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In this paper, we present a probabilistic algorithm to multiply two sparse polynomials
almost as efficiently as two dense univariate polynomials with a result of approxi-
mately the same size. The algorithm depends on unproven heuristics that will be made
precise.

1. INTRODUCTION

Let P,Q € Z[xy,...,x,] be polynomials that are represented in the usual way as linear
combinations of power products. The problem of sparse polynomial multiplication is to
compute the product R=PQ in a way that is as efficient as possible in terms of the total
bitsize of P, Q, and R (and where we use a similar sparse representation for R as for P
and Q).

For pedagogical reasons, we mainly restrict our attention to polynomials with integer
coefficients. Together with polynomials with rational coefficients, this is indeed the most
important case for practical implementations inside computer algebra systems. Never-
theless, it is not hard to adapt our techniques to coefficients in more general rings (some
indications to that effect are given in section 5.2). Still for pedagogical reasons, we will
carry out our complexity analysis in the RAM model [12]. We expect our algorithms to
adapt to the Turing model [40], but more work will be needed to prove this and some of
the constant factors might deteriorate.

For polynomials of modest size, naive algorithms are often most efficient. We refer
to[4,7,11,21,32,37, 38, 45] for implementation techniques that are efficient in practice.
Various types of faster algorithms have been proposed for polynomials with special sup-
ports [18, 20, 26, 41].

Asymptotically fast methods for polynomials of large sizes usually rely on sparse
interpolation. The seminal paper by Ben Or and Tiwari [5] triggered the development of
many fast algorithms for the sparse interpolation of polynomial blackbox functions [1, 6,
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10,22,27-29, 31, 33, 39]. In this framework, the unknown polynomial R is given through
a blackbox function that can be evaluated at points in suitable extensions of the coefficient
ring. We refer to [42] for a nice survey on sparse interpolation and other algorithms to
compute with sparse polynomials. The present paper grew out of our recent preprint [ 24 ]
with Grégoire Lecerf on this topic; the idea to “exploit colliding terms” in section 6.6
forms the starting point of this paper. We refer to [24] for more references and will also
refer to that paper at several places for more background information.

The most efficient algorithms for sparse interpolation are mostly probabilistic. Here
we note that it is usually easy to check that the result is correct with high probability: just
evaluate both the blackbox function and its supposed interpolation at a random point
and verify that both evaluations coincide. In this paper, all algorithms will be proba-
bilistic, which is suitable for the practical purposes that we are interested in. The running
times of our algorithms also rely on suitable heuristics that we will make precise.

Although the multiplication problem for sparse polynomials does not directly fit into
the usual blackbox model, it does benefit from the techniques that have been developed
for sparse interpolation. Practical algorithms along these lines have appeared in [9, 15,
21, 35]. Most algorithms operate in two phases: we first need to determine the exponents
of the product R and then its coefficients. The first phase is typically more expensive
when the coefficients of R are small, but it becomes cheap for large coefficients, due to
the fact that we may first reduce P, Q, R modulo a suitable prime. It is also customary
to distinguish between the supersparse case in which the total degree of R is allowed
to become huge, the normally sparse case in which the total degree remains small, and
the weakly sparse case when the total degree is very small with respect to the number
of terms. In this paper, we mainly focus on the last asymptotic regime, which is most
important for practical applications with a large number of variables.

In order to describe the complexity results, let us introduce some notations. Given
a polynomial P € Z[xy,...,x,], we will write dp for its total degree, tp for its number of
terms, sp for the number of powers xi with e >1 that occur in its representation (iden-
tical powers being counted multiple times), and |P| for the maximal absolute value of
a coefficient. For instance, if P =3 x} x5 — 20 x5 x3 x4 + x4, then we have dp=4, tp=3,
sp=6, and |P|=20. For our multiplication problem R=PQ, the degree d:=dr=dp+dg
of the result is easily determined, but we usually only assume an upper bound T > tr
with T=O(tg) for its number of terms.

It is interesting to keep track of the dependency of our running times on logarithmic
factors in certain parameters, but it is also convenient to ignore less important logarithmic
and sublogarithmic factors. We do this by introducing the notation

f=0°(g) = f=0(gUog (spsosrIPIIQIIR)°?Y (log (dn))°D).

We also wish to compare the cost of our algorithms with the cost of multiplying dense
univariate polynomials of approximately the same size. Given integers N,r >1, we there-
fore also introduce the following two complexities:

e Mpy(r) stands for the cost of multiplying two non-zero polynomials in Z[u]/(u"—1)
under the assumption that the product R satisfies |[R| < N.

e My (r) stands for the cost of multiplying two polynomials in (Z/N Z)[u]/ (u"—1).

We make the customary assumption that My(r) /r and My(r) /r are non-decreasing as
functions in r. By [16], one may take My (r) = O(rlog Nlog(rlog N)). If r = O(N), then
one also has My (r) = O(My(r)), using Kronecker substitution [12].
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One traditional approach for sparse polynomial multiplication is to evaluate P, Q,
and R at 2T points in a geometric progression (p},p5, ..., pk) modulo a sufficiently large
prime number I1= Tpﬂ, where p; stands for the i-th prime number. In combination with
the tangent Graeffe method [24, sections 5 and 7.2] and fast smooth factoring (see, e.g.
Lemma 5 below), this approach allows the exponents of R to be computed in time

O"(M{y(T) log IT). (1)
The coefficients can be recovered using fast Vandermonde system solving, in time

O (M} (tg) log tR), (2)

where N =21tptg|P||Q|>2|R|—1. In our case when d is small, we usually have log I1=
O"(log T), in which case (1) simplifies into O(T (log T)3). The dependence of the com-
plexity on d can be reduced using techniques from [29], among others [22].

The main results of this paper are two faster probabilistic algorithms. The shorter
running times rely on two heuristics HE and HC that will be detailed in section 4. For any
T > Terit = 0.407, we show (Theorem 6) that the exponents of R can be computed in time

6TM(T) + O"((5p+sQ+sR) log IT+ (tp+tg)log N +trn), (3)

where N =tptg|P||Qland IT= Tpﬁ is prime. This algorithm is probabilistic of Monte Carlo
type. Based on numerical evidence in section 3, we conjecture that 7.t = 0.407265. We
also show (Theorem 4) that the coefficients may be computed in expected time

3TMy(tR) + O"((3p+sQ+sR) log tr+ (tp+to+tr)log N), (4)

using a probabilistic algorithm of Las Vegas type. In practice, when d is small and n
not too large with respect to log T, the corrective terms in (3) are negligible and the
cost reduces to (6 T+ 0(1)) M(T). Similarly, the cost (4) usually simplifies to (37 +
0(1)) Mn(tgr). If we also have IT=0(N), then this means that the cost of the entire sparse
multiplication becomes (37 +0(1)) My(t). Here we note that My(t) also corresponds to
the time needed to multiply two dense polynomials in Z[x], provided that the product R
satisfies deg R <t and ¢|R|<N.

The proof of these bounds relies on the evaluation of R at three points of the form
wM,...,u™M) in algebras of the form Z[u]/(u"—1), where r=| 7t]. If 7 is sufficiently large
(namely T > Tt for some critical value) and we already know the exponents of R, then
we show how to recover the coefficients with high probability. One interesting feature of
our algorithm is that three evaluations are sufficient with high probability. A logarithmic
number of evaluations is necessary when using the more obvious iterative approach
for which every additional evaluation allows us to compute a constant fraction of the
unknown coefficients (with high probability). Our algorithm is first explained with an
example in section 2 and then in general in section 4.1. The probabilistic analysis is done
in section 3. In section 4.2, we extend our approach to the computation of the expo-
nents, using three additional evaluations. Section 5 is devoted to variants and extensions
of our approach, and further remarks. The final section 6 contains slower but uncon-
ditional variants that do not depend on the heuristics HE and HC.

The present paper works out an idea that was first mentioned in [24, section 6.6], in
the context of general sparse interpolation. The application to polynomial multiplica-
tion is particularly suitable because of the low amortized cost of blackbox evaluations.
Random monomial transformations (also called randomized Kronecker substitution)
were considered before in [3, 30]. The idea of using evaluations in (small) cyclic algebras
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has been used before in [2, 10, 35]. Our algorithms also exploit ideas from the technique
of diversification [13, 31]. However, even though the present work boroughs a lot of
techniques from these previous works, our final complexity bounds (3) and (4) improve
on the previously known ones (see section 5.1 for variants in other asymptotic regimes).
The approach to evaluate in cyclic algebras finally seems close to binning techniques
that have recently been applied to compute sparse Fourier transforms [17, 34]; we plan
to investigate this parallel in future work.

Notes. We released three versions of the present paper. In April 2022, we added section 6
with variants of our main algorithms that have the major “sales” advantage of being
unconditional, but at the same time miss the more subtle charm of reducing the constant
factor with respect to dense multiplication to almost one (or two for the exponents).

The present version integrates various minor corrections and adds a few attributions
that were absent in the 2020 version. We have also been made aware of the fact that
the “game of mystery balls” was already known in a different form [14]. The critical
value Tt can actually be computed “exactly”: Tt =inf {oc >0:Vxe(0,1),1- e X/ < x}.

Finally, we started an experimantal MATHEMAGIX implementation of our multipli-
cation algorithms. We implemented the variant from section 5.1 over an FFT-field F),
where the exponents and p all fit into machine double precision numbers. A typical mul-
tiplication of two multivariate sparse polynomials with tp~tg~1.4-10° and g ~1.1-107
takes about 8.2 seconds on an INTEL XEON processor running at 3.2 GHz. The “asymp-
totically dominant” cyclic multiplications in F,[u]/ (u"—1) take about 2.1 seconds, which
is about 5 times the cost of a cyclic muliplication of length tg, whereas 9 Tt~ 3.6 in (5).
Note that the cyclic multiplications through DFTs benefit from heavier optimizations
than the subdominant operations.

2. A GAME OF MYSTERY BALLS

Consider two sparse polynomials
xy5 + 3xy6,z — 2x8y10 + x10y14z3

P
Q = 2+yz+3x2y*20

Their product R=PQ is given by
R = 3x12y1826 4 104154 4 93311054 1 353953 4510,14,3 4
3xy’ 22+ 7xylz—2x8yz 4 2xy° —4x8y10,

Assume that the monomials x!? y8 26,x10y15 z% ... of R are known, but not the corre-

sponding coefficients. Our aim is to determine R through its evaluations at “points” of
the form (x,y,z) = (u”‘,uﬁ,u”’) in Z[u]/ (u"—1) for suitable &, 8, € N and lengths r. These
evaluations are obtained by evaluating P and Q at the same points and multiplying the
results in Z[u]/(u"—1). In what follows, we will use three evaluation points.

Let us show how to turn the problem of computing the coefficients of R into a “game
of mystery balls”. At the start of the game, we have one numbered ball for each term of R:

@ @ ® @ ®
R = 3x12y1826+x10y15z4+9x3yloz4+3x3y923+(—4) x10y1423+
® @ ®

3xy’ 22+ 7xylz+ (=2) X8yt z + 20y + (—4) x84 10
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(x,y,z) = (u,u,u) (x,y,2)=(1,u,1) (x,y,2)=(1,1,u)
1 u u* ud out 1 u u?> u® ut 1 u u* u® out
®
®O|6 ® ® @ ®|e
@000 Q0O|e|0|® O06e|®|0
4 5 5 3 1 8 5 3 3 -1 -2 8 3 -1 10
® ® ® ®
@000 @O ®@ ® O @06
2 5 0 7 0 1 -1 -2 0 -1 9
® ®
@ ®O @ ®@ @ ®@
1 0 -4 3 O -4 5 0 0 -1 -4 5 0 -1 0
@ @ @ ®@ @ ®@
1 0 0 7 O 0o 5 0 0 3 0 5 0 3 0
e [ [ [ | [Llel [ || [LIe] | ]|
-2 0 0 0 O 0O -2 0 0 O 0 -2 0 0 O

Figure 1. Playing the game of mystery balls. At every round, we remove the balls that ended up in
a private box for at least one of the three throws.

For each ball, say @, the corresponding “mystery coefficient” 3 needs to be determined
(it might be hidden inside the ball), whereas the corresponding exponents 12,18, 6 are
known (and stored in a table or painted on the ball). In fact, our game has three identical
sets of balls, one for each of the three evaluation points. For each of these evaluation
points, we also have a set of r boxes, labeled by 1, wu?. . u L

Now consider the evaluation of R at a point as above, say at (x,y,z) = (1,u,u) in the
ring Z[u]/ (u®—1). Then each term Kx“ybzc evaluates to a term xu‘® withe€{0,1,2,3,4}
and e=a+b+c modulo 5. In our game, we throw the corresponding ball into the box
that is labeled by u°. For instance, our first ball @ evaluates to 3u and goes into the box
labeled by u. Our second ball @ evaluates to 1u* and goes into the box labeled by u*.
Continuing this way, we obtain the upper left distribution in Figure 1. Now the complete
evaluation of R at (x,y,z) = (u,u,u) in Z[u]/ w®=1) gives

Ru,uu) = 4+5u+5u>+3u+u*  (modu’—1).

For each box, this means that we also know the sum of all coefficients hidden in the balls
in that box. Indeed, in our example, the first box 1° contains three balls @, ®, and ®),
with coefficients 3, 3, and —2 that sum up to 4. In Figure 1, we indicated these sums below
the boxes. In round one of our game, we actually took our chances three times, by using
the three evaluation points (u,u,u), (1,u,1), and (1,1,u) in Z[u]/ w®—1), and throwing
our balls accordingly. This corresponds to the top row in Figure 1.

Now we play our game as follows. If, in a certain round, a ball ends up alone in its
box (we will also say that the ball has a private box), then the number below it coincides
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with the secret coefficient inside. At that point, we may remove the ball, as well as its
copies from the two other throws, and update the numbers below accordingly. In round
one of our running example, ball @ ends up in a box of its own for our first throw. Sim-
ilarly, the balls @ and ® both have private boxes for the second throw. Ball ® also has
a private box for the third throw. Removing the balls @, @, and ® from the game, we
obtain the second row in Figure 1. We also updated the numbers below the boxes: for
every box, the number below it still coincides with the sum of the mystery coefficients
inside the balls inside that box. Now that the balls @, @, and ® have been removed, we
observe that balls ® and ® have private boxes in their turn. We may thus determine
their mystery coefficients and remove them from the game as well. This brings us to
round three of our game and the third row in Figure 1. Going on like this, we win our
game when all balls eventually get removed. We lose whenever there exists a round in
which there are still some balls left, but all non-empty boxes contain at least two balls. In
our example, we win after five rounds.

Remark 1. When implementing a computer program to play the game, we maintain
a table that associates to each ball its exponents and the three boxes where it ended up for
the three throws. Conversely, for each box, we maintain a linked list with all balls inside
that box. We finally maintain a list with balls inside a private box, and which are about to
be removed. In this way, if each box contains O(1) balls, then the total amount of work
that needs to be done in each round remains proportional to the number of balls that are
removed instead of the total number of boxes. Consequently, the complete game can be
played in linear time, with high probability.

Remark 2. Playing our game in several “rounds” is convenient for the probabilistic
analysis in section 3 below. But the order in which balls in private boxes are removed
actually does not matter, as long as we remove all balls in private boxes. Assume for
instance that we win our game and that we replay it by removing balls in another order.
Assume for contradiction that a ball B does not get removed in our modified game and
choose B in such a way that the round 7 in which it gets removed in the original game
is minimal. Then we observe that all balls that were removed before round i in the orig-
inal game also get removed in the modified version, eventually. When this happens,
B is in a private box for one of the throws: a contradiction.

3. ON OUR PROBABILITY OF WINNING THE GAME

Have we been lucky in our example with 3 throws of 10 balls in 5 boxes? For the prob-
abilistic analysis in this section, we will assume that our throws are random and indepen-
dent. We will do our analysis for three throws, because this is best, although a similar
analysis could be carried out for other numbers of throws. From now on, we will assume
that we have t balls and =7t boxes.

The experiment of throwing ¢ balls in r boxes has widely been studied in the literature
about hash tables [8, Chapter 9]. For a fixed ball, the probability that all other t — 1 balls
end up in another box is given by

Py = (1 B %)t—l _ e(t—l)log(l—%) _ e—%+0(%) — e—% + O(%)
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More generally, for any fixed k > 1, the probability that k —1 other balls end up in the
same box and all the others in other boxes is given by

(=1L (g 1y
Pk = (k—l) rk‘1< _7>

th=1 4 OtF-2) 1 1 1
= T k-1 'rk—ltk—1<e +O<?>)

1
e 1
- <k—1)!rk—1+o<?)'

Stated otherwise, we may expect with high probability that approximately p; ¢ balls end
up in a private box, approximately p,t balls inside a box with one other ball, and so on.

This shows how we can expect our balls to be distributed in the first round of our
game and at the limit when t gets large. Assume more generally that we know the distri-
bution (p; k)ken in round i and let us show how to determine the distribution (p;+1)ken
for the next round. More precisely, assume that p; i (t+ O(1)) is the expected number of
balls in a box with k balls in round i, where we start with

1

T

B e
PLi= (k=11 7k1"

Setting
Oi=pi1+piz2+---,
we notice that 1=01>0,>03> - - -, where (0;41 — 07) t stands for the expected number of

balls that are removed during round i.

Now let us focus on the first throw in round i (the two other throws behave similarly,
since they follow the same probability distribution). There are p; ; t balls that are in a pri-
vate box for this throw. For each of the remaining balls, the probability 7; that it ended
up in a private box for at least one of the two other throws is

o) o’

The probability that a box with k> 2 balls becomes one with j balls in the next round is
therefore given by

For all j > 1, this yields

Pi+1,j= Z %/\j,kpi,lo

k>max(2,))

If o; tends to zero for large i and t gets large, then we win our game with high probability.
If 0; tends to a limit £ € (0,1), then we will probably lose and end up with approximately
{t balls that can't be removed (for each of the three throws).
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P k=1 ] 2 | 38 | 4 | 5 | 6 | 7 || & |
i=11{/0.13534{0.27067 | 0.27067 | 0.18045 | 0.09022 { 0.03609 | 0.01203 || 1.00000

21(0.066430.25063 | 0.18738 | 0.09340 | 0.03491 | 0.01044 | 0.00260 || 0.64646
0.04567 0.21741|0.13085 | 0.05251 | 0.01580 | 0.00380 | 0.00076 || 0.46696
0.03690(0.18019|0.08828 | 0.02883 | 0.00706 | 0.00138 | 0.00023 (| 0.34292
0.03234(0.13952|0.05443 | 0.01416 | 0.00276 | 0.00043 | 0.00006 || 0.24371
0.02869 (0.09578 0.02811 | 0.00550 | 0.00081 | 0.00009 | 0.00001 (| 0.15899
0.02330(0.05240|0.01033 | 0.00136 | 0.00013 | 0.00001 | 0.00000 (| 0.08752
0.01428(0.01823]0.00193 | 0.00014 | 0.00001 | 0.00000 | 0.00000 (| 0.03459
0.00442 (0.00249 | 0.00009 | 0.00000 | 0.00000 | 0.00000 | 0.00000 (| 0.00700
0.00030 { 0.00005 | 0.00000 | 0.00000 | 0.00000 { 0.00000 | 0.00000 |{ 0.00035
0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 | 0.00000 (| 0.00000

= O \O| Co| \J| OV G| x| W

—_]| —_

Table 1. The probability distributions (p;)ren in roundsi=1,...,11 for t=1/2.

We have not yet been able to fully describe the asymptotic behavior of the distribution
(pik)ken for i — oo, which follows a non-linear dynamics. Nevertheless, it is easy to com-
pute reliable approximations for the coefficients p;  using interval or ball arithmetic [19];
for this purpose, it suffices to replace each coefficient p; i in the tail of the distribution
(i.e. for large k) by the interval [0, p;]. Tables 1, 2, and 3 show some numerical data
that we computed in this way (the error in the numbers being at most 0.5-107°). Our
numerical experiments indicate that the “phase change” between winning and losing
occurs at a critical value 7. with

0.407264 < Terit < 0.407265.

Table 1 shows what happens for T =1/2: until the seventh round, a bit less than half of
the balls get removed at every round. After round eight, the remaining balls are removed
at an accelerated rate. For 7=1/3, the distributions (p; )xen numerically tend to a non-
zero limit distribution (P )ken With 0w :=pPos i + P2+ -+ - = 0.78350. In Table 3, we
show some of the distributions in round ten, for 7 near the critical point 7. We also
computed an approximation of the limit distribution at the critical point itself.

lpoc] k=t | 2 | 3 | 4 | 5 | 6 | 7 || o |
7=1][0.04979]0.14936] 0.22404] 0.22404] 0.16803] 0.10082 0.05041 | [1.00000
2][0.015200.16294 | 0.22068 | 0.19925 | 0.13493 | 0.07310 | 0.03300 || 0.85795
3][0.005790.16683 | 0.21802 | 0.18994 | 0.12410 | 0.06487 | 0.02826 || 0.81315
7][0.002380.168260.216760.186160.11991 | 0.06179 | 0.02584 [ 0.79590
5][0.00101 | 0.168830.21620 | 0.18457 | 0.11818 | 0.06053 | 0.02584 || 0.78578
6
7
8

0.0004310.16907 | 0.21596 | 0.183890.11744 | 0.06000 { 0.02555 || 0.78577
0.00019 [0.16918]0.21585 | 0.18360|0.11713 | 0.05978 | 0.02542 || 0.78448
0.00008 [0.16922]0.21581 | 0.18347|0.11699 | 0.05968 | 0.02535 | 0.78392
910.00003]0.16924 {0.21579|0.183420.11693 | 0.05964 [ 0.02535 || 0.78368
10](0.00001|0.16925[0.21578|0.18340 [ 0.11691 | 0.05962 | 0.02534 || 0.78358
11)(0.00001|0.16925(0.21577|0.18339 [0.11690 | 0.05961 | 0.02533 || 0.78353
12{]0.00000|0.16925 [0.21577|0.183380.11690 | 0.05961 | 0.02533 |{ 0.78351

Table 2. The probability distributions (p;)ren in rounds i=1,...,11 for t=1/3.
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| pok k=1 ] 2 | 3 | 4 | 5 [ 6 [ 7 | ow |
7=0.333 (/0.00001]0.16892(0.21573(0.18368(0.11729|0.0599210.02551 |[ 0.78447
7=0.400 (/0.00190]0.20779(0.16840(0.09099 [0.036870.01195]0.00323 || 0.52207
7=0.405 [/0.00258]0.20592(0.15856 |0.08140(0.031340.00965]0.00248 || 0.49260
7=0.407 (10.00290]0.20479(0.15429(0.07750(0.02919|0.0088010.00221 |[ 0.48027
7=0.410 (/0.00346]0.20266(0.14752{0.071590.02606|0.0075910.00184 |[0.46118
7=0.420 (/0.00601]0.19090(0.12180{0.051810.01653|0.0042210.00090 |[ 0.39235
7=0.450 (/0.01841]0.09767|0.03137(0.00672|0.00108|0.0001410.00001 |[{0.15541
7=0.500 [{0.00030]0.00005]0.00000 |0.00000 [0.00000|0.00000]0.00000 |[0.00035

[10000,5, Teric|[0-00000]0.18338]0.11551 | 0.04851 [ 0.01528 [ 0.00385 | 0.00081 |[0.36751 |

Table 3. The probability distributions (p104)ken in round 10 for various T as well as an approximation
of the limit distribution for 7= 7, by taking the distribution in round 10000 for 7~ 0.407264 ~ T;.

For 7 < 7.it, we note that reliable numerical computations can be turned into an actual
proof that we lose with high probability. Indeed, assume that €:=p;1=0(1) gets very
small for some i, whereas ;"' = O(1) remains bounded (for instance, in Table 2, we have
pi1< 10~ and ¢;=0.78351 for i = 12). Then 1;= (2+ O(¢)) % =O(e) also gets very small
and

Piv11 = Z ﬂf{_l(l—ﬂi)l?i,k

>2
piaTti+O(e?)

2Pi2. 1 0(e?)
0'.

1

pik+0O(e), k>2.

Pi+1,k

If 2p; » happens to be v times smaller than ¢; for some fixed v>1 (for instance, in Table 2,
we actually have 4p;» < 0; for i=12), then a standard contracting ball type argument
can be used to prove that p; 1 decreases to zero with geometric speed for i’ >, while oy
remains bounded away from zero.

Conversely, given T > T, it seems harder to prove in a similar way that we win.
Nevertheless, for any & > 0, reliable computations easily allow us to determine some
round i with ¢; < e. For instance, for 7=15, and e=107>, we may take i=11. This is good
enough for practical purposes: for t =10000 « ¢}, it means that we indeed win with high
probability (and even if we do not win, then we may rerun the algorithm for the missing
terms: see [1] and section 6 below). Here we also note that a large number of rounds
are generally necessary to win when 7 approaches the critical value 7. For instance,
for T=0.42, we need to wait until round i =29 to get 0; < 107°. Nevertheless, after a cer-
tain number of rounds, it seems that ¢; always converges to zero with superlinear speed.

In Table 4, we conclude with the result of a computer simulation in which we played
our game with £=100000 and 7="1/,. As one can see, the results are close to the theoret-
ically expected ones from Table 1.
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(Nl k=1] 2 | 8 | 4 [ 5] 67| % |

i=1{13438 (2713227027 |18072|9075 (3516|1260 |[ 100000
2|| 6577|25344|18576| 9360|3575| 990 259 64793
3|| 4524|22004|13149| 5196|1535| 354 84| 46854
4| 3649(18310| 8904 | 2808| 665| 156 14| 34506
5|| 3247|14190| 5406 1464| 295| 24 0] 24626
6| 2849| 9892 2823| 556 65 6 0] 16191
7| 2327 5522 1071 124 15 0 0l 9059
8| 1501| 1946 225 12 5 0 0l 3689
91| 487| 256 18 0 0 0 0 761
10 34 6 0 0 0 0 0 40
11 0 0 0 0 0 0 0 0

Table 4. Carrying out a random simulation of our game for t =100000 and 7 =1/. The table shows
the number N, of balls that are in a box with k balls in round 7 (for the first throw). The last column
also shows the sum X;=N;;+ N>+ - - -.

Remark 3. Our game of mystery balls readily generalizes to different numbers of throws
and different numbers of boxes for each throw. However, if our aim is to take the total
number of boxes as small as possible, then computer experiments suggest that using
three throws with the same number of boxes is optimal. For simplicity, we therefore
restricted ourselves to this case, although it should be easy to extend our analysis to
a more general setting.

4. MULTIPLYING SPARSE POLYNOMIALS

Let us now turn to the general problem of multiplying sparse polynomials. We will focus
on the multiplication R =P Q of integer polynomials P,Q € Z[xj, ..., x,] in at least two
variables. We define d to be the total degree of R and assume that we have a bound T for
the number of terms of R.

As explained in the introduction, we proceed in two phases: we first determine the
exponents of the unknown product R. This part is probabilistic of Monte Carlo type,
where we tolerate a rate of failure € >0 that is fixed in advance. In the second phase, we
determine the unknown coefficients, using a probabilistic algorithm of Las Vegas type.
In this section, we start with the second phase, which has already been explained on an
example in section 2.

4.1. Determination of the coefficients

Assume that our product R =P Q has t terms, so that R=c;x" + - - - +¢;x* for certain
c1,...,c;€Zandey, ..., e;€N", where x=x]"---x;" fori=1,...,t. It is obvious how to
generalize the algorithm from section 2 to this case: for some fixed 7> 7, we distribute
“our t balls” over r=| 7t] boxes, through the evaluation of R at three points Wit
in Z[ul/(u"—1) for i=1,2,3 and Ay, Ay, A3 € Z". The vectors A1, Ay A3 are essentially
chosen at random, but it is convenient to take them pairwise non-collinear modulo 7, so

as to avoid any “useless throws”. We assume the following heuristic:

HE. For random vectors A1,A,, A3 as above and each of the three throws, the balls are
distributed over the boxes in a uniformly random way, and the three distributions
are independent.
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Algorithm 1

Input: P,Q€ Z[x1,...,x,] and ey,...,e; EN" with PQE Z x' + - - - + Z x*
Output: the product PQ, with high probability (Las Vegas), or “failed”
Assume:n>2and t>6

For a fixed 7> T, let r:= | T£].

LetA1,A2,A3€{0,...,r—1}" be random vectors that are pairwise non-collinear modulo r.
Compute P;= P, utmy and Q= Q... uty in Zlu]/ (u"—1), fori=1,2,3.
Multiply R;:=P;Q;in Z[u]/(u"—1), fori=1,2,3.

Let J:={1,...,t}.

While there exist i€ {1,2,3} and je ] with A;-ej#A;-¢j for all j' €]\ {j}, do

AN

a. Let c;be the coefficient of u™% in R,.
b. Fori'€{1,2,3}, replace R;;:=R; — c]-uA""ef.
c. Replace J:=]\ {j}.

7. Return c1 x4 - - - +¢;x% if =0 and “failed” otherwise.

We then play our game of mystery balls as usual, which yields the coefficients cy, ..., c; if
we win and only a subset of these coefficients if we lose. In view of Remark 2, this leads
to Algorithm 1.

THEOREM 4. Assume heuristic HE. Let T > Teri¢ with T<<1 and N =tptg|P||Q|. Then Algo-
rithm 1 is correct and runs in time

37T Mn(tr) + O°((sp+sg+sr) log tr+ (tp+to+tr) log N).

Proof. The correctness of the algorithm has been explained in section 2. As to the running
time, we first note that none of the integer coefficients encountered during our computa-
tion exceeds N in absolute value. Now steps 1 and 2 have negligible cost and the running
time for the remaining steps is as follows:

e Instep 3, for every term cx‘in P or Q and every i € {1,2,3}, we first have to com-
pute A;-e=A;1e1+ - - +A;,e, modulo 7. Since we only have to accumulate A; je;
when ¢; # 0, this can be done in time O®((sp + sg)log ). We next have to add the
coefficients of all terms that end up in the same box, which amounts to O(tp +t()
additions of cost O((tp+1tg)log N).

e In step 4, we do three multiplications of cost My (r) each. Since My(r) /7 is non-
decreasing, the cost of these multiplications is bounded by 3 T My(tg).

e In steps 5 and 6, we play our game of mystery balls, where | stands for the set
of ball that are still in play. Whenever ball j ends up in a private box for throw
number i, we have to determine where this ball landed for the other throws, by
computing A -¢; modulo 7 for i’ #i. We then have to update the numbers below
the corresponding boxes, which corresponds to setting R; :=R; — cju/\ "%l in step 6b.
Since this eventually has to be done for each of the t balls, step 6 takes O(sglogr +
trlog N) bit-operations, using a similar analysis as for step 3.
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Let us finally investigate bookkeeping costs that are implicit in our description of the
algorithm. Above all, we have to maintain the linked lists with balls inside each box (see
Remark 1). This can be done in time

O(Z kpl,kT):o

k>1

k -1/t
E _ T|1=0(T).
T e
& (k=1)! Tk-1

The other implicit costs to maintain various tables are also bounded by O(T). O

4.2. Determination of the exponents

In [24], we surveyed several strategies for computing the exponents of the product R.
Most of the approaches from sections 4, 6, and 7 of that paper can be adapted to the
present setting. We will focus on a probabilistic strategy that we expect to be one of the
most efficient ones for practical purposes (a few variants will be discussed in section 5).

Fori=1,2,..., let p; be the i-th prime number and let B=p{. We let IT be a fixed prime
number with IT> BT /e (for practical implementations, we may also take I1 to be a pro-
duct of prime numbers that fit into machine words, and use multi-modular arithmetic to
compute modulo IT). For some fixed 7> Tqit, we again use = | 7T] boxes, and evaluate
P,Q,R over the ring (Z /I1Z)[u]/ (u"—1). This time, we use six evaluation points of the
form (u,...,u"") and (p1 uhin, .,pnu)"?”) fori=1,2,3, where the A1,A;, A3 are chosen at
random and pa1rw1se non-collinear modulo .

k] kn )Ll 1

Now consider a term cxy of R. Its evaluation at (u utiny is cu®, where
e=Airki+ - +Ainky modulo r. Meanwhlle, its evaluation at (pl u}“ L Pn utiny is Fu®
with ¢= p’f p’,ﬁ”c If there is no other term that evaluates to an expression of the form

¢’ u®at (u,...,u""), then the same holds for the evaluation at (p1 uhin o Pn utimy. Conse-
quently, the unique representative 4 €{0,...,I1—1} of the quotient ¢ /cin Z /I1Z coincides
with pi' .. pk" (the quotient is well defined with high probability). From this, we can
determine the exponents kj, ..., k, by factoring 4. As additional safeguards, we also check
that g <B, that all prime factors of g are in {py,...,p,}, and that e=A; 1 k1 + --- +A; . ky
modulo 7.

Conversely, assume that there are at least two terms of R that evaluate to an expression
of the form ¢’ u®at (u",...,u’"). Let ¢ and & now be the coefficients of 1€ in R(u™,..., u"m)
and R(p1 utin Pnlt u’iny. Then the quotient ¢/ c is essentially a random element in Z /I1Z
(see the heuristic HC below for more details), so its unique representative in {0,...,IT—1}
is higher than B with probability 1—¢/T. This allows our algorithm to detect that we
are dealing with colliding terms; for the O(T) quotients that we need to consider the
probability of failure becomes 1 — (1 —¢/ TYOD = O(e).

Using the above technique, the three additional evaluations at (p4 u)"?l,...,pn I/l/\i’")i:1/2/3,
allow us to determine which balls end up in a private box in our game of mystery
balls. Moreover, since we can determine the corresponding exponents, we can also find
where these balls landed for the two other throws. This allows us to play our game
modulo minor modifications. Besides maintaining the numbers below the boxes for the
first three throws, we also maintain the corresponding numbers for the evaluations at
(p1 ultin, | - Pn uA"'”)l-szlg,. For every round of the game, the same technique then allows
us to determine which balls have private boxes, and iterate.
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Algorithm 2

Input: P,Q€ Z[xy,...,x,] and abound T >tpg

Output: the exponents of the product P Q, with high probability (Monte Carlo)
Assume: n>2,t>6, and a prime number I1> [pZT/ ¢] is known

1. For a fixed T> Tuit, let r:i=|Tt|, B:= pﬁ, and IT>[BT/¢e] prime.

2. LetAq,A2,A3€(0,...,r—1}" be random vectors that are pairwise non-collinear modulo r.
3. Compute the reductions P,Qe(Z/I1Z)[x1,...,x,] of P,Q modulo IT.
4

. Letvy,.. - Un ‘E)e random invertible glem_ents inZ/I17Z.
Replace P:=P(v1x1,...,0,X,) and Q:= Q(_v1 X1y, UnXy).
Compute P:=P(p1x1,...,pnxn) and Q:=Q(p1X1,...,PnXn) in (Z /11 Z)[x1,...,X4].

5. Compute the evaluations p;, Q;, P, Q,» of P,Q, D, Q at (™, utim) fori=1,2,3.
6. Multiply R;:=D;Q; and R;:= PiQi in(Z/11Z)[u]/(u —-1),fori=1,2,3.
7. Let Q:={(i,e) €{1,2,3} x{1,...,7}:R; , #0} and E:= . o

For all (i,e) €}, compute the preimage q;,€{0,...,II-1} of R; ./ R;,.

For all (i,e) €}, try factoring ¢q; .= p’fl ... pk" whenever g, ,<B.
8. While there exist (i,e) € ) with g; , :;9]1<l - ~p,’§”, ki+---+k,<d,and k-A;=e, do

a. Let c and @ be the coefficients of "% in R; and R;.

b. Fori'€{1,2,3}, replace R; := Ry —cu"* and Ry := Ry — cu’k,

c. Also update g ,:=R; . /R; . and its factorization if R; ., #0 fore’ =A; -k.

d. Replace Q:=Q\ {(i’,Ai-k):i"=1,2,3} and E:=E U {k}.
9. Return E if Q=@ and “failed” otherwise.

In our probabilistic analysis, it is important that the quotients ¢/c are essentially
random elements in Z /I1Z in case of collisions. This assumption might fail when the
coefficients of P and Q are special (e.g. either zero or one). Nevertheless, it becomes
plausible after a change of variables x;— v;x;, i=1,...,n, where vy,...,v, are random
invertible elements in Z /I1Z. Let us formulate this as our second heuristic:

HC. For random vectors A1,A5,A3 and after a random change of variables x;— v;x; (i=
1,...,n), the quotients ¢/ c as above are uniformly distributed over Z /I1Z, and the
distributions for different quotients are independent.

Random change of variables x;— v;x; are a useful known technique in sparse interpo-
lation [31] and the way we use it here is related to “diversification” [13]. Algorithm 2
summarizes our method, while incorporating the random change of variables.

LEMMA 5. Given a number q€{0,...,I1—-1} with s distinct prime factors, it takes
O°(n+s log IT)

bit operations to determine the existence of a prime factorization g =p§' - p*" with ky + -+ k, <d,
and to compute it in case there is.
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Proof. We first determine the indices k with k;# 0 using a divide and conquer technique.
At the top level, we start with the remainder g of the division of g by p1 - -- p,. We next
compute g1 =gcd (g, 1 P2 and go=ged (g, P(n/2)+1 - - Pn)- If g1# 1, then we go on
with the computation of g11=gcd (g1,p1 - Pinsa) and g12=gecd (g1, Pin/aj+1 - Pinj2)),
and similarly for g». We repeat this dichotomic process until we have found all prime
factors of q. For each of the s prime factors p; of 4, we next compute p]k '=gcd (g, p]d) and

kj=1log p]I-{j /1log p;. The total running time of this algorithm is bounded by O(n log3n +
slog ITloglog IT) = O°(n +slog IT). O

THEOREM 6. Assume the heuristics HE and HC. Let T > Ty with T<1, N=tptg|P||Q|, and
[I=piT. Then Algorithm 2 is correct and runs in time

6 TM{(T) + O°((sp+8o+sr) log IT+ (tp+tg) log N + tgn).

Proof. We have already explained why our algorithm returns the correct answer with
probability 1 —O(e). The complexity analysis for steps 6 and 8b is similar as the one for
Algorithm 1. The running time for the other steps is as follows:

e The reductions of P and Q modulo Il can be computed in time O°((tp+ to)logN),
in step 3.

e In step 4, we have to compute pf modulo IT for every power x{ occurring in the
representation of P or Q. Using binary powering, such a power can be computed
in time O°(log d1og IT) = O (log I'T). The total cost of this step is therefore bounded
by O°((sp+sg)logIT).

e Step 5 takes time O((sp+sq)logr+ (tp+tg)logIT) =O((sp+sq) log IT).

e In steps 7 and 8c, we have already shown that one factorization can be done in
time O"(n +slogIT). Altogether, the cost of these steps is therefore bounded by
Ob(tRTl+SR10gH). O

Note. We assumed that ITis known in the algorithm. The computation of IT can be done
in expected time O(log” IT): we keep picking IT uniformly at random between [p2T /]

and 2 [pfZ T/e] until we find a prime. This requires an expected number of O(log IT/
loglog IT) attemps of cost O(log6 I = Ob(log6 IT) each [36]. For practical purposes, one
may use a table of known Mersenne primes instead.

5. VARIANTS AND FURTHER EXPERIMENTS

5.1. Supersparse polynomials

In section 4.2, we have described an efficient algorithm for the case when the total degree d
is small. This indeed holds for most practical applications, but it attractive to also study
the case when our polynomials are “truly sparse” with potentially large exponents. This
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is already interesting for univariate polynomials, a case that we also did not consider
so far. Modulo the technique of Kronecker substitution [24, Section 7.1], it actually suf-
fices to consider the univariate case. For simplicity, let us restrict ourselves to this case.
When p# gets moderately large, it can also be interesting to consider the incremental
approach from [22] and [24, Section 7.3].

One first observation in the univariate case is that we can no longer take the same
number of boxes r for our three throws. Next best is to take r;=2[7t/2]+i boxes for our
i-th throw, where i=1,2,3. By construction this ensures that r, 75, and r3 are pairwise
coprime. If the exponents of R are large, then it is also reasonable to assume that our
heuristic HE still holds.

For the efficient determination of the exponents, let [I>dT/e. As before, we may
take IT to be prime or a product of prime numbers that fit into machine words. Fol-
lowing Huang [29], we now evaluate both R=PQ and xR’ =x (P'Q+PQ’) at u in
(Z/11Z)[u]/(u""—1) fori=1,2,3. Any term cx° of R then gives rise to a term ¢ x° of xR’
with ¢ =ec, so we can directly read off e from the quotient ¢/c. Modulo the above changes,
this allows us to proceed as in Algorithm 2. With the notation

f=0%(g) = f=0(g(nlog (dspsgsrIPIIQIIR)’M),

one may prove in a similar way as before that the bit complexity of determining the
exponents in this way is bounded by

9TM(T) + O%((tp+to+tr)log (ANtR)),

since sp<tp, s <to, and sg <t for univariate polynomials. Returning to the multivariate
setting via Kronecker substitution, this yields the bound

9TM(T) + O% ((tp+to+tr) (nlogd+1log (Ntg))), (5)

where log Il =O(nlogd +1log T). Once the exponents are known, we may use Algo-
rithm 1 to compute the coefficients. In terms of O~, the complexity becomes

37 Mn(tr) + O ((sp+sg+sr)log (dtr) + (tp+to+tr) log N). (6)

5.2. Other rings of coefficients

Rational coefficients. Using the combination of modular reduction and rational number
reconstruction [12, Chapter 5], the new algorithms generalize in a standard way to poly-
nomials with rational coefficients.

Complex numbers. Given a fixed working precision p, it is also possible to use coeffi-
cients in C, while using a fixed point number representation. Provided that all coefficients
have the same order of magnitude, the floating point case can be reduced to this case.
Indeed, the reductions modulo u" —1 are remarkably stable from a numerical point of
view, and we may use FFT-multiplication in C[u]/(u" —1). Algorithm 2 can also be
adapted, provided that 27> [BT/e].
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Finite fields. Our algorithms adapt in a straightforward way to coefficients in a finite
field of sufficiently large characteristic. If the characteristic is moderately large (e.g. of
the size of a machine word), then one may keep IT small in Algorithm 2 by using the
incremental technique from [22] and [24, Section 7.3]. Over finite fields [, of small char-
acteristic, one needs to use other techniques from [24].

Instead of taking our three additional evaluation points of the form (p; uA’Vl,...,pn uhiny,
we may for instance take them of the form (wu/\’?l, witiyriz @+ u)‘f'”), where wis a
primitive root of unity of large smooth order (this may force us to work over an extension
tield; alternatively, one may use the aforementioned incremental technique and roots w of
lower orders). Thanks to the smoothness assumption, discrete logarithms of powers of w

can be computed efficiently using Pohlig-Hellman's algorithm. This allows us to recover
exponents k1<d, ..., k,<d from quotients of the form ¢/c= RIHR+ D+ thn(d+ D"
General rings. Finally, it is possible to use coefficients in a general ring A, in which
case complexities are measured in terms of the number of operations in A. For rings of
sufficiently large characteristic, one may directly adapt the algorithms from section 4.
For rings of small characteristic, it is possible to generalize the techniques from the finite
field case.

5.3. Other operations

The techniques from this paper can also be used for general purpose sparse interpola-
tion. In that case the polynomial R€ A[xy,...,x,] is given through an arbitrary blackbox
function that can be evaluated at points in A-algebras over some ring A. This problem
was studied in detail in [24]. In section 6, we investigated in particular how to replace
expensive evaluations in cyclic A-algebras of the form A[x]/(x"—1) by cheaper eval-
uations at suitable r-th roots of unity in A or a small extension of A. The main new
techniques from this paper were also anticipated in section 6.6.

The algorithms from this paper become competitive with the geometric sequence
approach if the blackbox function is particularly cheap to evaluate. Typically, the cost L
of one evaluation should be L=0O((log t %) orL=0( (logt )3, depending on the specific
variant of the geometric sequence approach that we use.

Technically speaking, it is interesting to note that the problem from this paper actu-
ally does not fit into this framework. Indeed, if P and Q are sparse polynomial that are
represented in their standard expanded form, then the evaluation of R=PQ at a single
point requires L=0O(sp+sg+ 1) operations in A, and we typically have L= ©(,/fg). This
is due to the fact that the standard blackbox model does not take into account possible
speed-ups if we evaluate our function at many points in geometric progression or at u in
a cyclic algebra A[u]/(u"—1).

Both in theory and for practical applications, it would be better to extend the blackbox
model by allowing for polynomials R of the form

R:f(xll' cerXn, ul(xll' . '/xn)/' . ~/um(x1/~ . ‘/xn)>/

where f € A[xy,...,Xn,Y1,...,Ym] is a blackbox function and U, ..., U, € Alxy,...,x,]
are sparse polynomials in their usual expanded representation. Within this model, the
techniques from this paper should become efficient for many other useful operations on
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2 2 2 3 3 3 4 4 5 7 10
100 | 250 [ 1000 | 25 | 50 100 20 40 20 15 10
515131626 [501501 3276 [ 23426 | 176853 | 10626 [ 135751 [ 53130 | 170544 | 184756
114114 | 1.14 |114| 114 | 1.14 (111 | 1.14 | 1.14 | 117 | 1.20

QX =

Table 5. The particular case when our sparse polynomials P, Q, R are dense polynomials in # vari-
ables of given total degrees dp, dg and d =dg =dp+dp. The table shows values of T for which it is
possible to win the game of mystery balls for suitable evaluation points (we do not claim these
values to be optimal).

sparse polynomials, such as the computation of gcds or determinants of matrices whose
entries are large sparse polynomials.

5.4. Special types of support

The heuristic HE plays an important role in our complexity analysis. It is an interesting
question whether it is satisfied for polynomials R whose support is highly regular and
not random at all. A particularly important case is when P, Q and R are dense polyno-
mials in n variables of total degrees dp, dg and d =dr =dp+dg. Such polynomials are
often considered to be sparse, due to the fact that R contains about n! times less terms
than a fully dense polynomial of degree d in each variable.

If R is bivariate or trivariate and of very high degree, then it has been shown in [18]
that R can be computed in approximately the same time as the product of two dense
univariate polynomials which has the same number of terms as R. An algorithm for
arbitrary dimensions n has been presented in [26], whose cost is approximately 3 —2/n
times larger than the cost of a univariate product of the same size. The problem has also
been studied in [20, 21] and it is often used as a benchmark [15, 37].

What about the techniques from this paper? We first note that the exponents of R are
known, so we can directly focus on the computation of the coefficients. In case that we
need to do several product computations for the same n and d, we can also spend some
time on computing a small 7 and vectors A1,A3,A3 € Z" for which we know beforehand
that we will win our game of mystery balls. For our simulations, we found it useful to
chose each A; among a dozen random vectors in a way that minimizes the sum of the
squares of the number of balls in the boxes (this sum equals 22 for the first throw in
Figure 1).

For various 1, d, and 7, we played our game several times for different triples of vec-
tors (A1,A2,A3). The critical value for 7 for this specific type of support seems to be close
to 1.14. In Table 5 below, we report several cases for which we managed to win for this
value of 7. This proves that optimal polynomial multiplication algorithms for supports of
this type are almost as efficient as dense univariate polynomial products of the same size.

6. RELEASING THE HEURISTICS

The main results of this paper rely on two heuristics HE and HC. The first heuristic is
the most important one and it is in particular satisfied when P and Q are random sparse
polynomials: indeed, in this case, the distributions are equivalent to those obtained by
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Algorithm 3
Input: P,Q€ Z[x,...,x,] and ey,...,e; eN" with PQE Zx' + - - - + Z x*
Output: the product PQ

1. Initialize J:={1,...,t} and R:=0.
2. While J+® do

a. Let r be a random prime number with 4|J|<r<8|J].

b. Let A be a random element of {0,...,r—1}".
c. Let P:=P(tM,...,t"),Q:=Q(tM, ..., t"),R:=R(tM,...,t") € Z[t]/ (t = 1).
d. Compute A:=PQ—Rand write A=Y, _, 5;+".
e. LetJ::{ieI:VjEI,A-ei:A-ej:ei:ej} andA::Zl.E](Site".
f. Set]::J\JandR::R+A
3. Return R.

fixing linearly independent A4, A5, and A3 and then picking monomials at random. In the
case of special supports, the experiments in section 5.4 indicate that the complexity of
our algorithms might be even better than for random supports. However, the theoretical
question remains what can be proved if we reject the heuristics HE and HC.

Without HE and HC, it is easier to analyze the probabilistic cost for repeated single
throws with a larger number of boxes r. Instead of obtaining the full result from three
simultaneous throws by playing our game of mystery balls, we obtain increasingly good
approximations of the result as we keep on throwing our balls; see [ 1, sections 5,6, and 7|
and [24, section 3.1] for this idea. In this section, we present complexity analyses for
multiplication algorithms that are based on this approach.

6.1. Determination of the coefficients

As in section 4.1, we start with the case when we already know the exponents of the pro-
duct PQ. In that case, we can adapt the number of boxes r at every throw to the number
of unknown coefficients, which also simplifies the probabilistic analysis. As before, the
resulting Algorithm 3 is Las Vegas.

THEOREM 7. Let N =tptgl|P||Q|. Then Algorithm 3 is correct and runs in expected time

O(Mn(tr)) +O°((sp+8g+sr) log? tr+ (tp+tq+ tr) log Nlog tr +log® t).

Proof. Let PQ=c1x"+ --- +¢;x*. We claim that R = Zz’ezj’ c;x°" at the start (and at the
end) of the main loop. This is clearly the case when entering the loop for the first time.
It follows that A=Y, c;x%. The decomposition A=Y, c76i t1¢ is not unique, but the
coefficient J; is uniquely determined whenever i e J, in which case J; =c;. This ensures
that A=) ie]Ci x“ and that we still have R=}],. ;¢;x“ at the end of the loop. If the

algorithm terminates, then it follows that it returns the correct result.
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Let us now show that J contains at least |J|/2 elements with probability >'/,. For
each pair (i,j) € 7% with i<j,let A; jbe the set of A €{0,...,r—1}" for which (e;—e;) -A=0.
Since e; # ¢; modulo 7, the set A; ; forms a hyperplane modulo r, whence |A; j| = "1, For
eachA€{0,...,r—1}", let P, be the set of pairs (i,j) € 7% with i<jand (e;—ej)-A=0. Then

Y B= YA = (')

so the average size of P, is given by

|Play :=

2aeq,..r—yrPAl (|ZI|)/ I

H0,...,r—1}7 2 )T S T

Now for any x> 1, the probability that |Py| > x |P)|ay for a random A is bounded by
Pr[|IPy]| > |Pylov] <k~ L In particular, we have |P,| < | 1%/ r with probability >1/,. Since
we took r >41J|, it follows that |Py| <|J|/4 and thus |J| >|J|/2, for such A.

Let us next examine the cost of one iteration of the main loop. We can compute 7 in
expected time Ob(log7 tr), as in the note after Theorem 6. As in the proof of Theorem 4,
the computation of P, Q, and R requires O°((sp + sg +sr) log tr + (tp+ to + tr) log N)
bit operations. The multiplication P Q can be done in time O(Mp(7)). In combination
with the above bound, the expected cost to halve the size of || is therefore bounded
by O(Mn(r)) + O°((sp+ sqQ+sr) log tr + (tp+ to + tr) log N + log7 tr). Using that r =
O(J)), we conclude that the total expected cost is bounded by O(My (tr)) + O°((sp+ so+
sg)log? tr+ (tp+to+tRr) log Nlog tr +log® tg). ]

Remark 8. With respect to the bound from Theorem 4, we see that the cost O(My(tr))
of the cyclic polynomial multiplications is just a constant time worse. However, the
subdominant terms O°((sp + sQ +sr) log tr + (tp + to + tr) log N) in the complexity of
Theorem 4 need to be multiplied by O(log tg). Whereas (tp+tg+tr) log Nlog tg remains
bounded by O(My(tgr)) for the best known multiplication algorithm with My(tg) =
trlog Nlog(trlog N), the term (sp+sg + sg) log2 tg may dominate the cost if sg =ntg
and log N is small in comparison with 7.

Remark 9. In this paper, we focus on sparse polynomial multiplication, but the approach
from Algorithm 3 can also be applied to the sparse interpolation of a polynomial
Re Z[x;,...,x,] whose exponents are known, by adapting the algorithms from [24].

6.2. Determination of the exponents

Let us now examine the case when the exponents are not known. Then we in particular
have to guess the number of terms of the product PQ. We do this by introducing a
“tentative upper bound T” for the number of “missing terms” tpg_g, which is updated
along with the approximation R of PQ. We start with T=4 and, as long as T <tpg_g, we
will show that T doubles with high probability at every iteration.

In order to avoid depending on the heuristic HC, we also compute an extra polyno-
mial P3 in step 5 of Algorithm 4. This allows us to replace the heuristic by a probabilistic
consistency check in step 9c. This only multiplies the complexity by a constant factor.
Note that the same trick can be used in combination with Algorithm 2.

In order to ease the probabilistic analysis, we first consider the case when the polyno-
mials P and Q have modular coefficients in Z /I17Z.
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Algorithm 4
Input: P,Q€ (Z/11Z)[x1,...,x,], where IT 24;9sz is prime
Output: the product PQ, with high probability (Monte Carlo)

1. Initialize R:=0and T:=8

2. Let r be a random prime number with 8T <r<16T.

3. Let A be a random element of {0, ...,r—1}".

4. Letovy,..., v, w1, ..., w, be random elements of (Z/I17Z)*.
5

. Let P1:=P(v1x1,...,05%y), Q1:=Q(01X1,...,0yXy), R1:=R(v1X1,...,0,%y).

Let Py:=P1(p1x1,...,PnXn), Q2:=Q1(p1X1,...,PnXn), Ro:=R1(p1X1,...,PnXn).
Let P3:=Py(w1x1,..., Wy Xy), Q3:=Qr(w1X1, ..., Wy Xy), R3:=Ry(wix1,...,w,xy).

6. Let Pp:=DPo(tM, ..., t7), Qpi= Qu(tM, ... tM), Rp:=Ry(tM, ..., t'Y e (Z/TIZ)[H]/ (¢ =1),
for (=1,2,3.

7. Compute Ap:=PyQy—Ryfor £=1,2,3 and write A= >
8. If Ay=A>=A3=0, then return R.
9. For j=0,...,r—1 withAL]-qEO do:

A, ¢
.

a. Compute the preimage g {0,...,IT-1} of Az,]'/AL]'.

b. If g<p*° then try factoring g =pt- .- pr.

c. In case of success, check whether Az ;=Aq jwh! - - wk".

d. In case of resuccess, set R:=R +Al,]- (xl/vl)kl ‘e (xn/vn)k"

10. Let & be the set of indices j with Aj ;% 0 for which one of the above checks failed.
11. Set T:=max (161£],T/2) and jump to step 2.

THEOREM 10. Let :=dpg/(I1-1),e:=1—-(1—n q)tPQ, and assume that 1< e < Y. Then with
probability at least 1 — e — 1, the Algorithm 4 returns the correct answer and runs in expected
time

O(Mp(tr)) + Ob((Sp+SQ+SR) log Hlog tr+ (tp+ to+ tr) 10g2 tr+1trn +10g8 tr). (7)

Proof. We will say that an execution of the algorithm is flawless if, throughout the exe-
cution, every term cx that occurs in R also occurs in PQ. This is the case if we only add
correct terms to R in step 9d. Let us analyze the probability that this is indeed the case.

Assume that we arrive at step 9 and that the execution has been flawless until that
point. For a given j, let c;x%,...,c,x® be all terms that occur in A; with e;-A =j modulo r.
Setting A(x) :=c1x' 4+ - -+ +cgx® and B(x) = A(x) — A(1) xll‘l ‘.- xﬁ”, we note that B(w) =
A3’ j— AL]’ wllq e wlfl’“. Since the execution was flawless until here, we have da <dpg and
dp<ndpg. If £>1, then the Schwarz-Zippel lemma [44, 46] implies that the probability
that we pass the check in step 9c is bounded by dg/ (I —1) <n#. The probability that
the term Al,j (x1/0) - (x,/v,) " in step 9d is correct is therefore at least 1 —n 7 and the
probability that this is the case for all tpg terms of PQ is at least (1—n7)""?=1—¢. We
conclude that the probability that the execution is flawless is at least 1 —e.
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Assume next that a flawless execution terminates and let us examine the probability
that the returned answer is incorrect. So assume that A:= PQ — R #0 and let cx° be one
of the terms occurring in A. Let ¢1x%,...,cx* be all terms that occur in A withe;-A=e-A
modulo 7. Let A(x) :=c1x + --- +cpx® and note that ALM = A(v). Now ds <dpg by
our flawless assumption. By the Schwarz-Zippel lemma, it follows that the probability
that A(v) =01is at most da/ (I1-1) <dpg/ (I1-1). This shows that the probability that
the algorithm returns an incorrect answer is bounded by d4/ (IT-1) <#. Since the last
random choices of the v; and w; are independent from the previous ones that led to the
flawless execution, the overall probability of success is at least (1—¢) (1—-#1)>1—e—1.

As to the complexity bound, let us again focus on a flawless execution. Note that the
flawless assumption only involves the random choices of the v; and w; in step 4; the A; in
step 3 are chosen independently; we will freely use this observation in the probabilistic
analysis below. Let us examine the evolution of T and t:=tpg_r during a flawless exe-
cution. Clearly, t can only decrease. Let T":=max (16|£],T/2) and t’ be the new values
of T and t after one iteration of the main loop (which starts at step 2 and ends at step 11).
If T is an upper bound for ¢, then by similar arguments as in the proof of Theorem 7, we
have t' < t/2 with probability >3/, (note that we now took r >8T instead of r >4T).

If T<tand t'>t/2, then we claim that T’ >2T with probability >%,. Assume that
T'<2T,whence T'<2T<2t<4t’. Let P, be the set of pairs (xe,xel) of monomialsin PQ—R
with e<e’ (for any total order on the exponents) and whose images in (Z /T1Z)[t]/ (t"—1)
under the map x°~ t4¢ are the same. As in the proof of Theorem 7, we have |P)|,y <
t2/(2r). Now the image of a pair (x°, xe’) in P, is of the form (/) with jeé&. For a
given &, the minimum of |P)| is reached when the monomials are “equidistributed” over
the “boxes” in €. In that case, every ¢/ with j€ € has at least |'/|€|] pre-images among
the monomials in Py. Then it follows that

P > 1€) (“'/2'8”)

2 %(t’—2|€|)(t’—|€|)
> (%6 ) (- )
/ 1 "2
A5
2
> 8(1—%) (1_%)%
"2
NG
whereas
Pilay < é—zr < qert < %“%2

Consequently, |Py|>4|P)lay, which can only happen with probability <',. This completes
the proof of our claim. Our claim implies that after an average O(1) number of iterations,
we reach a situation in which either T is doubled or t is halved.

Now assume that t <T at a certain point of the execution. Then with probability
>3/y, we have t' <t/2<T/2< T’ after one iteration. With probability <!/, we need an
average number of O(1) additional iterations before t is either halved or we again reach
a point when t <T (here we use the fact that we always have T' >T/2 after one itera-
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tion). Combining these two cases, we see that after an average number of O(1) iterations,
the number t of missing terms is halved and T is again an upper bound for t. Using
a similar analysis as in the proof of Theorem 7, it follows that the overall time before we
terminate (where we count from the first moment when t <T holds) is bounded by (7).

It remains to estimate the cost of the initial phase of reaching a point when ¢ <T holds.
By our claim, we need an average number of O(1) iterations in order to double T. The cost
of these iterations is bounded by O(M(T)) + O"((5p+sQ+sR) logIT+ (tp+to+tgr)logtr+
T'n), as in the proofs of Theorems 6 and 7. Summing this bound for T in a geometric
progression until T > ¢, the cost of the initial phase is therefore again bounded by (7). O

Mutatis mutandis, we note that Remarks 8 and 9 also apply for Theorem 10 and Algo-
rithm 4. It remains to consider the original problem of determining the exponents of
R=PQ in the case when P and Q have coefficients in Z. For this it suffices to examine the
probability that a random modular reduction of R has the same exponents as R.

PROPOSITION 11. Let R€ Z[xy, ..., x,]) be a polynomial with t terms and |P| < 2B Let b>30
with 2° > 10t B and let T1 be a random prime number between 2° and 2°1. Then the probability
that R and R mod IT have the same exponents is at least 1 —5t B/ 2b,

Proof. The t coefficients of R are divisible by at most (¢ B) /b distinct primes between b
and 2*1. Let 77(x) be the number of primes below x. By [43], we have

log x+2 logx—4
for x >55. Consequently,
2" 2 1 1 2
b+1y _ b _ -
@)~ (2 2 blogZ[l log2+2 4 ] > 2 blog2
blog2 blog2

for b>30. The probability that a randomly chosen prime between 2" and 2°*! does not
divide any of the coefficients of R is therefore atleast (1-N 1B/t where N =201/ log 20,
Under our assumption that 2'>10¢B, we have (1-N"HB/b>1 _5¢B/2b. O

Of course, the variants from section 5 also admit unconditional counterparts. In par-
ticular, for supersparse polynomials, the bounds (5) and (6) now become

O(M(T)) + OF((tp+tg+tr) (nlogd +log (Ntg))log tR+log8 tR) resp.
O(Mn(tR)) + O™ (((sp+sq+sr)log (dtr) + (tp+to+tr)log N)log l‘R+log8 tr).
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