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Given a system of ordinary differential equations represented by a straight-line pro-
gram, we show how to compute an equivalent ordinary differential system represented
by a straight-line program which only uses ring operations. Under mild assumptions,
our method essentially runs in linear time.

1. INTRODUCTION

In this paper, K will represent either R or C. Let () be an open subset of K", let ® be a
map () — K", we will consider the Ordinary Differential Equation (ODE)

(Xi,...,x;,/,):q)(XL...,xn) (1)

where (x1,...,x,): 1 = Q) stands for an unknown function on an open interval I C R.
A polynomialization of ® is a polynomial map ¥ =(¥y,..., ¥ € K[Xy, ..., X" with m >
n such that any solution (xy,...,x,) of (1) on I extends into a solution (xy,...,x,,) of

(Xi,...,x;,ﬂ):\F(XL...,xm) (2)
which is also defined on I. We say that a solution (xy,...,x,):I - Q of (1) satisfies the
initial condition

(1,6) eRx K"

if reland (x1(7),...,x,(7)) =¢. Finding such solutions is called an initial value problem.

This paper is devoted to the fast computation of polynomializations of ®, along with
the corresponding initial conditions.
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2 POLYNOMIALIZATION OF ORDINARY DIFFERENTIAL EQUATIONS GIVEN BY STRAIGHT-LINE PROGRAMS

1.1. Motivation

ODEs arising in many areas of physics and chemistry are often non-linear and include
divisions, exponentiations, logarithms, square roots, etc. Although methods for ODE
polynomialization are well known, we are not aware of complexity bounds for the
case where @ is given by a Straight-Line Program (SLP for short, defined in section 2).
Although numerical integrators typically allow @ to be an arbitrary blackbox function,
it is most common that the implementation of ® is actually an SLP.

Our motivation is three-fold. From a theoretical point of view, we are interested in
a sharp worst case complexity bound.

Polynomialization is of practical interest, because the quotients and special functions
occurring in ® are typically more expensive to evaluate than the simpler ring opera-
tions occurring in ¥. For example, when using a recent Intel™ CPU with SKYLAKE™
architecture, an AVX512 division in double precision has a latency of 23 CPU cycles and
a throughput of 16, while one “Fused Multiply-Add” instruction (see section 3.3) has
a latency of 4 and a throughput of 0.5. Similar kinds of overhead are observed for other
coefficient types such as intervals and balls [13, 16].

Of course, in order to apply our work to speed up the numerical integration of (1),
one should use an ODE solver that is able to exploit the lower evaluation cost of ¥,
while not suffering too much from the increased dimension m >n. This is typically the
case for Runge-Kutta integrators [4], for which the complexity depends linearly on the
evaluation cost of ®. Lazy Taylor series integrators [10] implicitly use something close
to polynomialization for the evaluation of ® (e.g. exponentials f = e$ are evaluated by
solving the equation ¢’ = f'¢). On the other hand, integrators that also compute the first
variation (e.g. in order to improve the stability) may suffer from the increased dimen-
sion.

Finally, we plan to use polynomialization to simplify bound computations for certi-
fied Runge-Kutta ODE solvers as in [2]. Such bound computations are easier and tighter
for SLPs that only use ring operations. Decreasing the degrees of the polynomials ¥; is
also beneficial for this application.

1.2. Related work

Polynomialization is certainly part of the folklore of differential algebra. Recent studies
focus on quadratization, i.e. a polynomialization ¥ = (¥3, ..., ¥,,) with max; deg ¥; <2.
Quadratization was established at least more than a century ago: historical and recent
references, along with various applications, can be found in [5, 6, 8, 9, 15]. Polynomial-
ization is achieved in quadratic time in [8, 9] for a dense representation of polynomials.
In [8] the problem of finding the minimal number of extra variables necessary for qua-
dratization is shown to be NP-hard. In [5] a quadratization with minimal order (namely
m —n) is achieved for the dense representation of ®. Polynomializations and quadratiza-
tions are not unique, and preserving stability is sometimes more important than the sole
complexity issue; see various strategies in [6].

1.3. Our contributions

Our first contribution is a new method for polynomializing ODEs represented by SLPs
at the price of increasing the number of instructions by a small constant factor. The pre-
cise overhead depends on the arithmetic instructions allowed by the SLP framework.
Theorem 9 focuses on SLPs that only use additions, subtractions, and products, while
Theorem 11 achieves a lower overhead if we also allow “Fused Multiply-Add” instruc-
tions.
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Our second contribution concerns practical improvements over our worst case com-
plexity bound. On the one hand, we restrict the additional costs to the subexpressions
actually involved in the instructions of ® which are not polynomials. On the other hand,
we try to minimize the number of extra variables, namely m —n. Our optimizations and
heuristics take linear time up to logarithmic factors. Even when polynomializing just
a few instructions of a small SLP, our method turns out to of significant practical interest.

Our third contribution is an implementation of our polynomialization algorithm
within the JIL library [1, 12], which is a free software C++ library for HPC (High-Per-
formance Computing) computations with SLPs.

2. STRAIGHT-LINE PROGRAMS

GivenneN, we write N,,;:={0,...,n—1}. Given two tuples a=(ay,...,a,) and b=(by,...,b),
their concatenation (ay,...,a,,b1,...,by) is written amb. We will encode names of variables
by integers (typically of 32 bit or 64 bit machine size). For complexity analyses, we will
assume that these integers are of size O(1) and count unit time for operations on such
integers. Similarly, we assume that elements of K take unit size. (Here we note that
our main polynomialization algorithms from Theorems 9 and 11 require no arithmetic
operations in K.) Below, we follow the SLP framework of [12].

2.1. Definition
Let X be a set of operation symbols together with a function |-|: £ - N. We call X a signa-
ture and |o| the arity of o, for any operation o € X.. A domain with signature ¥ is a set A

together with a function o : Al - A for every ¢ € X. We often write ¢ instead of o if
no confusion can arise.
Let A be a domain with signature X.. An instruction is a tuple

7'[:(0,&0,. ..,a|7-[|)

with operation o, :=0c € X and arguments ay, ..., a1 € N, where || :=|c]|. We call a¢ the
destination argument or operand and ay, ..., 4 the source arguments or operands. We denote
by Iy the set of such instructions. Given n € N, we also let

]Iz,niz {(U,ao,...,am)e Hzidez,ao,...,ﬂwe N,}.

A straight-line program (SLP) over A is a quadruple f =(D, 1, O, P), where

e D=(Dy,...,Dp-1) €& APlis a tuple of data fields,

o I=(y,..., Ip-1)E NI?N is a tuple of pairwise distinct input locations,

e O=(0y,...,0p-1)E N{gf is a tuple of output locations,

o P=(Py,...,Pp-1)€E HQIDl is a tuple of instructions.
We regard AlP!as the working space for our SLP. Each location in this working space can
be represented using an integer in Np; and instructions directly operate on the working
space as follows.

Given a state 6 € A" of our working space, the execution of an instruction 7= (¢, ay,...,
) € Iy p) gives rise to a new state 8" := 71(8) where ¢ := &y if k#ag and &;:= 07(J,,, ., ba,)
if k=ao. Given input values x=(x,...,xy) € Al, the corresponding begin state &, of our
SLP is given by o, := Dy if k& {1, ..., I-1} and o1, := xx41 for k€ Ny Execution of the
SLP next gives rise to a sequence of states d1.:=Py(o,), . - ., djp;:= Pip—1(6pj—1,). The output

DI

values y=(y1, - ..,y0) € A9 of our SLP are now given by yx11:=djpj.0, for k€ Njg;. In this
way our SLP f gives rise to a function Al' > Al x - y that we will also denote by f. Two
SLPs are said to be equivalent if they compute the same function.
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It will be useful to call elements of N|p, variables and denote them by more intelligible
symbols like vy,...,v|p|—1 whenever convenient. The entries of I and O are called input and
output variables, respectively. Non-input variables that also do not occur as destination
operands of instructions in P are called constants. An auxiliary variable is a variable that
is neither an input variable, nor an output variable, nor a constant. Given a variable
v € Np), the corresponding data field is D,. Input variables, output variables, and con-
stants naturally correspond to input fields, output fields, and constant fields. For a subset
Y’ C%, we denote |Ply :=[{i € Njp: 0p, €L }|; given ¢ € X, we also abbreviate |P|, :=|P|(s}.

Example 1. Let A:=N and let £ = {+, x} be the signatures of the binary sum and product.
Let ® be the SLP defined by D=(0,0,2), :=(1), O:=(0), and P:=((+,0,1,2),(x,0,0,0)). With
Vo, 01,02 representing the values at positions 0, 1,2 in the working space, the instructions
of f rewrite into vg:=v1+2,vp:= va. Consequently, @ computes the function xq — (x; + 2)2.

When dealing with operations that are only partially defined, such as the unary
inverse over fields, we say that an SLP is executable at a given input when all its instruc-
tions have their arguments in their definition domain during the execution.

Remark 2. The bit sizes of the integers in I and O and in the instructions of P are at most
O(log |D|). For practical software implementations it is fair to consider that we always

have |D| < 2% or even |D|<2%, so that these integers can be represented by hardware
integers. This also “justifies” why we count a unit cost for integer operations in our com-
plexity analyses.

2.2, Standard signatures

The standard signature of a ring A, written "8, will be the set of the following operations:
e unary identity id, defined by idg:a—a,
e unary negation —, defined by —a:a~ —a,
e binary subtraction, also written —, defined by —4:(a,b) »a—1b,
binary addition +, defined by +4:(a,b) »a+b,
e binary multiplication x, defined by x4:(a,b) —a xb.
The standard signature of a field K will be the union Tf€ld:= 28 24V wwhere 24V is the
set of the following operations:

e unary inversion inv, defined by invi:a —a !

e binary division /, defined by /x:(a,b)—a/b.

Let 2Pl be a fixed finite set of operations ¢ of arity one such that each ¢ € et
satisfies a differential equation

(), 228), .., %, (D)) = Qo (), x2(1), ..., X, (1), 1),

where Q,: K"**! 5 K is given by an SLP with signature =™ over K. We also assume
that g,:t — (0 (t),x2(t), ..., x,,(t)) is given by an SLP with signature x field | yspecial oy e K.

In this case, we call K a field with special functions L.,

For convenience, Q, and g, will be rewritten in terms of macro instructions (fol-
lowing the usual programming language terminology). Precisely, we will assume given
the following data:

special

e A segment of data D over K gathers all the constants and auxiliary variables

involved in Q, and g, for all o € ¥ special



JORIS VAN DER HOEVEN, GREGOIRE LECERF, ARNAUD MINONDO 5

e For all o € %@ 4 macro instruction X, takes 2 (us + 1) integer arguments and
returns a sequence of instructions of length written |X,|. The last argument of X,
stands for the position of D*P*@! in the working space. For any é € K" and for all

ai, ..., Aa,,b1,...,b,,111in Nig, the execution of X(ay,...,ay,,b1,...,b,,41,18)) at the
state 6 DP* performs (Vay-++,Va,,) = QuOby, -, U, ,,) and only modifies the values
at positions ay, ..., a,, inside ¢ (the data fields in D****® may be modified freely).

e Forall ¢ € 2%P*! a macro instruction y, takes y, + 2 integer arguments and returns
a sequence of instructions of length written |x,|. Again, the last argument of x,, is the

special

position of D in the working space. For any §€ K and allay,...,a,,, b1 in Ny, the
execution of x,(ay,...,a,,,b1,10) at the state d pspecial performs (vgy, .-+, ¥4, ) := 4o (vp,)
and only modifies the values at positions ay, ..., a,,, inside J (the data fields in DSP*!
may be modified freely).

Example 3. The exp function may be included in £P*! with the defining functions

Qexp(x1,£) := (x1) and gexp(t) := (exp t). We may take Xexp(a1, b1, ba, |9]) := (05, := vp,) and

Xexp(@1,b1,10]) := (vg, := exp vp,).

special

Example 4. The log function may be included in X
Qlog(x1,x2,1):=(x2, —x3)and Qog(t) :=(logt,1/t). We may take Xiog(a1,a2,b1,b2,b3,10]) = (v,,:=
Ubyy Vay 3= Uy Uy Vay = —Vay) and Xiog(@1, @2, b1, 101) = (0151 := 0p,, O, = 108 Vpslses Vay = Vi),
where ¢ stands for the position of an auxiliary variable in D*P*!,

with the defining functions

Example 5. For any fixed r € Q, the fractional power function ¢:t— t" may be included
in XsPecal \with the defining functions Qu(x1, X2, f) := (r x1 x2, —x3) and go(t) == (t",1/¢).
If the constant 7 is stored at position p in D@ and if ¢ stands for the position of
an auxiliary variable in DRl then we may take X,(a1,az, b1, by, b3, |0]) = (U)5)4c := Up,,
Vay = Vb, Vb Vay *= Vo) +-¢ Vay, Vay = Vlsl4c Vlol+cr Vay = —Tay) AN G (a1,a2, b1, |01) = (051 4.¢ 3= Vp, Uy =

r 1
Vlol+cr Vay 3= Ujsl0)-

2.3. Postponing divisions

An SLP F=(D,I,0,P): K" - K" with signature X4 may be transformed into an equiva-
lent SLP with at most m divisions: one for each output. (In fact, one may even reduce to
the case when we perform just one division, but this will not be needed in what follows.)

Let us show how to compute an SLP F=(D,I,0,D) for evaluating polynomials Aj,

Bi,...,A,, B, such that F= (g—l,...,%

where F is executable. Roughly speaking, we obtain the A; and B; by rewriting elements
of K as fractions, which are encoded as pairs of (not necessarily coprime) numerators
and denominators. This rewriting process is well known and takes linear time. It is a
special instantiation of the lifting algorithm from [12, section 5.5].

We now describe F more precisely and bound its size. We define the following tuples:

[ D = (DO/ ey D2|D|) (S KZlDHl is defined by Dzl- = Di and D2i+1 =1 forie N|D|. The
last entry Dy is an auxiliary variable which may be filled arbitrarily. An entry at
position 2i < 2|D| represents a numerator whose corresponding denominator is at
position 27 +1;

[ ] f:: (2[0, cee ,21|[|_1);

e 0:=(200,200+1,.. ,2001-1,20/0j-1+1). The entries 20,_1 and 20;_1 + 1 represent
the values of A; and B; fori=1,...,n;

) and none of the B; vanishes at the set Q C K" of points
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ip_1 Lift P, where Lift maps instructions of P to sequences of instruc-

,,,,,

tions, as follows, where we write V;:=vy; ,W;:=07;41, and A:=vpp) as shorthands:

Lift(v;:=0)) = (Vi:=V;, Wi:=W))
Lift(vi:: —U]') = (Vz = ], Wi:: T/V])
Lift(w;=0— 1) = (A= V;wk, Vii= VW, Vis= A= Vi, Wii= W) W)
Lift(vi:=vj+vp) = (A=V; Wy, Vir=Vi W, Vii= A+ V;, W= W; W)
Lift(o;:=0j0) = (Vii=V; Vi, W= W, W)
Lift(v;:= Uj_l) = (A:= V]', Vi:= Wj, W;:=A)
Lift(vi:=0;/vg) = (A:=V, Vii=V; Wi, W= W, A).
For example, with v; representing the value at position i in the working space, the Lift of
a sum v;:="; + Uk consists in computing
V] L Vi ViWk+ Vil W;
W W WiWe
We observe that ® is executable over K", that none of the B; vanishes at Q fori=1,...,n,
and that
IPI<4/P| (3)

Example 6. Let n:=1 and let ® be the SLP defined by D:=(0,0,2), I:=(1), O:=(0), and
P:=((+,0,1,2),(/,0,1,0)). With vy, v1,v, representing the values at positions 0, 1,2 of the
working space, the instructions of ® rewrite into vy:=v; + 2, v9=v1/v9. Consequently,
@ computes the rational function X;/(X;+2). Applying the above construction gives
us D:=(0,1,0,1,2,1,0), I:=(2), O:=(0, 1), and P corresponds to the following sequence of
instructions: vg:= 0, Us, Ug:= 203, Ug:= Vg + Vg, U1:= V305, Vg:= Vg, V9:=0Vp0V1, U1:=0Ve03. The
expressions of the output values at positions 0 and 1 are v, v3v5 and v3(v2v5+2v3). So
we have Ay:=X; and By:= X1+ 2.

Example 7. Let n:=1 and let ® be the SLP defined by D:=(0,0), I:=(1), O:=(0), and
P:=(vo:=v0/v1, v9:=01). Although the first instruction is useless, ® is not executable at 0.
On the other hand, we have A; =X; and B;=1. This shows that B; - - - B, may be inverted
over a domain strictly larger than Q).

Remark 8. In absence of “aliasing”, the lifting process can be further optimized. For
instance, if i # j, then one may take Lift(v;:= =0; D= (V= W, Wi:=V)). Our implementation
in JIL systematically exploits such optimizations; see also [12, section 5.5].

2.4. Tangent numbers

An SLP F=(D,I,0, P): K" - K" with signature y.ring may be transformed into an SLP
F=(D,I,0,P) over K with signature "8 which evaluates F over (K[e]/(€2))", where €
is a new variable. We define the following tuples:

e D:=(D,,... /DZ|D|) e K2P+1 is defined by Dy;:=D; and Dy;,1:=0 forie Nip;. The last
entry f)2| p| is an auxiliary variable which may be filled arbitrarily. A variable v; for F
becomes vy; + Vi1 € for E.

o I:=(21p,2Ip+1,..., 211, 2T -1+ 1);

e 0:=(200,200+1,...,20101-1,200-1 + 1);
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i 13:: Np:O ,,,,,

tions, as follows, where we use V;:=vy; V;:=05;11, and A:=vpp, as shorthands:

ip_1 Lift P, where Lift maps instructions of P to sequences of instruc-

Lift(v;:=v)) = (Vi:=V}, Vi:=V))
Lift(v;:=—0v)) := (Viz==V}, V;:==V))
Lift(v;:=vj—v)) = (Vi:=V;= Vi, Vi:=V;= V)
Lift(vi:=0;+vg) = (Vii=Vj+ Vi, Vii=Vj+ V)
Lift(vi:=0;00) = (A=V; Vi, Vi:=V; Vi, Vii= A+ V;, V= V; V).
Consequently,
IP|<41P). (4)

3. POLYNOMIALIZATION

We begin this section with a rather natural method for polynomializing SLPs over K
with signature %4, Then, we present our new faster and general approach.

3.1. SLPs with divisions

Let ®= (3., %) where A;€K[Xy,..., X,] and B;€K[Xy, ..., X" for i=1,...,n, and

let (x1,...,x,) be a solution of (1) defined over I. We introduce the functions

!
Xnti = X
. -1
Xon+i = Bi(xll---lxn)

overl, fori=1,...,n, and obtain

x1,1+i = DAi(xll cee /xn)(xn+1/ ce /xZTZ) Xon+i— Ai(xll ce /xn) DBi(xll ce /xn)(xn+1/ cee 1x2n) x%YH—i
Xhnti = —DBix1, ..., X)Xt -+, X2n) X3 gie
Letting

E; := DA(Xy,..., Xn)Xn+1,- -, Xon)

m
ii

DBi(Xli o /Xn)(Xn+1/ o /XZH)/

the polynomial map
Xn+1

XZn
E1Xon41—A1F1 X341
‘Y(Xll cee /X311) = :

is a polynomialization of ®, since

(X1, .., x30) =¥ (x1,..., X30).

The computation of ¥ can be done efficiently as follows.
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3 field

From the SLP for ® with signature we first determine an SLP & with signature

Y8 which computes Ay, ..., Ay, By, ..., B, The number of instructions of ® is <4|P|
using (3).

By computing O(X1+€Xut1, ..., Xn+ € Xo,) modulo €2 we next build another SLP
for evaluating A;, B;, E;, and F; for i=1,...,n using at most 4 |P| instructions, by (4). This
finally leads to an SLP of length at most

16|P|+6n (5)

for the polynomialization of ®.
As to the initial conditions, we take:

(Xn11(T), .., X20(T)) = P(Q)
(X2041(T), -, X30(T)) = (BUEO ..., Bu(O)H.

This requires <4|P| + n ring operations plus n inversions.

3.2. SLPs with special functions

In the previous subsection, we reduced the polynomialization of ® to the case when it
is explicitly given by rational functions. In this subsection, we present a new faster and
more general method, which directly transforms all divisions and special functions of the
SLP of ®. Roughly speaking, a special instruction r:= ¢ (v) gives rise to y, new unknown
functions uy, ..., u,, with u;:=0(v) and which satisfy the differential equation

(1/[1(?]), sy u]l,;(v))’ = U, QO’(ul(U)/ sy u;lg(v)r U)-

Our method is detailed in the proof of the following theorem, which improves upon the
above polynomialization with cost (5).

THEOREM 9. Let ®: K" — K" be given by an SLP (D, I, 0, P) over K with signature ¥ field |
wspecial g Jot Hinvi=1, p;:=1, and

Op:= Z U
q<po=op,Efiny,/JUz P!
We can compute the following SLPs over K in time O(|D|+ |P|+ n):
o (D,I,0,P) uses "8 and represents a polynomialization ¥ of ® such that |D|=2|D| +
20+ D 11, |[|=|O| =21+ 6)p,, and
Pl < 4[Plgrms+7 1Pliny,y+ Y. (Xol+po +2).

o= UPP = special

e (D,I,0,DP) uses xfield  yspecial computes the initial value (G, T) for ¥ from an initial

value ¢ for ® at T, and satisfies ID| = D] + 1+ 6)p + IDsPecil (Tl=n, O]=2n + 6\p, and
[P|=|P|+n+ 9|p|.

Proof. The tuples D,I,0,P are defined as follows:

o De KXPH20rHD™ 1 woith Py = Dy, Dyiyp:=0 for i € Nipy Daypjs26p+i = D;P*™ for
i€ N pspeciaj. Other entries of D may be filled arbitrarily;

o [:=2Ix(2I+1)x(2|D|,2|D|+2,...,2|D|+2(0p— 1));

e 0:=20xQ20+1)w(2|D|+1,...,2|D|+2(fp— 1) +1);



JORIS VAN DER HOEVEN, GREGOIRE LECERF, ARNAUD MINONDO 9

e P:= [><]p:0,.__/|P|_1 Lift P,, where Lift maps instructions of P to tuples of instructions

= vf2n+6p+z" @P,i = UOZHJerﬂ'
and let 7, :=(Tp0,---, Tpu,-1)r Op=(Opo,..., Opy,—1)- We also abbreviate V;:=1vy;,
Vii=0pi41, A= v The value of V; will actually be the derivative of the value of V;,

with signature =8, If P, has type o then we abbreviate 7,

and A will be an auxiliary variable. If o :=0p, € YN8 then we take

Lift(v;:=v)) := (Vi:=V), V;i=V))
Lift(v;:= —v)) = (Vii==V,, V= —V])
Lift(vi:=v;+0p) = (Vii=Vj+ Vi, Vii=Vj+ Vi)
Lift(v;:= vi—vp) = (Vii=V=V, V= V] V)
Lift(vi:=0;00) = (A=V; Vi, Vii=V; Vi, Vii= A+ V;, V= V; V).

If o €29, then we define

Lift(v;:= vj'l) = (Vii=Tp0, Opoi=—Vj, Opoi=Opo Vi, Opoi= 0o Vi, Viz= O)
Lift(vi:=0;/00) = (Opo:=—=Vi, Op0:= OpoTp0, Op0:= Opo Ty,
As=Vj O, Vii= Vi Ty, Vis= A+ Vi, Vii= V; T0).
If o € 2P then we take
Lift(v;==0(v))) := (Vi:=Tp0)

MXD’(O~21’1+9P/ Ry O~2n+9p+]4,7—1/
(02118 - -+ O2ns 6t =1 Lans 8y -+ - T2ns6,415-1,2, 21D + 2 61p))
4(Op0:=ViOpo, -, Opuy=1:= V; Opyy,—1)
pa(V;i= Op,0)-

Let us now prove that (D, I, O, P) represents a polynomialization of ®. We first need to

introduce appropriate notation. For this, let (xy,...,x,) € F" be a solution of (1), where

F is the space of differentiable functions of the interval IC R to K. Now consider the

evaluation of ® at (xy,...,x,) over ¥, as described in section 2.1, but with the modification
that we introduce new function variables X2n+0,+ 17+ X2n+ 0+ 1y € ¥ whenever we execute

an instruction P, with ¢ := op, & Y8 et 0p,€F IPl he the current state of the working
space just before the execution of Pp. If Py=(v;:= U]-_l), then we define X2p+0,+17= 5,,';]1. If
P,=(v;:=v;/vx), then we take x2,1¢,+1:= 51,_,.,1. If Py=(vi:=0(v)) with o e yspecial then we
define

(x2n+9p+1/ e /x2n+9p+;47) = Q(T(ép;j)-
Fori=1,...,n, we also define x,,;;:=x; and we claim that

(x:/l/ “ee /xén+9|p|) = ‘{I(xll s /x2n+9|p|)'

We now evaluate ¥(xy,...,X2,1¢,) Over . Let 6, € F Pl be the state just before the
execution of Lift P,. It will be convenient to abuse notation and use v as an abbreviation
of the current state J,, in addition to the usual semantics as a tuple of variables. We claim
that we always have vy;41=vy;, i.e. Vi = V, forallie Nip. Just after copying the input
values into the working space (and assuming that all auxiliary variables are initialized
with zeros), the claim clearly holds. Assuming that the claim holds before the execution
of Lift Py, we need to show that it still holds afterwards.
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If P,=(v;:=0(v))) or P,=(v;:=0(v;,vp) with 0 € ¥18 then Lift P, is the same opera-
tion ¢ with arguments V; + Vie, Vi+ V] €, and possibly Vi + Viein K[e]/(€?). Since i, jk
belong to Npj, the claim holds after the execution of Lift P,,.

If Ppy=(v;:= v]-_l), then Lift P, corresponds to computing

Opyo = _Vj 7 pz;o
Vi+Vie = Tp0+ Opoe.
By definition, we have 7,,0= Vj_l hence V; = (Vj_l)'. Therefore O 0= 7y, after the execu-
tion, as claimed.
If P,=(v;:=v;/vy), then Lift P, corresponds to computing
Opo = ~Vi ng;O
Vit Vie := V;Tp0+ (V;Opo+ Vi Tp0) €.
From 7,,0= Vi ! we obtain V/ = (Vj/Vi)'. Hence O 0= Tp0and V; O 0+ V] 0= (Vi Tp0)
after the execution, as claimed. 4
If Py=(v;=0(v)) with o€ yopecial then Lift P, computes
Op := ViQu(T, V)
Vit Vie = Tpo+ Opge.
Consequently, @,,0= 75,0 and our claim again holds after the execution of Lift P,. This
completes the proof of the first assertion.

Let us now turn to the second assertion about the computation of the initial value.
The tuples D, I, O, P are defined as follows:

[ ] D = KID|+H+9|P|+|Dbpem with D D forie N|D| and D|D|+”+9IPI+1 = Dspec1al forie Nlepeaall
Other entries of D may be filled arbitrarily;

o [:=];

o O:=(D),...,ID|+1n—1)wOwx(D|+n,...,ID|+n1+60p—1);

o P:=(v|p|:=0yy, ..., VD 4n—1:=01, ,) ¥ [X]PENm lift P, where lift is a function which maps
instructions of P to tuples of instructions as follows. If cp, € ™", then we take lift P,:=
(Py). If Py=(v;:=v;"), then

lift P, := (vg,, 0, = 1,0-::0@2’1%).
If Py=(v;:=v;/v), then
lift P, := (vozw =vi !, vy —U]Uozwp)
If P, = (v;:= 0(v))) with ¢ € 2P*% then
lift Py = Xo(O2nro,-- - Oonsy =1, 1, 1D+ 1+ Op) w (0= 05, )-

Let (x1,...,x,) € F" be a solution of (1) for the initial condition (x1,...,x,)(7)=¢ and let
Xn+1, - -+, Xon+6p D€ defined as above. Let ¢: K" — K" stand for the map defined by the

SLP (D,1,0,P). By construction, (&) =& x (&) ¥ (X241, - -, X4 0)(T).
As for the complexity, we note that 6jpj= O(P)) and that |[D**®| is a constant. The
constructions of D,I,0,P and D, I, O, P take linear time. O
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Remark 10. In more precise complexity models such as computation trees, RAM
machines [3, 7], or many-tape Turing machines [17], the complexity bound of Theorem 9
becomes O((|D| + |P| + n) log(|D| + |P| + n)), due to the logarithmic space overhead for
storing the indices of variables. On the other hand, the algorithm behind Theorem 9
uses no operations in KK, no hash tables, and no other complex operations on integers.

3.3. Exploiting FMA instructions

Modern computers often support an efficient so-called “Fused Multiply-Add” (FMA)
instruction set over floating point numbers in single and double precisions. For Intel™
and ARM™ CPUs and also NVidia™ GPUs, these instructions compute expressions of
the form +ab+ c as fast as a single product. This motivates us to define the FMA signature

»fma for a ring A as X", together with the following operations:

e the fused multiply-add, defined by fmax:(a,b,c)—~ab+c,

the fused multiply-sub, defined by fmsa:(a,b,c)—ab—c,

the fused negative multiply-add, defined by fnmax:(a,b,c)—~ —ab+c,

the fused negative multiply-sub, defined by fnmsa:(a,b,c)— —ab—c,

the negative multiply, defined by nmula:(a,b,c) — —ab.
We revisit Theorem 9 with FMA signatures.

THEOREM 11. By allowing the SLPs for ®,¥, 1 to be of signature =™, Theorem 9 holds with
the sharper bound

Pl < 3IPlgama+5Pliny, 1+ Y (Xol+ i +2). (6)

o= Uppe Zspecia]

Proof. The construction of the SLPs extends the one presented in the proof of Theorem 9,
by taking FMA operations into account. On the one hand, we define

Lift(i=000) = (A=V;Vi, Vi=V; Vit A, Viz=V; Vi)
Lift(vi:: —Z)jZ)k) = (A:= VjV]O Vi::—Vij—A, Vi::—Vij)
Lift(v;:=vj0c+0) = (A:=V; Vit V), Vii= Vi Vi+ A, Vii= V; Vi + V)

and similarly for fms, fnma, and fnms, hence the contribution 3|Plgma in the complexity
bound. One the other hand, we redefine

Lift(vj = Uj_l) = (Vit=Tp0, Oppoi= —Vj Vi, Op0:=0po Vi, Vii= Op0)

and
Lift(vi:=v;/vK) = (Opo:=—ViTp0, Opoi= Opo T,
A:= V] @p;Or Vi= V] gp;O +A,Vii= V] gp;O)/
hence the contribution 5|P]iny, ;) in the complexity bound. O

Remark 12. In fact, the factor 3 in 3|P|gma can often be further reduced. More precisely,
let |Plcheap be the number of ring nodes of P whose ancestors are also all ring nodes. Then
it can be verified that (after simplification of the SLP) the term 3|P|yma can be replaced
by [Plsfma + 3 (I[P fma — |P|cheap)-
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4. IMPLEMENTATION

We implemented Theorem 11 within the JIL library [1, 12] (the present paper corre-
sponds to GIT version 58a6bab06£8216260f6b8e8d28cc4311ddcfd8e7). Currently,
we support FMA instructions and Z%° consists of all elementary functions exp, log,
J, cos, sin, tan, acos, asin, atan, cosh, sinh, tanh, acosh, asinh, atanh. JIL is a free soft-
ware C++ library for HPC computations with SLPs. It provides a convenient interface
for automatic differentiation, common sub-expression elimination, lifting, transposition,
and much more. It also comes with a JIT (Just In Time) compiler dedicated to SLPs.
This compiler can generate executable machine code directly in memory, which is useful
when the same SLP needs to be evaluated N >> 1 times in an efficient manner.

The JIT compiler of JIL has the advantage of being one or two orders of magnitude
faster than general purpose compilers such as GCC or CLANG. Consequently, JIT com-
pilation becomes beneficial for relatively small values of N like N ~1000. In addition,
if we have several competing SLPs for the same task, then we may efficiently generate
machine code for each of them and empirically select the best SLP.

The source code of our polynomialization can be found in the file src/ode/
slp_ode_polynomialize.cpp of JIL. Examples are in the check/ode/ sub-directory.
Usual simplifications of SLPs in JIL are done using the simplify function (implemented
in the file src/transforms/slp_simplify. cpp): it folds constants, removes unneeded
computations, and shares common subexpressions. The expected running time is linear,
under the standard assumption that underlying hash tables are well balanced. Oper-
ations in K are only performed during constant folding [12, section 4]. Therefore, the
number of operations in K never exceeds the number of instructions of the SLP under
simplification.

Roughly speaking, the overhead 3 in the term 3 |P|ymma of (6) is due to evaluating &
over K[e]/ (62). In order to decrease this overhead, we first present an optimization
which aims at reducing the number of first order derivatives x; used by ¥: we will sep-
arate ring instructions needed by divisions and special functions and other operations.

Example 13. Consider the system

/ / 2 1
X1=2X», x2:x2—1+x2.
1

We represent it using the following SLP with signature ™% D € K® with D5:=1, I':=
0,1), O:=(1,4), and P:= (vy:=vgvg+ 1,03:= 05", v4:= 0101 — v3). The direct application
of Theorem 11 leads to an SLP for a polynomialization ¥ with 5 inputs and outputs
and 10 instructions, which drops to 7 after simplification. It turns out that this SLP is

suboptimal since we may simply define x3:=(1+ x})~! and obtain the following shorter
polynomialization:

/ 2 / 2
X1=X3, X2=X;3—X3, X3=-—2X3X2X1, (7)

which can be represented by an SLP with 5 instructions.

In the above example, the second derivatives of x; and x; are not needed, because x3
only depends on x1, whose first derivative is available in the SLP of ® before computing
x5. We may compute the shorter polynomialization in a more systematic manner using
the following optimization.
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OPTIMIZATION 14. Consider the SLP of ®. If xj:= ®i(xy,...,x,) is computed before an instruc-
tion Py with op, & =™ depends on x;, then we may modify the polynomialization ¥ constructed
in Theorems 9 and 11 as follows:
o Just after ®i(xy,...,xy,) is computed, we copy its value into the position of x,.; in the
working space;
o The output corresponding to x,; is discarded in the SLP of Y.

In order to implement Optimization 14 efficiently, we need to solve the following
problem: for a given subset & of instructions of the SLP of ® (namely the P, with op &
mea) and for each variable x;, we wish to determine the first instruction in % that depends
on x;. This is a common task for compilers, which can be achieved in linear time using
one forward and one backward pass through the SLP.

More precisely, during the forward pass, one maintains an array that, for each vari-
able v;, indicates the (index of the) last instruction that modifies v;. This information is
used during the same pass to build an array that, for each argument v;, of an instruction
Py=(vj:=0(vjy,...,vj,,)), indicates the latest instruction that modified v;,. During the back-
ward pass, for each instruction Py= (v;:=0(vj, ..., ;) and each input variable v;, we
determine the first instruction in % that depends on v;.

Remark 15. Permuting independent instructions of the SLP might allow to reduce the
dependencies and apply Optimization 14 more aggressively. However, finding the best
permutation might be rather expensive, so we left this issue for future investigation.

Example 16. If ®(X;) = X7, then Optimization 14 yields the simplified polynomializa-
tion ¥(X1, X2) = (X2, —X3) in terms of the SLP defined by D€ K?, [:=(0,1), 0:=(1,2), and
P:=(v2:=0v101,02:= —0201).

Example 17. If (X, X5) = (X, X2/ X1), then Optimization 14 yields the simplified poly-
nomialization ¥(X1, Xo, X3) = (X2, X» X3, —X» X3) in terms of a SLP with 2 instructions.

Example 18. If we swap the variables and equations of Example 17, then ®(X;, X5) =
(X1/ Xy, X1) and Optimization 14 yields the simplified polynomialization ¥(X;, X5, X3,
X4) = (X1 X4, X1, X1 X4, — X3 X7) which takes 3 instructions, but x remains an input of ¥.
This example motivates our next optimization.

OPTIMIZATION 19. Let the notation be as in Theorem 9. Ifi€ {1,...,n}and je{n+1,..,2n+0p}
are such that ¥;=Y; and ; = ¢; then we may simplify the polynomialization into
Y(Xy, .o, Xjm1, Xjs1, oo Xonggp) = (Y1, oo Y-, Wi, - Wonvop) (X1, -, X1, X, X, -

X2n+9|p|) and 17’[7(X1/ e /Xn) = (lpl/ ceey 770j—1/ ¢j+1/ ey ¢2n+9|p|)'

Example 20. In Example 18 the values of x3" and x1 coincide. As for the initial conditions,
we have (X1, X, T):=(X1/ X2, X1, X1). Following Optimization 19, we may simplify the
polynomialization into ¥ (X1, Xo, X3) = (X1 X3, X1, — X1 X3).

In order to minimize the number of extra variables in our polynomializations, we
may compute the values of x1,...,x;, using ® and x2,1, ... s Xon+ g, before evaluating V.
For sure, we obtain a polynomialization with only n + 6| variables, still in linear time,
which is in general higher than the one obtained in Theorems 9 and 11. Nevertheless,
sometimes and thanks to the simplification routine of JIL, this approach turns out to be
useful. The construction summarizes as follows.
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OPTIMIZATION 21. Let the notation be as in Theorem 9 and its proof. A polynomialization of ®
with n+ O)p inputs can be obtained as follows:

1. Compute an SLP ® over K with signature in *"™8 which takes x1,...,Xn, X2n11, - e Xonglp
as input and returns ®(xy,...,x,).

2. Construct the SLP of the polynomialization ¥ which takes x1,...,Xn, X2141,-++, X2n+ 6, 48 input
ﬂl’ld returns (‘Pl/ ce I‘I[f’l/ q[2}’l+1/ R q[21’l+9|p|)(xl/ ceerXny q)l(xll e X X2n41s - /x21’l+9|p|)/ sy
q)i’l(xlr e X Xon+1, - - /x2n+9|p|)/x2n+ll o 1x27’l+9|p|)'

3. As for the initial conditions for ¥, construct the SLP for POt X)) =1, Uy Won g1, eee,
¢’2ﬂ+9|p|)(x1/ “e Ixi’l)'

In our implementation, we compare the SLP resulting of Optimizations 14 and 19 with
the one of Optimizations 21 and 19: we return the one which has the smallest number
of instructions. In case of equality, we return the one with the smallest number of vari-
ables.

Example 22. Optimization 21 applied to Example 18 yields a simplified polynomializa-
tion with 3 inputs and 2 instructions.

Example 23. Let ¢(X1)=1+1/(1+ X}) and ®:= @ o @o ¢. Evaluating & takes 12 instruc-
tions. Optimizations 21 and 19 yield a polynomialization with 15 instructions, while
Optimizations 14 and 19 yield 16 instructions.

5. CONCLUSION

We have shown how the polynomialization of an ODE given by an SLP can be achieved
in linear time. Combined with suitable optimizations, our implementation returns effi-
cient ODEs, especially for numerical integration.

Quadratization seems to be a harder problem for SLPs. A first straightforward
approach is to expand the SLP into a sparse polynomial and apply the algorithms from [5].
However, this approach destroys the SLP structure. In particular, occasional products
of linear forms are all expanded. We expect that more natural quadratizations exist for
SLPs. Finding such SLPs with a better complexity is an interesting problem for future
investigation.
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