << (P, m,a)isisolated — @g#=morg-<a- H.

(In particular, if g € I(H) and m < 1, then (P, m, a) is ultimate.)
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Ultimate slots in K

In this subsection, a, b range over K = H[i]. Also (P, m,a) is a slot in K of or-
derr > 1, where @ € K \ K. Lemma 4.4.8 goes through in this setting, with H in the
proof replaced by K:

Lemma 4.4.17. Suppose (P, m, a) is normal, and a < m. Then Lp and Lp,, have
order r, and ifI(K) C K, then &"(Lp) = &"(Lp,,).

We adapt Definition 4.4.9 to slots in K: call (P, m, a) ultimate if for all a < m we
have order(Lp,,,) = r and &*(Lp,,) Nv(a - K) <v(a — a). If (P, m,a) is ultimate,
then it is isolated. Moreover, if (P, m, @) is ultimate, then so is (bP, m,a) for b # 0 as
well as the slot (P?, m,a) in K¢. Lemmas 4.4.10 and 4.4.11 go through in the present
context, and so do Lemmas 4.4.12 and 4.4.13 with H replaced by K. The analogue of
Proposition 4.4.14 follows likewise:

Proposition 4.4.18. If I(K) € K and (P, m, @) is normal, then (P, m, @) has an
ultimate refinement.

Remark 4.4.19. Proposition 4.4.18 also holds if instead of assuming that (P, m, @)
is normal, we assume that (P, m, @) is linear.

Corollary 4.4.2 and the K-versions of Lemmas 4.4.12 and 4.4.13 yield:

Corollary 4.4.20. Suppose 1(K) C K', r = 1, and (P, m, @) is normal or linear. Then
we have Lp = (0 — g) with f e KX, g € K, and for g € H* with ' = Re g:

(P,m,a) is ultimate <= g*=morg=<a-K.

(In particular, if Re g € I(H) and m < 1, then (P, m, @) is ultimate.)

Using the norm to characterize being ultimate (*)

We employ here the “norm” || - || on U and the gaussian extension v, of the valuation
of K from Section 2.1.

Lemma 4.4.21. For u € U* we have ||u||" = Reu.
Proof. Foru = fe(d), f € K* wehave |[u|| = |f|and u’ = fT + A, so
lull” = 11" = Ref* = Reu',
using Corollary 1.2.5 for the second equality. |

Using Corollary 2.1.10, Lemma 4.4.21, and [ADH, 10.5.2(i)] we obtain:
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Lemma 4.4.22. Let W C H* be <-closed. Then for all u € U%,
lul e W = vuecv(W) e Reu <n'forallng¢W.

Let (P, m,a) be a slot in H of order » > 1. Then applying Lemma 4.4.22 to the
setW={w: w<a-H}—sov(W) =T\ v(a - H)—we obtain a reformulation of
the condition “(P,m, a) is ultimate” in terms of the “norm” || - || on U:

Corollary 4.4.23. The following are equivalent (with a ranging over H):
(1) (P,m,a) is ultimate;

(ii) forall a < m we have order(Lp,,) = r and whenever u € U*, vou € €"(Lp,,),
and ||u|| < @ —a, then ||u|| < a — H;

(iil) forall a < mwe have order(Lp,,) = r and whenever u € U*, veu € 8“(Lp,,),
and ||u|| < @ — a, then Reu™ < n' for all n with v(n) € v(a — H).

A counterexample (*)

Suppose I(K) € K" and H is not @-free. (Example 1.3.16 provides such H.) Let (A,)
and (®,) be as in Lemma 3.2.10 with H in the role of K there. That lemma yields a
minimal hole (P, m, ) in H with P = 2V’ + Y2 + o (w € H). This is a good source of
counterexamples:

Lemma 4.4.24. The minimal hole (P, m, ) in H is ultimate, and none of its refine-
ments is quasilinear or normal.

Proof. Leta € H. Then Py, = 2Y’ +2aY +Y? + P(a) and thus Lp,, = 2(3 + a), so
for b € H* with b' = —a we have &"(Lp, ) = {vb}, by Corollary 4.4.2. Thus (P, m, )
is ultimate iff A —a < b foralla < min H and b € H* withb" = —a and vb € v(Ah — H);
the latter holds by [ADH, 11.5.6] since v(A — H) = ¥. Hence (P, m, A) is ultimate.
No refinement of (P, m, ) is quasilinear by Corollary 3.2.25 and [ADH, 11.7.9], and
so by Corollary 3.3.21, no refinement of (P, n, A) is normal. u

4.5 Repulsive-Normal Slots

In this section H is a real closed H-field with small derivation and asymptotic inte-
gration, with T := v(H*). Also K := H[i] with i* = —1 is an algebraic closure of H.
We study here the concept of a repulsive-normal slot in H, which strengthens that of a
split-normal slot in H. Despite their name, repulsive-normal slots will turn out to have
attractive analytic properties in the realm of Hardy fields.
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Attraction and repulsion

In this subsection a, b range over H, m, n over H*, f, g, h (possibly with subscripts)
over K, and vy, ¢ over I'. We say that f is attractive if Re f = 1 and Re f < 0, and
repulsive if Re f = 1 and Re f > 0.If Re f ~ Re g, then f is attractive iff g is attractive,
and likewise with “repulsive” in place of “attractive”. Moreover, ifa > 0,a = 1, and f
is attractive (repulsive), then a f is attractive (repulsive, respectively).

Definition 4.5.1. Let y > 0; we say f is y-repulsive if v(Re f) <y or Re f > 0.
Given S C T, we say f is S-repulsive if f isy-repulsive for all y € S N I">, equivalently,
Re f > 0,orv(Re f) < y' forally e SNT™>.

Note the following implications for y > 0:
fisy-repulsive — Ref #0,
fisy-repulsive, Reg ~Re f = g is y-repulsive.
The following is easy to show:

Lemma 4.5.2. Suppose y > 0 and Re f = 1. Then f is y-repulsive iff v(Re f) < y'
or f is repulsive. Hence, if f is repulsive, then f is I'-repulsive; the converse of this
implication holds if ¥ is not bounded from below in T.

Lety,0 > 0. If f is y-repulsive and a > 0, a *» 1, then af is y-repulsive. If f is y-
repulsive and d-repulsive, then f is (y + &)-repulsive. If f is y-repulsive and y > 6,
then f is (y — &§)-repulsive. Moreover:

Lemma 4.5.3. Supposey > & =vn > 0. Set g := f —n'. Then:
fis y-repulsive <= [ is 0-repulsive and g is y-repulsive.

Proof. Notethaty > ¢ > 0 givesy' < 6. Suppose f is y-repulsive; by our remark, f is
s-repulsive. Now if v(Re f) < y', then Re g ~ Re f, whereas if Re f > 0, then Re g =
Re f —n' > Re f > 0; in both cases, g is y-repulsive. Conversely, suppose f is &-
repulsive and g is y-repulsive. If Re f > 0, then clearly f is y-repulsive. Otherwise,
v(Re f) < 6", hence Re g ~ Re f, so f is also y-repulsive. ]

In a similar way we deduce a useful characterization of repulsiveness:
Lemma 4.5.4. Suppose y = vm > 0. Set g := f —m'. Then:
fisrepulsive = Re f = 1, f isy-repulsive, and g is repulsive.

Proof. Suppose f is repulsive; then by Lemma 4.5.2, f is y-repulsive. Moreover,
Reg =Re f —m' >Re f >0, hence Reg = 1 and Re g > 0, that is, g is repulsive.
Conversely, suppose Re f = 1, f is y-repulsive, and g is repulsive. If v(Re f) < ¥,
then Re f ~ Re g; otherwise Re f > 0. In both cases, f is repulsive. |
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Corollary 4.5.5. Suppose f is y-repulsive where y = vm > 0, and Re f = 1. Then f
is repulsive iff f —m" is repulsive, and f is attractive iff f — m' is attractive.

Proof. The first equivalence is immediate from Lemma 4.5.4; this equivalence yields

fis attractive <=  fisnotrepulsive = f—m' isnot repulsive

& Ref-m'<1orf—misattractive.

Thus if f — mT is attractive, so is f. Now assume towards a contradiction that f is
attractive and f —m" isnot. ThenRe f <0and Re f —m" < 1 by the above equivalence,
soRe f ~ m' thanks to Re f = 1. But f is y-repulsive, that is, Re f = m' orRe f > 0,
a contradiction. ]

Lemma 4.5.6. Supposey =vm >0, v(Reg) > y'. Then for all sufficiently large ¢ > 0
in C we have Re g — cm' > 0 (and hence g — cm' is T-repulsive).

Proof. Ifv(Reg) >y',thenReg — cm’ ~ —cm’ > 0for c € C>. Suppose v(Reg) =y".
Take ¢y € C* with Re g ~ com'; then Re g — cm™ > 0 for ¢ > ¢o. n

In the rest of this subsection we assume that S € I'. If f is S-repulsive, then so is a f
fora>0,a#=1.1fS >0, >0, and f is S-repulsive and §-repulsive, then f is (S + §)-
repulsive.

Lemma 4.5.7. Suppose f is S-repulsive and 0 < § = vn € S. Then
(1) fis (S —0)-repulsive;
(i) g := f —n' is S-repulsive.

Proof. Lety € (§—6),y>0.Theny +6 € S, s0 fis (y + §)-repulsive, hence y-
repulsive. This shows (i). For (ii), suppose y € S, vy > 0; we need to show that g is
y-repulsive. If y > ¢, then g is y-repulsive by Lemma 4.5.3. Taking y = § we see
that g is d-repulsive, hence if y < ¢, then g is also y-repulsive. ]

Let A € K[0]* have order r > 1. An S-repulsive splitting of A over K is a split-
ting (g1,...,8r) of Aover K where g1,. . ., g, are S-repulsive. An S-repulsive splitting
of A over K remains an S-repulsive splitting of hA over K for 1 # 0. We say that A
splits S-repulsively over K if there is an S-repulsive splitting of A over K. From Lem-
mas 1.1.1 and 4.5.7 we obtain:

Lemma 4.5.8. Suppose (g1, ..., gr) is an S-repulsive splitting of A over K
and 0 <6 =vn € S. Then (g1,...,8r) is an (S — 6)-repulsive splitting of A over K,
and (hy,...,h) = (g —n',..., g —n') is an S-repulsive splitting of An over K.
(Hence (hy, ..., h,) is also an (S — §)-repulsive splitting of An over K.)

Note that if ¢ is active in H with 0 < ¢ < 1, and f is y-repulsive (in K), then ¢! f is
y-repulsive in K¢ = H?[i].
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Lemma 4.5.9. Suppose (g1, ..., gr) is an S-repulsive splitting of A over K
and SNT> ¢ TP, Let ¢ be active in H with 0 < ¢ < 1, and set hj:=g;—(r- Do’
forj=1,...,r.Then (¢p ' hy,..., ¢~ h,) is an S-repulsive splitting of A® over K.

Proof. By Lemma 1.1.2, (¢~ 'hy,..., ¢ 'h,) is splitting of A? over K?. Let j €
{1,...,r}.IfReg; >0, then ¢" < 0yields Re hj > Reg; > 0.Otherwise,v(Reg;) < yT
whenever 0 < y € §; in particular, Reg; > 1 >~ ¢',soRe hj ~Reg;.Inboth cases h;
is S-repulsive, so ¢‘1h j is S-repulsive in K ¢ [

Proposition 4.5.10. Suppose SNT~ # 0, nS C S forall n > 1, the ordered constant
field C of H is archimedean, and (g1, . .., g,) is a splitting of A over K. Then there
exists y € S N T such that for any m with y = vm: (g —nm’, ... g, —nm') is an
S-repulsive splitting of Am™ over K, for all big enough n.

Proof. LetJbethesetof j € {1,...,r} suchthat g; isnot S-repulsive. If y > O and g is
not y-repulsive, then g is not §-repulsive, for all § > y. Hence we can take y € SN T~
such that g ; is not y-repulsive, forall j € J. Suppose y = vm.Lemma4.5.6 yieldsm > 1
such that for all n > m, settingn := m", g; — n'is I"-repulsive for all j € J. For suchn
we have vn € §, so by Lemma 4.5.7(ii), g; — n' is also S-repulsive for j ¢ J. |

Corollary 4.5.11. If C is archimedean and (g1, ..., g,) is a splitting of A over K,
then there exists y > O such that for all m with y = vm: (g; —nm', ..., g, —nm’")
is a I'-repulsive splitting of Am™ over K, for all big enough n. If " # 'Y then we can
choose suchy > TP,

Proof. Taking S =T this follows from Proposition 4.5.10 and its proof. |

Inlogical jargon, the condition that C is archimedean is not first-order. But it s satisfied
when H is a Hardy field, the case where the results of this section will be applied. For
other possible uses we indicate here a first-order variant of Proposition 4.5.10 with
essentially the same proof:

Corollary 4.5.12. Suppose (g1, ...,gr) is a splitting of A over K. Then there exists
an m < 1 such that for all sufficiently large ¢ € C> and all n, if n* = cm’, then
(g1 —n',..., g —n') is a T-repulsive splitting of An over K.

In connection with this corollary we recall from [1, p. 105] that H is said to be closed
under powers if for all ¢ € C and m there is an 1t with em’ = n'.

In the rest of this section H is animmediate asymptotic extension of H andi withi? = —1
lies in an asymptotic extension of H. Also K := H[i] and K := H[1].

Leta € H\ H, so v(a@ — H) is a downward closed subset of I". We say that f is a-
repulsive if f is v(a — H)-repulsive; that is, Re f > 0, or Re f > m' for all a, m
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with m < @ — a < 1. (Of course, this notion is only interesting if v(a — H) N T~ # 0,
since otherwise every f is a-repulsive.) Various earlier results give:
Lemma 4.5.13. Suppose f is a-repulsive. Then

1) b>0,b=1 = bf isa-repulsive;

(i) fis (a — a)-repulsive;

(iii) m x 1 = f is am-repulsive;

(iv) n=xa—-a<1 = fisa/n repulsive and f —n" is a-repulsive.

For (iv), use Lemma 4.5.7. An a-repulsive splitting of A over K is av(a — H)-repulsive
splitting (g1, ..., &) of A over K:

A= f(d-g1)---(0—gr) where f # 0 and g1, .. ., g, are a-repulsive.

We say that A splits a-repulsively over K if it splits v(a — H)-repulsively over K.
Thus if A splits a-repulsively over K, then so does hA (h # 0), and A splits (a — a)-
repulsively over K, and splits am-repulsively over K for m < 1. Moreover, from Lem-
ma 4.5.8 we obtain:

Corollary 4.5.14. Suppose (g1, . . .,gr) is an a-repulsive splitting of A over K and n <
a—a=<1. Then

1) (g1,--.,8&r) is an a/n-repulsive splitting of A over K; and
(i) (g1 —n',..., g —n') is an a-repulsive splitting of An over K.
Taking S := v(a — H) in Proposition 4.5.10 we obtain:

Corollary 4.5.15. Ifa < 1 is special over H, C is archimedean, and A splits over K,
then An splits a-repulsively over K for some a andn < a —a < 1.

Recall that in Section 4.2 we defined a splitting (g1, . .., g,) of A over K to be strong
ifReg; > v(A) forj=1,...,r.

Lemma 4.5.16. Suppose @ — a <" 1 for some a. Let (g1, ..., g) be an G-repulsive
splitting of A over K, let ¢ be active in H with 0 < ¢ < 1, and set

hi =97 (gj=(r=0¢T)  (G=1....n).

Then (hy, ..., hy) is an G-repulsive splitting of A® over K¢ = H?[i]. If (A) <’ 1
and (g1, ...,8r) is strong, then (hy, ..., h;,) is strong.

This follows from Lemmas 4.2.12 and 4.5.9.

Lemma 4.5.17. Suppose v := v(A) < 1 and a <a«) 1. Let (g1,...,8,) be an a-
repulsive splitting of A over K. Then for all sufficiently small g € Q” and any n < |v|4,
(g1 —n',..., g, —n') is a strong a/n-repulsive splitting of An over K.
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Proof. Take qg € Q~ with a < [p]90 < 1. Then for any ¢ € Q with 0 < g < g¢ and
any 1 =< |o|?, (g —n',..., g, —n') is an @/n-repulsive splitting of An over K, by
Corollary 4.5.14. Using Lemmas 4.2.13 and 4.2.10 (in that order) we can decrease g
so that for all ¢ € Q with 0 < ¢ < go and 1t =< |v|?, (g1 —n',..., g —n')isalsoa
strong splitting of An over K. ]

In the rest of this subsection we assume that H is Liouville closed with 1(K) € K.
We choose a complement A C Hi of K in K as in Section 4.4 and set U := K [e(A)] .
We then have the set &"(A) C I' of ultimate exceptional values of A (which doesn’t
depend on A by Corollary 4.4.1). Recall from Corollary 1.2.28 that H is of Hardy type
iff C is archimedean. We now assume r = 1 and @ < 1 is special over H, and let A be
the nontrivial convex subgroup of T that is cofinal in v(a — H).

Lemma 4.5.18. Suppose C is archimedean and " (A) Nv(a — H) < 0. Then A splits
a-repulsively over K.

Proof. We may arrange A = 0 — f. Take u € UX with u” = f, and b := ||u|| € H”.
Then &"(A) = {vb} by Lemma 2.5.12 and its proof, hence

' (A)Nv@-H) <0 < b>1lorvb>A,

andRe f =b"byLemma4.4.21.Ifb > 1, thenRe f >0, and if vb > A, then for all § € A*
we have ¢ (vb) < ¢/(8) by Lemma 1.2.24, soRe f > m foralla, mwitha —a =m < 1.
In both cases A splits a-repulsively over K. ]

Lemma 4.5.19. Suppose A € H[d] and v(A) < 1. Then 0 ¢ &"“(A), and if A splits
a-repulsively over K, then &*(A) Nv(a — H) < 0.

Proof. We again arrange A = d — f and take u, b as in the proof of Lemma 4.5.18.
Then f € Hand b" = f = —1/v(A) > 1,s0 b * 1, and thus O ¢ {vh} = &“(A). Now
suppose A splits a-repulsively over K, thatis, f > 0 or f = m’ forall a, m with@ — a =<
m < 1. Inthe first case f = b" and b * 1 yield b > 1. In the second case ¢ (vh) = v f <
W (6) for all 5 € A*, hence vb ¢ A. [

Combining Lemma 4.2.11 with the previous two lemmas yields:

Corollary 4.5.20. Suppose A € H[d] and v(A) < 1, and H is of Hardy type. Then A
splits strongly over K, and we have the equivalence

A splits a-repulsively over K — &"(A)nv(a-H) < 0.
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Defining repulsive-normality

In this subsection (P, m, @) is a slot in H of order r > 1 with @ € H \ H and linear
partL:=Lp, . Setw:=wt(P);if order L =r,setv :=v(L). We let a, b range over H
and n over H*.

Definition 4.5.21. Call (P, m, a) repulsive-normal if order L = r, and
(RN1) v <" 1;

(RN2) (Pxm)s1 = Q + R where Q, R € H{Y'}, Q is homogeneous of degree 1 and
order r, Lg splits @/m-repulsively over K, and R < (5) 9" (Pxm)1.

Compare this with “split-normality” from Definition 4.3.3: clearly repulsive-normal
implies split-normal, and hence normal. If (P, m, a) is normal and L splits a/m-
repulsively over K, then (P, m, @) isrepulsive-normal. If (P, m, @) is repulsive-normal,
then so are (bP, m,a) for b # 0 and (Pxy, m/n,a/n).

Lemma 4.5.22. Suppose (P, m, a) is repulsive-normal and ¢ is active in H such
that 0 < ¢ < 1, and @ — a <" m for some a. Then the slot (P?, m,a) in H? is repul-
sive-normal.

Proof. First arrange m = 1, and let Q, R be as in (RN2) for m = 1. Now (P?,1,a) is
split-normal by Lemma 4.3.5. In fact, Pf | = Q¢ + R?, and the proof of this lemma
shows that R? < (w) mw“PIIJ where w := v(Lps). By Lemma 4.5.16, Lps = Lg
splits a-repulsively over K?. So (P?, 1, @) is repulsive-normal. n

Iforder L =r, v <"1,and @ —a <Ay M, then @ — a <" m. Thus we obtain from
Lemmas 3.3.13 and 4.5.22 the following result:

Corollary 4.5.23. Suppose (P, m,a) is Z-minimal, deep, and repulsive-normal. Let ¢
be active in H with 0 < ¢ < 1. Then the slot (P?, m,a) in H? is repulsive-normal.

Before we turn to the task of obtaining repulsive-normal slots, we deal with the preser-
vation of repulsive-normality under refinements.

Lemma 4.5.24. Suppose (P, m,a) is repulsive-normal, and let Q, R be as in (RN2).
Let (P1q,n,a — a) be a steep refinement of (P, m,a) where 1 < m or n = m. Suppose

(Pra,xn)>1 — an/m <A(w) mw+1(P+a,><n)l where w := I’(LPM,M)-
Then (Piq,m,a — a) is repulsive-normal.

Proof. By (RN2), Lo splits a/m-repulsively over K, so Lo also splits (a — a)/m-
repulsively over K. We have (¢ —a)/m <n/m < 1lor (a—a)/m=<1=n/m,so Ly
splits (@ — a) /n-repulsively over K by the first part of Corollary 4.5.14, hence Lo, ., =
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Lo - (n/m) splits (@ — a)/n-repulsively over K by the second part of that Corol-
lary 4.5.14. Thus (P4, 1, @ — a) is repulsive-normal. [ ]

The proofs of Lemmas 4.3.18, 4.3.19, 4.3.20 give the following repulsive-normal ana-
logues of these lemmas, using also Lemma 4.5.24; for Lemma 4.5.27 below we adopt
the notational conventions about 14 (¢ € Q™) stated before Lemma 4.3.20.

Lemma 4.5.25. If (P, m,a) is repulsive-normal and (P, M, a — a) is a refinement
of (P,m,a), then (Py,, m,a — a) is also repulsive-normal.

Lemma4.5.26. Suppose (P, m,a) is repulsive-normal, a <n <m, and [n/m] < [n].
Then the refinement (P,n,a) of (P, m,a) is repulsive-normal: if m, P, Q, v are as
in (RN2), then (RN2) holds with w, Qxyn/m» Rxnjm> 9(Lp,,) in place of m, Q, R, v.

Lemma 4.5.27. Suppose m =1, (P, 1,a) is repulsive-normal, @ < n < 1, and for v :=
v(Lp) we have [n'] < [v] < [n]; then (P,n%,@) is a repulsive-normal refinement
of (P, 1,a) for all but finitely many g € Q with0 < g < 1.

Achieving repulsive-normality

In this subsection we adopt the setting of the subsection Achieving split-normality of
Section 4.3: H is ®-free and (P, m, a) is a minimal hole in K of orderr > 1, m € H*,
and a € K\K with@="b + &, b,¢ € H. We let a range over K, b, c over H, and n
over H*. We prove here the following variant of Theorem 4.3.9:

Theorem 4.5.28. Suppose the constant field C of H is archimedean and deg P > 1.
Then one of the following conditions is satisfied:

(1) b ¢ H and some Z-minimal slot (Q m, Z) in H has a special refine-
ment (Qip, N, b- b) such that (Q n, b — b) is eventually deep and
repulsive-normal;

+b’

(ii) ¢ ¢ H and some Z-minimal slot (R m, ¢) in H has a special refine-
ment (Ric,M,C—c) such that (R®.,w, T — ¢) is eventually deep and
repulsive-normal.

To establish this theorem we need to take up the approximation arguments in the proof
of Theorem 4.3.9 once again. While in that proof we treated the cases beHandCe H
separately to obtain stronger results in those cases (Lemmas 4.3.10, 4.3.11), here we
proceed differently and first show a repulsive-normal version of Proposition 4.3.12
which also applies to those cases. In the rest of this subsection we assume that C is
archimedean.

Proposition 4.5.29. Suppose the hole (P, m,a) in K is special and v(b H) c
v(c-H) (so_ b ¢ H). Let (Q, m, b) be a Z-minimal deep normal slot in H.
Then (Q,m, b) has a repulsive-normal refinement.
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Proof. As in the proof of Proposition 4.3.12 we first arrange m = 1, and set
A:={6eT: |6l cv(@-K)},

a convex subgroup of I' which is cofinal inv(a — K) = v(b - H),sobis special over H.
Lemma 3.3.13 applied to (Q, 1, 2;) and n(Lp) <P 1 gives that I'” is strictly contained
in A. To show that (Q, 1, E) has a repulsive-normal refinement, we follow the proof
of Proposition 4.3.12, skipping the initial compositional conjugation, and arranging
first that P, Q < 1. Recall from that proof that ae K =H® [t] and Red=b e H* \ H,
withb < 1,0 € H{Y}, and so Q+E € H{Y}. Let A € H°[9] be the linear part of Q+Z‘
Recall from that proof that 1 < s := order Q = order A < 2r and that A splits over K°.
Then Lemma 1.1.4 gives a real splitting (g1, ..., gs) of A over K¢:

A=f(@-g)--0@-g) O0#feH g,....g5€K"

It follows easily from [ADH, 10.1.8] that the real closed d-valued field H is an H-field,
and so its completion H° is also a real closed H-field by [ADH, 10.5.9]. Recall also
that A = v(H*) is the value group of H® and properly contains I'’. Thus we can apply
Corollary 4.5.11 with H® in the role of H to get 1 € O with 0 # 1t < 1 and m such that
foralln>m, (hy,..., hy):= (g1 —nn',...,gs —nit") isa A-repulsive splitting of A"
over K¢, soRe hy, . ..,Re h # 0. For any n, Ant" is the linear part of Q+E,><ﬁ" € H{Y},

and (A, ..., hy) is also a real splitting of A1”* over K°:
A" = 1" f(0—hy)--- (0 — hy).

By increasing m we arrange that for all n > m we have g; +» nit (j=1,...,s), and
also v(An™) < v(A) provided [n(A)] < [n]; for the latter part use Lemma 3.1.16.
Below we assume n > m. Then n(An"™) < 1: to see this use Corollary 3.1.4, v(A) < 1,
andg; < hj (j=1,...,5). Note that hy, ..., hs = 1. We now apply Corollary 4.2.9
to H, K, Q, s, ', E, n"f, hy, ..., hs in place of H, K, P, r, m, f, a, by, ..., b,
respectively, and any y € A withy > v(7t"),0(Re hy), . . .,v(Re k). This gives a, b € O
and by, ...,bs € Ok such that ¢, b # 0 in H and such that for the linear part Ac H[9]
of Q'+,;’Xﬁn we have

-~ —_~

b —b < ", A ~ An", orderA = s, w := p(A) ~ p(AR"),
and such that for w := wt(Q) and with A(w) C A:
A=B+E, B=a@-b)---(9-bs) € H[3], EeH][d],
U([?l —h]),...,l)([)s—hs) >, E <A(m) mw+lgy

and (by, ..., by) is a real splitting of B over K. This real splitting over K has a
consequence that will be crucial at the end of the proof: by changing by, ..., by if
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necessary, without changing b1, . . ., b, we arrange that B := a(d — by) - - - (9 — by) lies
in O[d] € H[9] and that (b1, . .., by) is a real splitting of B over K. (Lemma 1.1.6.)

Since Reb; ~ Re hy,...,Rebg ~ Re hy, the implication just before Lemma 4.5.2
gives that (b1, ..., by) is a A-repulsive splitting of B over K. Now b-b=<n"<1,
50 (Q4p, 1,b — b) is a refinement of the normal slot (Q, 1, 5) in H, hence by Proposi-
tion 3.3.25, (Q4», 1, b- b) is normal. We claim that the refinement (Q 5, 1", b- b)
of (Q4p,1, b - b) is also normal. If [n] < [n(LQw)], this claim holds by Corol-
lary 3.3.27. From Lemma 3.1.28 and 3.1.7 we obtain:

orderLg,, = orderLyp = orderLg . = s,
v(Lg,,) ~ v(Lg) ~ v(Lg,).  v(n(Lg)) = v(v(A)).

sov(0(Lg,,)) = v(0(A)). Moreover, by Lemma 3.1.7 and the facts about A,
v(0(Lo,, ) = v(0(A)) = v(v(AR")) = v(w).

Suppose [0(Lg,,)| < [n]. Then [0(A)] < [1], so p(A1t") < v(A) using n > m. Now
the asymptotic relations among the various o(. . .) above give

D(LQ+b,><n”) < D(LQ+b)’

hence (Q4p, 0", b — b) is normal by Corollary 3.3.29 applied to H and the normal
slot (Q4p, 1, b- b) in H in the role of K, (P, 1,a), respectively. Put v := 0(LQ,, un)>
so v = w. Note that Q,p, xnn € O{Y'}, so the image of Lo, o € O[9] in H[0] is A.
Thus in H[d] we have:

Lo, ,..n = B+E  where E € O[], E <a@) ¥ Lo, n-
Now by, ..., b are A-repulsive, so by, ..., bs are A-repulsive, hence
B = a(@-by)---(0—by)

splits A-repulsively, and thus (3 — b) /n"*-repulsively. Therefore (Qp, 1", b- b) is
repulsive-normal. |

Instead of assuming in the above proposition that (P, m, @) is special and (Q, m, E)
is deep and normal, we can assume, as with Corollary 4.3.13, that deg P > 1:

Corollary 4.5.30. Suppose deg P > 1 and v(b — H) C v(¢ — H). Let Q € Z(H, D)
have minimal complexity. Then the Z-minimal slot (Q, m, b) in H has a special
refinement (Q +p, N, b — b) such that (be, n, b — b) is eventually deep and repulsive-
normal.
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Proof. The beginning of the subsection Achieving split-normality of Section 4.3 and
the hypothesis deg P > 1 give that K is r-linearly newtonian. Lemmas 3.2.26 and 3.3.23
yield a quasilinear refinement (P4, n,a — a) of our hole (P, m,a) in K. Set b :=Rea.
By Lemma 4.1.3 we have

v((@—a)-K) = v(@-K) = v(b-H) = v((b-b) - H).

Replacing (P, m, a) and (Q, m, 5) by (Pya,n,a —a) and (Qp, M, b— b), respec-
tively, we arrange that (P, m, @) is quasilinear. Then by Proposition 1.5.12 and K
being r-linearly newtonian, (P, m,a) is s special; hence so is (Q,m, b). Now Proposi-
tion 3.3.36 glves arefinement (Q.p, 1, b- b) of (Q,m, b) and an active ¢ € H~ such
that (sz, n,b-b)is deep and normal. Refinements of (P, m, @) remain quasilinear
by Corollary 3.2.23. Since U(Z — H) C v(c — H), Lemma 4.1.3(ii) gives a refine-
ment (Pyg,n,a —a) of (P, m,a) with Rea = b. By Lemma 3.2.35 the minimal
hole (Pfg, n,a — a) in K% is special. Proposition 4.5.29 applied to (P+a, n,a-a),
(QQSO nb - b) inplace of (P,m,a), (Q,m, b) respectlvely, givesus by € H,ng € H*

+b’
and a repulsive-normal refinement (Qf(b+b0)’ 1o, b — (b + b)) of (Q+b, n,b—b).
This refinement is steep and hence deep by Corollary 3.3.6, since (Q b T b—b)
is deep. Therefore by Corollary 4.5.23, (Q+(b+b0), ng, b b- (b + bo)) is a refinement

of (0, m, b) such that (Qf(b+b0), n9.b— (b + bo)) is eventually deep and repulsive-

normal. As a refinement of (Q, m, Z), it is special. ]

In the same way that Corollary 4.3.13 gave rise to Corollary 4.3.14, Corollary 4.5.30
gives rise to the following:

Corollary 4.5.31. Suppose degP > 1, v(c — H) C v(b — H), and R € Z(H,?) has
minimal complexity. Then the Z-minimal slot (R, m,c) in H has a special refine-
ment (Ryq,n, ¢ — ¢) such that (R+L ,M,C — ¢) is eventually deep and repulsive-normal.

Completing the proof of Theorem 4.5.28. By Lemma 4.1.3 we have
v(b - H) Co(¢-H) or vo(¢c—H) Cv(b-H),

hence the last two corollaries yield Theorem 4.5.28. u

Strengthening repulsive-normality

In this subsection we adopt the setting of the subsection Strengthening split-normality
of Section 4.3. Thus (P, m, a) is a slot in H of order » > 1 and weight w := wt(P),
and L := Lp_ .If order L = r, we set v := n(L). We let a, b range over H and m, 1t
over H*.

Definition 4.5.32. We call (P, m,a) almost strongly repulsive-normal if order L = r,
v <" 1, and there are Q, R € H{Y} such that
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(RN2as) (Pxm)s>1 = Q + R, Q is homogeneous of degree 1 and order r, Ly has a
strong a/m-repulsive splitting over K, and R <a(p) 8+ (Pxn)1.

We say that (P, m, @) is strongly repulsive-normal if order L = r, v <" 1, and there
are Q, R € H{Y} such that:

(RN2s) Pym = Q + R, Q is homogeneous of degree 1 and order r, Lo has a strong
a/m-repulsive splitting over K, and R <x(v) o (Pyn)1.

If (P, m,a) is almost strongly repulsive-normal, then (P, m, @) is almost strongly
split-normal; likewise without “almost”. Thus we can augment our diagram from Sec-
tion 4.3 as follows, the implications holding for slots of order > 1 inreal closed H-fields
with small derivation and asymptotic integration:

almost
strongly .
. strongly repulsive-
repulsive- —— . ——
repulsive- normal
normal
normal
almost
strongly :
. strongly split-
Spht_ _ K S
split- normal
normal
normal
strictl
Y normal
normal

Adapting the proof of Lemma 4.3.23 gives:

Lemma 4.5.33. The following are equivalent:

(i) (P,m,a) is strongly repulsive-normal;

(1) (P,m,a) is almost strongly repulsive-normal and strictly normal;

(iii) (P, m,a) is almost strongly repulsive-normal and P(0) <a(v) 0 (P ym.
Corollary 4.5.34. If L has a strong a/m-repulsive splitting over K, then:

(P, m,a) is almost strongly repulsive-normal ——= (P, m,a) is normal,
(P, m,a) is strongly repulsive-normal <= (P, m,a) is strictly normal.

If (P, m,a) is almost strongly repulsive-normal, then so are (bP, m,a) for b # 0
and (Pxy, m/n,a/n), and likewise with “strongly” in place of “almost strongly”. The

proof of the next lemma is like that of Lemma 4.3.25, using Lemmas 4.5.25 and 4.5.33
in place of Lemmas 4.3.18 and 4.3.23, respectively.
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Lemma 4.5.35. Suppose (P.,, m,a — a) refines (P, m,a). If (P, m,a) is almost
strongly repulsive-normal, then so is (P+q,m,a — a). If (P, m,a) is strongly repulsive-
normal, Z-minimal, and @ — a < sy ©"*T'm, then (P1,,m, @ — a) is strongly repul-
sive-normal.

Here is the key to achieving almost strong repulsive-normality; its proof is similar to
that of Lemma 4.3.26:

Lemma 4.5.36. Suppose that (P, m, a) is repulsive-normal and @ <) m. Then for
all sufficiently small g € Q”, any n < v4m yields an almost strongly repulsive-normal
refinement (P,n,a) of (P, m,a).

Proof. First arrange m = 1. Take Q, R as in (RN2) for m = 1. Then Lemma 4.5.17
gives go € Q” such that @ < 90 and for all ¢ € Q with 0 < g < g¢ and n < 09,
Lo, = Lon has a strong a/n-repulsive splitting over K. Now Lemma 4.5.26 yields
that (P, n, @) is almost strongly repulsive-normal for such n. |

Using this lemma we now adapt the proof of Corollary 4.3.27 to obtain:

Corollary 4.5.37. Suppose (P, m,a) is Z-minimal, deep, and repulsive-normal. Then
the slot (P, m, a) has a deep and almost strongly repulsive-normal refinement.

Proof. Lemma 3.3.13 gives a such that @ — a <) m. By Corollary 3.3.8, the refine-
ment (Pyq, m,a—a) of (P, m,a) is deep with o(Lp,, ) =<a(s) 0, and by Lem-
ma 4.5.25 it is also repulsive-normal. Now apply Lemma 4.5.36 to (Pyq, M, d — a)
in place of (P, m,a) and again use Corollary 3.3.8 to preserve being deep. |

Next we adapt the proof of Lemma 4.3.28 to obtain a result about the behavior of
(almost) repulsive-normality under compositional conjugation:

Lemma 4.5.38. Suppose ¢ is active in H with0 < ¢ < 1, and @ — a <* m for some a.
If (P, m,a) is almost strongly repulsive-normal, then so is the slot (P?,m,a) in H?.
Likewise with “strongly” in place of “almost strongly”.

Proof. We arrange m = 1, assume (P, m,a) is almost strongly repulsive-normal, and
take Q, R as in (RN2as). The proof of Lemma 4.3.5 shows that with w := v(Lps) we
have w <Z§ land (P?)s1 = Q% + R? where Q% € H?{Y} is homogeneous of degree 1
and order r, Ly splits over K?, and R? < (w) w**!(P?);. By Lemma4.5.16, Lps =
Lg has even a strong a-repulsive splitting over K. Hence (P¢, m, @) is almost strongly
repulsive-normal. For the rest we use Lemma 4.5.33 and the fact that if (P, m,a) is

strictly normal, then so is (P?, m, a). n

Lemma 3.3.13, the remark preceding Corollary 4.5.23, and Lemma 4.5.38 yield:
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Corollary 4.5.39. Suppose (P, m, @) is Z-minimal and deep, and ¢ is active in H
with 0 < ¢ < 1. If the slot (P, m,a) in H is almost strongly repulsive-normal, then so
is the slot (P®, m, @) in H?. Likewise with “strongly” in place of “almost strongly”.

In the case r = 1, ultimateness yields almost strong repulsive-normality, under suitable
assumptions; more precisely:

Lemma 4.5.40. Suppose H is Liouville closed and of Hardy type, and I(K) C K.
Assume also that (P, m, @) is normal and special, of order r = 1. Then

(P, m,a) is ultimate <= L has a strong a/m-repulsive splitting over K,

in which case (P, m, a) is almost strongly repulsive-normal.

Proof. By Lemma 4.4.12, (P, m,a) is ultimate iff &*(L) N v((a/m) — H) < 0, and
the latter is equivalent to L having a strong a/m-repulsive splitting over K, by Corol-
lary 4.5.20. For the rest use Corollary 4.5.34. |

Liouville closed H-fields are 1-linearly newtonian by Corollary 1.7.29, so in view
of Lemma 3.2.36 and Corollary 3.3.21 we may replace the hypothesis “(P, m, @) is
special” in the previous lemma by “(P, m, @) is Z-minimal or a hole in H”. This leads
to repulsive-normal analogues of Lemma 4.3.29 and Corollary 4.3.30 for r = 1:

Lemma 4.5.41. Assume H is Liouville closed and of Hardy type, and 1(K) C K.
Suppose (P, m, a) is Z-minimal and quasilinear of order r = 1. Then there is a
refinement (P.q,M,a — a) of (P, m,a) and an active ¢ in H with 0 < ¢ < 1 such
that (Pfa, n,a — a) is deep, strictly normal, and ultimate (so (Pfa, n,a — a) is strongly
repulsive-normal by Lemmas 4.5.40 and 4.5.33).

Proof. For any active ¢ in H with 0 < ¢ < 1 we may replace H and (P, m,a) by H?
and (P?, m,a), respectively. We may also replace (P, m,a) by any of its refinements.
Since H is 1-linearly newtonian, Corollary 3.3.35 gives a refinement (P14, 1, a — a)
of (P, m,a) and an active ¢ in H such that 0 < ¢ < 1 and (Pfa, n,a — a) is normal.
Replacing H, (P, m,a) by H?, (Pfa, n,a — a), we arrange that (P, m, a) itself is nor-
mal. Then (P, m, a) has an ultimate refinement by Proposition 4.4.14, and applying
Corollary 3.3.35 to this refinement and using Lemma 4.4.10, we obtain an ultimate
refinement (P4, n,a —a) of (P, m,a) and an active ¢ in H with 0 < ¢ < 1 such that
the Z-minimal slot (Pfa, n,a —a) in H? is deep, normal, and ultimate. Again replac-
ing H, (P,m,a) by H?, (Pfa, 1,a — a), we arrange that (P, m, a) is deep, normal, and
ultimate. Corollary 3.3.47 yields a deep and strictly normal refinement (P, m,a — a)
of (P, m,a); this refinement is still ultimate by Lemma 4.4.10. Hence (P4, M, a — a)
is a refinement of (P, m, a) as required, with ¢ = 1. u

Combining Lemmas 3.2.26 and 4.5.41 with Corollary 4.5.39 yields:
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Corollary 4.5.42. Assume H is Liouville closed, ®-free, and of Hardy type, such
that W(K) C K'. Then every Z-minimal slot in H of order r = 1 has a refine-
ment (P, m, a) such that (P®, m, a) is eventually deep, ultimate, and strongly
repulsive-normal.

In the next subsection we show how minimal holes of degree > 1 in K give rise to
deep, ultimate, strongly repulsive-normal, Z-minimal slots in H.

Achieving strong repulsive-normality

Let H be an w-free Liouville closed H-field with small derivation and constant field C,
and (P, m,a) a minimal hole of order » > 1 in K := H|[i]. Other conventions are as in
the subsection Achieving repulsive-normality. Our goal is to prove a version of The-
orem 4.5.28 with “repulsive-normal” improved to “strongly repulsive-normal + ulti-
mate”:

Theorem 4.5.43. Suppose C is archimedean, 1(K) € K', and deg P > 1. Then one of
the following conditions is satisfied:

(i) b ¢ H and some Z-minimal slot (Q m, b) in H has a special refine-
ment (Q+p, 1, b- b) such that (Q
repulsive-normal, and ultimate;

+p» L b — D) is eventually deep, strongly

(i) ¢ ¢ H and some Z-minimal slot (R, m,¢) in H has a special refine-

ment (Ryc,m,C— c) such that (R YoM, € — ¢) is eventually deep, strongly
repulsive-normal, and ultimate.

The proof of this theorem rests on the following two lemmas, where the standing
assumption that H is Liouville closed can be dropped.

Lemma 4.5.44. Suppose b ¢ Hand (Q,m, b) is a Z-minimal slot in H with a refine-
ment (Q+p, 1, b- b) such that (Q+b, nb - b) is eventually deep and repulsive-nor-
mal. Then (Q,m, b) has a refinement (Q4p, N, b- b) such that (Q nb—b)is
eventually deep and almost strongly repulsive-normal.

+b’

Proof. We adapt the proof of Lemma 4.3.34. Let (Q+p, 1, b —b) be a refinement
of (Q, m, b) and let ¢g be active in H such that 0 < ¢9 < 1 and (Q+b,n, b-b)is
deep and repulsive-normal. Then Corollary 4.5.37 yields a refinement

((Q22) 11y, 0, (b = b) — bo)

of (Q +pe b b- b) which is deep and almost strongly repulsive-normal. Hence

((Q+b)+bys M0, (b-b) - bo) = (Qs(b+by)» o, b — (b + bo))

is a refinement of (Q, m, E), and (Qf(b+b0), 1o, b - (b + bo)) is eventually deep and

almost strongly repulsive-normal by Corollary 4.5.39. |
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In the same way we obtain:

Lemma 4.5.45. Suppose ¢ ¢ H and (R, m,¢) is a Z-minimal slot in H with a refine-
ment (Ry.,n,C — ¢) such that (Rfc, 1, ¢ — ¢) is eventually deep and repulsive-normal.
Then (R,m,¢) has a refinement (R, M, ¢ — ¢) such that (Rfc, n,¢ = ¢) is eventually
deep and almost strongly repulsive-normal.

Theorem 4.5.28 and the two lemmas above give Theorem 4.5.28 with “repulsive-
normal” improved to “almost strongly repulsive-normal”. We now upgrade this further
to “strongly repulsive-normal + ultimate” (under an extra assumption).

Recall from Lemma 4.1.3 that v(b — H) € v(¢ — H) or v(¢ — H) C v(b — H). Thus the
next two lemmas finish the proof of Theorem 4.5.43.

Lemma 4.5.46. Suppose C is archimedean, 1(K) C K", deg P > 1, and U(Z H) C
v(c—H),andQ € Z(H, b) has minimal complexity. Then the Z-minimal slot (Q,m, b)
in H has a special refinement (Q+p, 1, b- b) such that (Q 1, b- b) is eventually
deep, strongly repulsive-normal, and ultimate.

+b’

Proof. Here are two ways of modifying (Q,m, E). First, let (Q+p,M, b- b) be arefine-
ment of (Q, m,z). Lemma4.1.3 gives ¢ € H withv(a —a) = v(z —b) witha :=b + ci,
and so the minimal hole (P4, 1, a — a) in K is a refinement of (P, m, @) that relates
to (Q4p, M, = b) as (P, m, a) relates to (Q m, b) So we can replace (P, m, a)
and (Q, m, b) by (Pyq,n,a —a) and (Q4p, 1, b- b), whenever convenient. Second,
let ¢ be active in H with 0 < ¢ < 1. Then we can likewise replace H, K, (P, m,a),
(Q,m,b) by H?, K®, (P?, m,a), (0%, m, D).

In this way we first arrange as in the proof of Corollary 4.5.30 that (Q, m, 3) is
special. Next, we use Proposition 3.3.36 likewise to arrange that (Q, m, E) is also
normal. By Propositions 4.4.14 (where the assumption I(K) C K' comes into play)
and 3.3.25 we arrange that (Q, m, Z) is ultimate as well. The properties “special” and
“ultimate” persist under further refinements and compositional conjugations.

Now Corollary 4.5.30 and Lemma 4.5.44 give a refinement (Q,p, 1, b— b) of
the slot (Q, m, B) in H and an active ¢y in H, where 0 < ¢9 < 1, such that the
slot (Qf“, nb- b) in H? is deep and almost strongly repulsive-normal. Corol-
lary 3.3.47 then yields a deep and strictly normal refinement

((Qf,‘;)+b0, 1, (b - b) - bo)

of (sz, n, b- b). This refinement is still almost strongly repulsive-normal by Lem-
ma4.5.35, and therefore strongly repulsive-normal by Lemma 4.5.33. Corollary 4.5.39
gives that (Q.4 (p+by), 1. b — (b + b)) is a special refinement of our slot (Q, m, b) such

that (Qf( baby)? b b — (b + b)) is eventually deep and strongly repulsive-normal. m

Likewise:
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Lemma 4.5.47. Suppose C is archimedean, 1(K) C K', deg P > 1, and v(¢ — H) C
v(b — H). Let R € Z(H, ¢) have minimal complexity. Then the Z-minimal slot (R, m, )
in H has a special refinement (Ry¢,n, ¢ — ¢) such that (Rfc, 1, ¢ — c) is eventually
deep, strongly repulsive-normal, and ultimate.

4.6 The Main Theorem

We prove here the Normalization Theorem from the introduction, as a corollary of
Theorem 4.5.43. It is accordingly less detailed than the latter, but more user-friendly.
It is what will get used at a key stage in [7].

Corollary 4.6.1. Let H be an ®-free Liouville closed H-field with small derivation,
archimedean ordered constant field C, and 1-linearly newtonian algebraic clo-
sure H[1]. Suppose H is not newtonian. Then for some Z-minimal special hole (Q, 1,5)
in H with order Q > 1 and some active ¢ > 0 in H with ¢ < 1, the hole (Q?, 1, Z)
in H? is deep, strongly repulsive-normal, and ultimate.

Proof. By Proposition 1.7.28, K := H|[i] is 1-linearly surjective and I(K) C K'. As H
is not newtonian, neitheris K, by (11) on p. 20, so Lemma 3.2.1 and subsequent remarks
give a minimal hole (P, m, a) in K of order r > 1, where m € H*. Then deg P>1
by Corollary 3.2.8. By Lemma 4.2.15 we arrange that a € K:=H [1] where H is an
immediate o-free newtonian H-field extension of H. Now @ = b + ¢i with b, ¢ € H.
By Theorem 4.5.43 there are two cases:

€)) b ¢ H and some Z-minimal slot (Q, m, b) in H has a special refine-
ment (Q.p, 1, b- b) such that (Q
repulsive-normal, and ultimate;

b b b- b) is eventually deep, strongly

(2) ¢ ¢ H and some Z-minimal slot (R, m, ¢) in H has a special refine-
ment (R,.,n, ¢ —c¢) such that (RH, 1, ¢ — ¢) is eventually deep, strongly
repulsive-normal, and ultimate.

Assume Q, m, b are as in Case (1). (Case (2) goes the same way.) Lemma 4 } 7
gives 1 < order Q < 2r. Multiplicatively con]ugatmg by 1 and renaming Qp_xn, b b
as Q, E, respectively, we arrange that (Q, 1, b) is a Z-minimal special slot in H such
that (Q?, 1 ,5) is eventually deep, strongly repulsive-normal, and ultimate (using Lem-
ma 4.4.11 to preserve ultimate). With Lemma 3.2.14, changing b if necessary, we

arrange that (Q, 1, b) is a hole in H, not just a slot in H. ]
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Errata and Comments to [ADH]

The changes below apply to the edition published by Princeton University Press, and
are already reflected in the versions posted on the arXiv and on our personal web pages
(as of September 2025). We thank Allen Gehret for pointing out most of the errors left
in that edition. Linguistic slips like missing commas or articles are not listed below
unless they might mislead. Citations are to the bibliography of [ADH].

Acknowledgments:

The date of September 2015 on p. xiv indicates when the manuscript was first submit-
ted to Princeton University Press. The published version incorporates some changes
and additions made since then.

Dramatis Personae:

In the item for “o-free” under the heading “Asymptotic Fields”, f — w(g'™) » g’
should be f — w(g'™) = (g")>2.

Introduction and Overview:

(1) In the subsection The special cuts y, A and o the definition of ®, should
have A, instead of A,,.

Chapter 1:

(1) The first sentence of the subsection Irreducibility in Section 1.1 should be:
Let X and Y be topological spaces.

(2) In the second line of Section 1.2, “R-modules” should be “left R-modules”.

(3) Inthe subsection Localization of modules in Section 1.4 the formula for addi-
tion should have s>x; + s1x2 in the numerator.

(4) In the subsection Tensor products in Section 1.7, the H in the 4th line should
be a B, and M ® N in the fifth line and at the end of the second display after
that should be M ®g N.

(5) In the subsection Rational rank in Section 1.7, in the line following the dis-
play: Q ®z N should be Q ®z M.

(6) In the 4th line of the proof of Lemma 1.8.12, the second “:=" should be “=".
(7) Inthe 6th line of the proof of Lemma 1.8.13, “(a, b) —” should be “(a, b) .

(8) In Corollary 1.9.6 one should add the assumption that L is separably gener-
ated over K, that is, L is separably algebraic over an intermediate field K(B)
with B C L algebraically independent over K. This assumption is satisfied
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if char K = 0. Corollary 1.9.7 is still correct as stated, but its proof requires
for positive characteristic a variant of Corollary 1.9.6, namely: L is separably
algebraic over K iff every derivation on L extending the trivial derivation on K
is trivial. (This variant with a proof, as in [249, pp. 370-371] is now included
in the arXiv version.) Lemma 1.9.8 should be restricted to the case char K = 0.

Chapter 2:

(1) The display in the statement of lemma 2.2.21 should have v instead of v.
(2) Inthe 4th paragraph of Section 2.3, replace “valued subgroup of (G, S, v)” by

”

“valued subgroup of (G’,S’",v")”.

Chapter 3:

(1) In the second sentence of the proof of Proposition 3.1.21, one can omit “with
gNA=q NA=m”since this condition is automatically satisfied.

(2) The proof of 3.2.11 can be simplified by replacing the part “By the Taylor iden-
tity ...” with the sentence: “By Proposition 3.2.1 we have P(a,) ~> P(a) =0,
hence (a,) is of algebraic type over K.”

(3) F.-V. Kuhlmann pointed out that in the “Notes and comments” to Section 3.2
we misattribute Corollary 3.2.26 to Krull [229]. An early source for a result
of this kind is Theorem 11 in O. Schilling’s book,

The Theory of Valuations, Mathematical Surveys, no. 4, American Mathemat-
ical Society, New York, 1950.

This book refers for this theorem to I. Kaplansky’s unpublished Ph.D. thesis
Maximal Fields with Valuations, Harvard University, 1941.

(4) Replace “theorem” by “proposition” in the sentence following the statement
of Proposition 3.4.22.

(5) Marcus Tressl alerted us to an error in the proof of Theorem 3.6.11: replace
the condition K < F in the first sentence of the proof by K C F, so that Zorn’s
lemma can be applied as indicated in the next sentence.

(6) Right after Lemma 3.7.6, replace
“open ball of the form {y : v(y — f) > vf} where f € K*” by
“open ball of the form {y : v(y — f) > vg} where f,g € K*, f = g”.

Chapter 4:

(1) In the first sentence of the proof of 4.1.10, omit be.
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(2) The last three sentences of the proof of 4.6.12 can be shortened to: Then by
Lemma 1.3.10, a is algebraic over K, so a is algebraic over C by Lemma 4.1.2.

Chapter 5:

(1) Inline 5 of Section 5.5, replace K[d] by R[J].
(2) Inline 3 of the proof of Lemma 5.5.14, replace GL,,(K) by GL, (R).
(3) In Lemma 5.7.3, replace

“Ql¢,....0"(#)] =Qlg.....5"(¢)]”

by
“Qlg, ..., 0" (¢),¢7'1=Qlo,....8"(¢),¢7']".

Chapter 6:

(1) In the second to last line of the proof of Lemma 6.1.9, replace C by Dy.

(2) In the second line before the first display in the proof of Theorem 6.3.2 there
is a misplaced parenthesis in K[Y,..., Y~ D].

(3) In the last line of the proof of Lemma 6.6.5, replace (ii) by (iii).

Chapter 7:

(1) In the third line of the proof of Proposition 7.5.6, replace E by E*.

Chapter 8:

(1) In the proof of Corollary 8.3.2, (E,T’, kg) should be (E, kg,T).

(2) A few lines before Corollary 8.3.3, the formula 6, (vy, ..., vk, y) should be
QV(Ul, vees Uy Z).

(3) In the proof of Proposition 8.4.12, third line from the bottom, “T'x, = I'x,”
should be “T'k, = I'k,”.

Chapter 9:

(1) Two lines before Corollary 9.1.10, (3) should be (2).
(2) Replace “Lemma” in the last line of the proof of Lemma 9.2.17 by “Corollary”.

(3) The correction following Lemma 3.7.6 leads to a corresponding correction in
describing the condition z € G; when s; # 0, in the proof of Lemma 9.7.3.
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(4) Verifying (AC3) in proof of Lemma 9.8.2 can be shortened using
max{zp“(y+ka/): vel, keZ, y+ka/¢0} = pB-a.

(5) In proof of Lemma 9.9.3, insert right after “v-slow on the right” the phrase
. where v is the standard valuation of I"”.

Chapter 10:

(1) In Lemma 10.5.12, add “If K is an H-field, then so is K (y) with that ordering,
and Ck(y) = C” and in its proof refer to the remarks after Lemma 10.2.3.

(2) In the last sentence of the third paragraph in the “Notes and comments” to
Section 10.6, “not not” should be “not”.

Chapter 11:

(1) Inthe last display before Lemma 11.1.4, the expression {y : v < (I'”)”} should
be replacedby {y e I' : v < (I"”)’}.

(2) In Lemma 11.2.3(ii), complete to “nmul P = nmul P, " at the end.

(3) In proof of Lemma 11.6.3, replace (I'z)’ by (I';.)” U {oo}.

(4) In last sentence of proof of Lemma 11.6.14, replace ~ s f by ~ —sf.

(5) In proof of Proposition 11.6.17, end of the fourth paragraph, replace A by A.
(6) Inlast display before 11.7.16, £ should be v(£)).

(7) In second part of Lemma 11.8.5, omit the assumption that K has asymptotic
integration and replace = at end of proof by C.

(8) Omit the proof of Corollary 11.8.13; it has an erroneous forward reference.

Chapter 12:

(1) In the statement of Lemma 12.6.3, the last part should be [g]’ = [g’].

Chapter 13:

(1) In the Notes and comments to 13.3, replace “ny = 2dwm(P)” by the phrase
“no =dwm(P) +m + 2 where m is such that PT™ € Texp{Y } . (We thank Julian
Ziegler-Hunts for pointing this out.)
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Chapter 14:

(1) In the line following the statement of Theorem 14.0.1, it would be better to
refer to Corollary 11.7.13 than to Corollary 11.7.10.

(2) In the third line of the proof of Lemma 14.1.8, replace K by K*.

(3) In the last line of the last display preceding Proposition 14.2.18, replace Y’
by Y'Y.

(4) In Lemma 14.3.2 (iii), replace at newton position by in newton position.

(5) In the proof of Lemma 14.3.2, after “nmul Py, = nmul P, = 1” add “by
Lemma 11.2.3” (referring to the addition to 11.2.3(ii) made above). In the
next to last display in that proof, (gy) is to be taken in the sense of K¢:

(gy) = (g9)(3(gy))’" -+ with 8= ¢~'0.
(6) After Corollary 14.5.11, replace In Section 16.1 by In Section 16.2.

Appendix A:

(1) In the sixth line before the subsection “Representing T ...” on p. 719, re-
place [U(fn—l] by [U(gn—l)]~

Appendix B:

(1) In the example following B.5.15, replace the passage “Then V \ W is infi-
nite ...” by “If V # W, then V \ W is infinite ...”

(2) In Example B.6.1(4) add the axiom VxVy(x < y Vy < x) to Or.

(3) In the remark following the definition of “proper filter on A” in B.7, omit
“either”.

(4) In the displayed equivalences in the proof of B.7.7 replace F by U.

(5) In B.10.15 replace “abelian groups” by “torsion-free abelian groups”.

(6) In B.11.11(ii) replace “elementary extension M* of M” by “model M* of X
extending M, and replace the label < in the accompanying figure by C.

InB.11.12 replace “elementary extension of M’ by “model of X extending M.
(Thanks to Cezar Port for noting this.)

(7) In B.12.15, replace “singletons” by “singletons {a} where a € K.
(8) Add to the “Notes and comments” of Section B.12 that Corollaries B.12.9
and B.12.11, with different proofs, are from:

A. H. Lightstone, A. Robinson, On the representation of Herbrand functions
in algebraically closed fields, J. Symb. Logic 22 (1957), 187-204.
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